Part I
Introduction
This book discusses how, in a practical way, to overcome the limitations of the lean approach to
transforming manufacturing systems as well as related in-plant, plant-to-plant, and plant-tocustomer logistics. The primary tools in this regard are algebra based mathematical models and
computer-based systems simulation as well as the integration of these two. Concepts, methods,
and application studies related to designing and operating such systems are presented.
Emphasis is on learning how to effectively make design, planning, and operations decisions by
using a model based analysis and synthesis process. This process places equal emphasis on
building models and performing analyses. This first part of the book discusses this process as
well as the methods required for performing each of its steps.
The beyond lean approach is introduced in chapter 1 and illustrated with an industrial application.
One proven process for performing a beyond lean study is presented. Some principles that guide
such studies are discussed.
Methods are considered in chapters 2 through 5: model building, the computations needed to
simulate a model and experimentation with models as well as modeling time delays and other
random quantities. The basic logic used in simulation models is discussed. A process by which
a distribution function can be selected to represent a random quantity, in the presence or
absence of data, is given. An overview of the internal operations of a simulation engine is
presented.
Chapter 2 describes the most basic ways in which systems are represented in simulation models.
These basic ways provide a foundation for the models that are presented in the application study
chapters. The modeling of common system components: arrivals, operations, routing, batching,
and inventories, is discussed.
Chapter 3 presents a discussion of how to choose a distribution function to characterize the time
between arrivals, processing times, and other system components that are modeled as random
variables. A computer based interactive procedure for fitting a distribution function to data is
emphasized. A discussion of selecting a distribution function in the absence of data is presented.
Chapter 4 presents the design and analysis of simulation experiments. Model and experiment
verification and validation are included. An approach to specifying simulation experiments is
discussed. Methods, including statistical analyses, for examining simulation results are included.
An overview of animation is given.
Chapter 5 discusses the unseen work of a simulation engine in performing the computations
necessary to simulate a model on a computer. Topics include the following: random number
stream generation, random sampling from probability distribution functions, performance measure
computation, event and entity list management, and state event detection.

Chapter 1
Beyond Lean: Process and Principles
1.1

Introduction

The application of lean concepts to the transformation of manufacturing and other systems has
become ubiquitous and is still expanding (Learnsigma, 2007). The use of lean concepts has
yielded impressive results. However, there seems to be a growing recognition of the limitations of
lean and for a need to overcome them, that is to build upon lean successes or in other words to
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get beyond lean. Getting beyond lean is the subject of this book.
Ferrin, Muller, and Muthler (2005) identify an important goal of any process improvement or
transformation: find a correct, or at least a very good, solution that meets system design and
operation requirements before implementation. Lean seems to be unable to meet this goal. As
was pointed out by Marvel and Standridge (2009), a lean process does not typically validate the
future state before implementation. Thus, there is no guarantee that a lean transformation will
meet measurable performance objectives.
Marvel, Schaub & Weckman (2008) give one example of the consequences of not validating the
future state before implementation in a case study concerning a tier-two automotive supplier.
Due to poor performance of the system, a lean transformation was performed. One of the
important components of the system was containers used to ship product to a number of
customers. Each customer had a dedicated set of containers. The number of containers needed
in the future state was estimated using a tradition lean static (average value) analysis, without
taking the variability of shipping time to and from customers nor the variability in the time
containers spent a customers into account. Thus, the number of containers in the future state
was too low. Upon implementation, this resulted in the production system being idled due to the
lack of containers. Thus, customer demand could not be met.
Standridge and Marvel (2006) describe the lean transformation of a system consisting of three
processes. The second process, painting, was outsourced and performed in batches of 192
parts. Fearful of starving the third step in the process, the lean supply chain team deliberately
over estimated the number of totes used to transport parts to and from the second step. In this
system, totes are expensive and have a large footprint. Thus, the future state was systematically
designed to be more expensive that necessary.
It seems obvious that in both these examples, the lean transformation resulted in a future state
that was less than lean because it was not validated before implementation. Miller, Pawloski, and
Standridge (2010) present a case study that further emphasizes this point and shows the benefits
of such a validation. Marvel and Standridge (2009) suggest a modification of the lean process
that includes future state validation as well as proposing that discrete event computer simulation
be the primary tool for such a transformation because this tool has the following capabilities.
1. A simulation model can be analyzed using computer based experiments to assess future
state performance under a variety of conditions.
2. Time is included so that dynamic changes in system behavior can be represented and
assessed.
3. The behavior of individual entities such as parts, inventory levels, and material handling
devices can be observed and inferences concerning their behavior made.
4. The effects of variability, both structural and random, on system performance can be
evaluated.
5. The interaction effects among components can be implicitly or explicitly included.

1

It is assumed that the reader has some familiarity with lean manufacturing / Toyota Production
System concepts.
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The discussion in this book focuses on how to build and use models to enhance lean
transformations, that is to get beyond lean or to make lean more lean. The modeling perspective
used incorporates the steps required to operate the system and how these steps are connected
to each other. Models include the equipment and other resources needed to perform each step
as well as the decision points and decision rules that govern how each step is accomplished and
is connected to other steps. These models can include the sequencing procedures, routing, and
other logic that is needed for a system to effectively operate.
Computer simulation models provide information about the temporal dynamics of systems that is
available from no other source. This information is necessary to determine whether a new or
transformed system will perform as intended before it is put into everyday use. Simulation leads
to an understanding of why a system behaves as it does. It helps in choosing from among
alternative system designs and operating strategies.
When a new system is designed or an existing system substantially changed, computer
simulation models are used to generate information that aids in answering questions such as the
following:
1.

3.
4.
5.
6.
7.
8.
9.

Can the number of machines or workers performing each operation adequate or must the
number be increased?
Will throughput targets be reached that is will the required volume of output per unit time
be achieved?
Can routing schemes or production schedules be improved?
Which sequencing scheme for inputs is best?
What should be the work priorities of material handling devices?
What decision rules work best?
What tasks should be assigned to each worker?
Why did the system behave that way?
What would happen if we did “this” instead?
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An Industrial Application of Simulation

2.

In order to better understand what simulation is and what problems it can be used to address,
consider the following industrial application, which can was used to validate the future state of a
plant expansion (Standridge and Heltne, 2000). A particular plant is concerned about the capital
resources needed to load and ship rail cars in a timely fashion. A major capital investment in the
plant will be made but the chance for future major expansions is minimal. Thus, all additional
loading facilities, called load spots, needed for the foreseeable future must be built at the current
time and must be justified based on product demand forecasts.
Each product can be loaded only at specific load spots. A load spot may be able to load more
than one product. However, it is not feasible to load all products on all load spots. Cleverly
assigning products to load spots may reduce the number of new load spots needed.
Furthermore, maintenance of loading equipment is required. Thus, a load spot is not available
every day.
The structure of the product storage and loading portion of the plant is shown in Figure 1-1.
Products are stored in tanks with each tank dedicated to a particular product. Tanks are
connected with piping to one or more load spots that serve one or two rail lines for loading.
These numerous connections are not shown.
The primary measure of system performance is the percent of shipments made on time. The
number of late shipments and the number of days each is late are also of interest. Shipping
patterns are important so the number of pounds shipped each day for each product must be
recorded. The utilization of each load spot must be monitored.
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The plant must lease rail cars to ship product to customers. Different products may require
different types of rail cars, so the size of multiple rail car fleets must be estimated. In addition, the
size of the plant rail yard must be determined as a function of the number of rail cars it must hold.
The model must account for customer demand for each product. Monthly demand ranges from
80% to 120% of its expected value. The expected demand for some products varies by month.
In addition, each load spot must be defined by its capacity in rail cars loaded per day as well as
the products it can load. Rail car travel times to customers from the plant and from the customer
to the plant as well as rail car residence time at the customer site must be considered. Rail car
maintenance specifications must be included.
Model logic is as follows. Each day the number of rail cars to ship is determined for each
product. A rail car of the proper type waiting at the plant is assigned to the shipment. If no such
rail car exists, the model simply creates a new one and the fleet size is increased by one.
Product loading of each rail car is assigned to a load spot. Load spots that can load the product
are searched in order of least utilized first until an available load spot is assigned. A load spot
may have been previously assigned loading tasks up to its capacity or may be in maintenance
and unavailable for loading. Note that searching the load spots in this order tends to balance
load spot utilization. The car is loaded and waits for the daily outbound train to leave the plant.
The rail car proceeds to the customer, remains at the customer site until it is unloaded, and then
returns to the plant. Maintenance is performed on the car if needed.

1-3

Analysts formulate alternatives by changing the assignment of products to load spots, the number
of load spots available, and the demand for each product. These alternatives are based, in part,
on model results previously obtained.
This example shows some of the primary benefits and unique features of simulation. Unique
system characteristics, such as the assignment of particular products to particular load spots, can
be incorporated into models. System specific logic for assigning a shipment to a load spot is
used. Various types of performance measures can be output from the model such as statistical
summaries about on time shipping and time series of values about the amount of product
shipped. Statistics other than the average can be estimated. For example, the size of the rail
yard must accommodate the maximum number of rail cars that can be there not the average.
Random and time varying quantities, such as product demand, can be easily incorporated into a
model.
1.3

The Process of Validating a Future State with Models

The simulation process used throughout this book is presented in this section.
Using simulation in designing or improving a system is itself a process. We summarize these
steps into five strategic process phases (Standridge and Brown-Standridge, 1994; Standridge,
1998), which are similar to those in Banks, Carson, Nelson, and Nicol (2009). The strategic
phases and the tactics used in each are shown in Table 1-1.
The first strategic phase in the simulation project process is the definition of the system design or
improvement issues to be resolved and the characteristics of a solution to these issues. This
requires identification of the system objects and system outputs that are relevant to the problem
as well as the users of the system outputs and their requirements. Alternatives thought to result
in system improvement are usually proposed. The scope of the model is defined, including the
specification of which elements of a system are included and which are excluded. The quantities
used to measure system performance are defined. All assumptions on which the model is based
are stated. All of the above items should be recorded in a document. The contents of such a
document is often referred to as the conceptual model. A team of simulation analysts, system
experts, and managers performs this phase.
The construction of models of the system under study is the focus of the second phase.
Simulation models are constructed as described in the next chapter. If necessary to aid in the
construction of the simulation model, descriptive models such as flowcharts may be built.
Gaining an understanding of a system requires gathering and studying data from the system if it
exists or the design of the system if it is proposed. Simulation model parameters are estimated
using system data.
The simulation model is implemented as a computer program. Simulation software environments
include model builders that provide the functionality and a user interface tailored to model building
as well as automatically and transparently preparing the model for simulation.
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Table 1-1: Phases and Tactics of the Simulation Project Process
Strategic Phase
1. Define the Issues and
Solution Objective

2. Build Models

3. Identify Root Causes and
Assess Initial Alternatives

4. Review and Extend
Previous Work

5. Implement Solutions and
Evaluate

Tactics
1. Identify the system outputs as well as the people who use
them and their requirements.
2. Identify the systems that produce the outputs and individuals
responsible for these systems.
3. Propose initial system alternatives that offer solution
possibilities.
4. Identify all elements of the system that are to be included in
the model.
5. State all modeling assumptions.
6. Specify system performance measures.
1. Construct and implement simulation models.
2. Acquire data from the system or its design and estimate
model parameters.
1. Verify the model
2. Validate the model.
3. Design and perform the simulation experiments.
4. Analyze and draw inferences from the simulation results
about system design and improvement issues.
5. Examine previously collected system data to aid in inference
drawing.
1. Meet with system experts and managers.
2. Modify the simulation model and experiment.
3. Make additional simulation runs, analyze the results and
draw inferences.
1. Modify system designs or operations.
2. Monitor system performance.

The third strategic phase involves identifying the system operating parameters, control strategies,
and organizational structure that impact the issues and solution objectives identified in the first
phase. Cause and effect relationships between system components are uncovered. The most
basic and fundamental factors affecting the issues of interest, the root causes, are discovered.
Possible solutions proposed during the first phases are tested using simulation experiments.
Verification and validation are discussed in the next section as well as in Chapter 3.
Information resulting from experimentation with the simulation model is essential to the
understanding of a system. Simulation experiments can be designed using standard design of
experiments methods. At the same time, as many simulation experiments can be conducted as
computer time and the limits on project duration allows. Thus, experiments can be replicated as
needed for greater statistical precision, designed sequentially by basing future experiments on
the results of preceding ones, and repeated to gather additional information needed for decision
making.
The fourth strategic phase begins with a review of the work accomplished in phases one through
three. This review is performed by a team of simulation analysts, system experts, and managers.
The results of these meetings are often requests for additional alternatives to be evaluated,
additional information to be extracted from simulation experiments, more detailed models of
system alternatives, and even changes in system issues and solution objectives. The extensions
and embellishments defined in this phase are based on conclusions drawn from the system data,
simulation model, and simulation experiment results. The fourth stage relies on the ability to
adapt simulation models during the course of a project and to design simulation experiments
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sequentially. Alternative solutions may be generated using formal ways for searching a solution
space such as a response surface method. In addition, system experts may suggest alternative
strategies, for example alternative part routings based on the work-in-process inventory at
workstations. Performing additional experiments involves modifications to the simulation model
as well as using new model parameter values.
Physical experiments using the actual system or laboratory prototypes of the system may be
performed to confirm the benefits of the selected system improvements.
In the fifth phase, the selected improvements are implemented and the results monitored.
The iterative nature of the simulation project process should be emphasized. At every phase,
new knowledge about the system and its behavior is gained. This may lead to a need to modify
the work performed at any preceding phase. For example, the act of building a model, phase 2,
may lead to a greater understanding of the interaction between system components as well as to
redoing phase 1 to restate the solution objectives. Analyzing the simulation results in phase 3
may point out the need for more detailed information about the system. This can lead to the
inclusion of additional system components in the model as phase 2 is redone.
Sargent (2009) states that model credibility has to do with creating the confidence managers
and systems experts require in order to use a model and the information derived from that model
for decision making. Credibility should be created as part of the simulation process. Managers
and systems experts are included in the development of the conceptual model in the first strategic
phase. They review the results of the second and third phases including model verification and
validation as well as suggesting model modifications and additional experimentation. Simulation
results must include quantities of interest to managers and systems experts as well as being
reported in a format that they are able to review independently. Simulation input values should
be organized in a way, such as a spreadsheet, that they understand and can review. Thus,
managers and systems experts are an integral part of a simulation project and develop a sense of
ownership in it.
Performing the first and last steps in the improvement process requires knowledge of the context
in which the system operates as well as considerable time, effort, and experience. In this book,
the first step will be given as part of the statement of the application studies and exercises and
the last step assumed to be successful. Emphasis is given to building models, conducting
experiments, and using the results to help validate and improve the future state of a transformed
or new system.
1.4

Principles for Simulation Modeling and Experimentation

Design (analysis and synthesis) applies the laws of basic science and mathematics. Ideally,
simulation models would be constructed and used for system design and improvement based on
similar laws or principles. The following are some general principles that have been found to be
helpful in conceiving and performing simulation projects, though derivation from basic scientific
laws or rigorous experimental testing is lacking for most of them.
1.

Simulation is both an art and a science (Shannon, 1975).

One view of the process of building a simulation model and applying it to system design and
improvement is given in Figure 1-2.
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Figure 1-2: Simulation for Systems Design and Improvement.
A mathematical-logical form of an existing or proposed system, called a simulation model, is
constructed (art). Experiments are conducted with the model that generates numerical results
(science). The model and experimental results are interpreted to draw conclusions about the
system (art). The conclusions are implemented in the system (science and art).
2.

Computer simulation models conform both to system structure and to available
system data (Pritsker, 1989).

Simulation models emphasize the direct representation of the structure and logic of a system as
opposed to abstracting the system into a strictly mathematical form. The availability of system
descriptions and data influences the choice of simulation model parameters as well as which
system objects and which of their attributes can be included in the model. Thus, simulation
models are analytically intractable, that is exact values of quantities that measure system
performance cannot be derived from the model by mathematical analysis. Instead, such
inferencing is accomplished by experimental procedures that result in statistical estimates of
values of interest. Simulation experiments must be designed as would any laboratory or field
experiment. Proper statistical methods must be used in observing performance measure values
and in interpreting experimental results.
3.

Simulation supports experimentation with systems at relatively low cost and at
little risk.

Computer simulation models can be implemented and experiments conducted at a fraction of the
cost of the P-D-C-A cycle of lean used to improve the future state to reach operational
performance objectives. Simulation models are more flexible and adaptable to changing
requirements than P-D-C-A. Alternatives can be assessed without the fear that negative
consequences will damage day-to-day operations. Thus, a great variety of options can be
considered at a small cost and with little risk.
For example, suppose a lean team want to know if a new proposed layout for a manufacturing
facility would increase the throughput and reduce the cycle time. The existing layout could be
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changed and the results measured, consistent with the lean approach. Alternatively, simulation
could be used to assess the impact of the proposed new layout.
4.

Simulation models adapt over the course of a project.

As was discussed in the previous section, simulation projects can result in the iterative definition
of models and experimentation with models. Simulation languages and software environments
are constructed to help models evolve as project requirements change and become more clearly
defined over time.
5.

A simulation model should always have a well-defined purpose.

A simulation model should be built to address a clearly specified set of system design and
operation issues. These issues help distinguish the significant system objects and relationships
to include in the model from those that are secondary and thus may be eliminated or
approximated. This approach places bounds on what can be learned from the model. Care
should be taken not to use the model to extrapolate beyond the bounds.
6.

"Garbage in - garbage out" applies to models and their input parameter values
(Sargent, 2009).

A model must accurately represent a system and data used to estimate model input parameter
values must by correctly collected and statistically analyzed. This is illustrated in Figure 1-3.

System
-------------------Model-Related
Data
Validation

Model:
Computer
Implementation

Validation

Verification

Model:
Specification
(Conceptual
Model)

Figure 1-3: Model Validation and Verification.
There are two versions of a simulation model, the one specified "on paper" (the conceptual
model) in the first strategic phase of the project process and the one implemented in the
computer in the second strategic phase. Verification is the process of making sure these two are
equivalent. Verification is aided, at least in part, by expressing the "on paper" model in a
graphical drawing whose computer implementation is automatically performed.
Validation involves compiling evidence that the model is an accurate representation of the system
with respect to the solution objectives and thus results obtained from it can be used to make
decisions about the system under study. Validation has to do with comparing the system and the
data extracted from it to the two simulation models and experimental results. Conclusions drawn
from invalid models could lead to system "improvements" that make system performance worse
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instead of better. This makes simulation and system designers who use it useless in the eyes of
management.
7.

Variation matters.

A story is told of a young university professor who was teaching an industrial short course on
simulation. He gave a lengthy and detailed explanation of a sophisticated technique for
estimating the confidence interval of the mean. At the next break, a veteran engineer took him
aside and said "I appreciate your explanation, but when I design a system I pretty much know
what the mean is. It is the variation and extremes in system behavior that kill me."
Variation has to do with the reality that no system does the same activity in exactly the same way
or in the same amount of time always. Of course, estimating the mean system behavior is not
unimportant. On the other hand, if every aspect of every system operation always worked exactly
on the average, system design and improvement would be much easier tasks. One of the
deficiencies of lean is that such an assumption is often implicitly made.
Variation may be represented by the second central moment of a statistical distribution, the
variance. For example, the times between arrivals to a fast food restaurant during the lunch hour
could be exponentially distributed with mean 10 seconds and, therefore, variance 100 seconds.
Variation may also arise from decision rules that change processing procedures based on what a
system is currently doing or because of the characteristics of the unit being processed. For
instance, the processing time on a machine could be 2 minutes for parts of type A and 3 minutes
for parts of type B.
There are two kinds of variation in a system: special effect and common cause. Special effect
variation arises when something out of the ordinary happens, such as a machine breaks down or
the raw material inventory becomes exhausted because of an unreliable supplier. Simulation
models can show the step by step details of how a system responds to a particular special effect.
This helps managers respond to such occurrences effectively.
Common cause variation is inherent to a normally operating system. The time taken to perform
operations, especially manual ones, is not always the same. Inputs may not be constantly
available or arrive at equally spaced intervals in time. They may not all be identical and may
require different processing based on particular characteristics. Scheduled maintenance,
machine set up tasks, and worker breaks may all contribute. Often, one objective of a simulation
study is to find and assess ways of reducing this variation.
Common cause variation is further classified in three ways. Outer noise variation is due to
external sources and factors beyond the control of the system. A typical example is variation in
the time between customer orders for the product produced by the system. Variational noise is
indigenous to the system such as the variation in the operation time for one process step. Inner
noise variation results from the physical deterioration of system resources. Thus, maintenance
and repair of equipment may be included in a model.
8.

Looking at all the simulated values of performance measures helps.

Computer-based simulation experiments result in multiple observations of performance
measures. The variation in these observations reflects the common cause and special effect
variation inherent in the system. This variation is seen in graphs showing all observations of the
performance measures as well as histograms and bar charts organizing the observations into
categories. Summary statistics, such as the minimum, maximum, and average, should be
computed from the observations. Figure 1-4 shows three sample graphs.
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Figure 1-4: Example Graphs for Performance Measure Observations
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The first shows how a special effect, machine failure, results in a build up of partially completed
work. After the machine is repaired, the build up declines. The second shows the pattern of the
number of busy machines at one system operation over time. The high variability suggests a
high level of common cause variation and that work load leveling strategies could be employed to
reduce the number of machines assigned to the particular task. The third graph shows the total
system output, called throughput, over time. Note that there is no increase in output during
shutdown periods, but otherwise the throughput rate appears to be constant.
Figure 1-5 shows a sample histogram and a sample bar chart. The histogram shows the sample
distribution of the number of discrete parts in a system that appears to be acceptably low most of
the time. The bar chart shows how these parts spend their time in the system. Note that one-half
of the time was spent in actual processing which is good for most manufacturing systems.
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9.

Simulation experimental results conform to unique system requirements for
information.

Using simulation, the analyst is free to define and compute any performance measure of interest,
including those unique to a particular system. Transient or time varying behavior can be
observed by examining individual observations of these quantities. Thus, simulation is uniquely
able to generate information that leads to a thorough understanding of system design and
operation.
Though unique performance measures can be defined for each system, experience has shown
that some categories of performance measures are commonly used:
1.
System outputs per time interval (throughput) or the time required to produce a certain
amount of output (makespan).
2.
Waiting for system resources, both the number waiting and the waiting time.
3.
The amount of time, lead time, required to convert individual system inputs to system
outputs.
4.
The utilization of system resources.
5.
Service level, the ability of the system to meet customer requirements.
10.

What goes into a model must come out or be consumed.

Every unit entering a simulation model for processing should be accounted for either as exiting
the model or assembled with other units or destroyed. Accounting for every unit aids in
verification.
11.

Results for analytic models should be employed.

Analytic models can be used to enhance simulation modeling and experimentation. Result of
analytic models can be used to set lower and upper bounds on system operating parameters
such as inventory levels. Simulation experiments can be used to refine these estimates. Analytic
models and simulation models can compute the same quantities, supporting validation efforts.
12.

Simulation rests on the engineering heritage of problem solving.

Simulation procedures are founded on the engineering viewpoint that solving the problem is of
utmost importance. Simulation was born of the necessity to extract information from models
where analytic methods could not. Simulation modeling, experimentation, and software
environments have evolved since the 1950’s to meet expanding requirements for understanding
complex systems.
Simulation assists lean teams in building a consensus based on quantitative and objective
information. This helps avoid “design by argument”. The simulation model becomes a valuable
team member and is often the focus of team discussions.
This principle is the summary of the rest. Problem solving requires that models conform to
system structure and data (2) as well as adapting as project requirements change (4). Simulation
enhances problem solving by minimizing the cost and risk of experimentation with systems (3).
Information requirements for problem solving can be met (9). Analytic methods can be employed
where helpful (11).
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1.5

Approach

The fundamental premise of this book is that learning the problems that simulation solves, as well
as well as the modeling and experimental methods needed to solve these problems, is
fundamental to understanding and using this technique.
Simulation models are built both from knowledge of basic simulation methods and by analogy to
existing models. Similarly, computer-based experiments are constructed using basic experiment
design techniques and by analogy to previous experiments. This premise is the foundation of this
book. First, simulation methods for model building, simulation experimentation, modeling time
delays and other random quantities as well as the implementation of simulation experiments on a
computer are presented in the remaining chapters in this part of the book.
While each simulation model of each system can be unique, experience has shown that models
have much in common. These common elements and their incorporation into models are
discussed in chapter 2. These elementary models, as well as extensions, embellishments, and
variations of them, are used in building the models employed in the application studies.
Starting in the next part of the book, the simulation project process discussed in section 1.4 is
used in application studies involving a wide range of systems. Basic simulation modeling,
experimentation, and system design principles presented in part 1 are illustrated in the application
study. Additional simulation modeling and experimental methods applicable to particular types of
problems are introduced and illustrated. Readers are asked to solve application problems based
on the application studies and related simulation principles.
1.6

Summary

Simulation is a widely applicable modeling and analysis method that assists in understanding the
design and operations of diverse kinds of systems. A simulation process directs the step by step
activities that comprise a simulation project. Basic methods, principles, and experience guide the
development and application of simulation models and experiments.
Questions for Discussion
1.

List ways of validating a simulation model.

2.

Why might building a model graphically be helpful?

3.

List the types of variation and tell why dealing with each is important in system design.

4.

Differentiate "art" and "science" with respect to simulation.

5.

What is the engineering heritage influence on the use of models?

6.

Why does variation matter?

7.

Why is the simulation project process iterative?

8.

How does the simulation project process foster interaction between system experts and
simulation modelers?

9.

Why must simulation experiments be designed?

10.

Why does a simulation project require both a model and an experiment?

11.

List the steps in the simulation process.
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12.

List three ways in which the credibility of a simulation model could be established with
managers and system experts.

13.

Distinguish between verification and validation.

14.

Make two lists, one of the simulation project process activities that managers and system
experts participate in and one of those that they don’t.

Active Learning Exercises.
1.
Create a paper clip assembly line. A worker at the first station assembles two small
paper clips. A worker at the second station adds one larger paper clip. One student feeds the
first station with two paper clips at random intervals. Another student observes the line to note
the utilization of the stations, the number of assemblies in the inter-station buffer, and the number
of completed assemblies. Run the assembly line for 2 minutes. Discuss how this exercise is like
a simulation model and experiment.
2.
Have the students act out the operation of the drive through window of a fast food
restaurant in the following steps.
a.
b.
c.
d.
e.
f.
g.

Enter line of cars
Place order
Move to pay window
Pay for order
Move to pick-up window
Wait for order to be delivered
Depart

Before beginning, define performance measures and designate students to keep track of them.
Emphasize that the actions taken by the students are the ones performed by the computer during
a simulation.
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Chapter 2
Simulation Model Building
2.1

Introduction

How simulation models are constructed is the subject of this chapter. A simulation model
consists of a description of a system and how it operates. The model is expressed in the form of
mathematical and logical relationships among the system components. Model building is the act
and art of representing a system with a model (principle 1) to address a well-defined purpose
(principle 5).
Since simulation models conform to system structure and available data (principle 2), model
building involves some significant judgment and art. Thus, learning to build simulation models
includes learning typical ways system components are represented in models as well as how to
adapt and embellish these modeling strategies to each system.
Model building is greatly aided by using a simulation language that provides a set of standard,
pre-defined modeling constructs. These modeling constructs are combined to construct models.
A simulation software environment provides the user interface and functionality for model
construction.
This chapter presents common system components: arrivals, operations, routing, batching, and
inventories, as well as describing typical models of each component. These models of
components can be combined, extended and embellished to form models of entire systems.
Elementary modeling constructs commonly found in simulation languages are presented. The
use of these constructs in modeling the common system components is illustrated.
2.2

Elementary Modeling Constructs

This section presents the model building perspective taken in this text. Basic modeling constructs
are presented.
The operation of many systems can be effectively described by the sequence of steps taken to
transform the inputs to the outputs as shown in a value stream map. This will be our perspective
for model building. A sequence of steps specified in a model is called a process. A model
consists of one or more such processes.
The modeling construct used to represent the part, customer, information, etc. that is transformed
from an input to an output by the sequence of processing steps is an entity. Each individual
entity is tracked as it moves through the processing steps. Processing can be unique for each
entity with respect to such things as processing times and route through the steps. Thus, it is
essential to be able to differentiate among the entities. This is accomplished by associating a
unique set of quantities, called attributes, with each entity. Typical attributes include time of
arrival to the system and type of part, customer, or other information.
Note that a value stream map shows in general how parts flow through a system. This might be
viewed as a “macro” or big picture view of how a system operates. One characteristic of beyond
lean is the use of models that give a more detailed or “micro” representation of a system. This
helps in gaining of understanding of how a future state will actually operate and aids in ensuring a
successful transformation.
Certain components of a system are required in performing a processing step on an entity.
However, such a component may be scarce, that is of insufficient number to be available to every
entity upon demand. Such a component is called a resource. Waiting or queuing by entities for
a resource may be required. Typical resources may be machines or workers. Other system
components, totes or WIP racks, may be scarce and modeled using resources.
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A resource has at least two states, unique circumstances in which it can be. One of these is
busy, for example in use operating on an entity. Another is idle, available for use. Typical model
logic requires an entity to wait for the resource (or resources) required for a particular processing
step to be in the idle state before beginning that step. When the processing step is begun, the
resources enter the busy state. As many resource states as necessary may be defined and used
in a model. Other common resource states are broken and under repair, off shift and unavailable,
and in setup for a new part type.
Consider a workstation consisting of two machines. A basic modeling issue is: Should each
machine be modeled using a distinct resource? Often, it does not matter which of the two
machines is used to process an entity and operating information such as utilization is not required
for each machine. In such a case, it is simpler to use a single resource to model the two
machines. However, an additional concept: number of units, is necessary to model two (or
mores) machines with one resource. There is one unit of the resource for each machine, two in
this example.
State variables, and their values, describe the conditions in a system at any particular time.
State variables must be included in a simulation model and typically include the number of units
of each resource in each possible resource state as well as the number of entities waiting for idle
units of each resource, the number of entities that have completed processing, and inventory
levels.
Time is a significant part of simulation models of systems. For example, when in simulated time
each process step begins and ends for each entity processed by that step must be determined.
Sequencing what happens to each entity correctly in time, and thus correctly with respect to what
happens to all other entities, must be accomplished.
In summary, modeling the behavior of a system over time requires specifying how the entities
use the resources to perform the steps of a process as well as how the values of the entity
attributes and of the state variables, including the state of the units of each resource, change.
2.3

Models of System Components

Typical system components include arrivals, operations, routing, batching, and inventories.
Models of these components are presented in this section. The models may be used directly,
modified, extended, and combined to support the construction of new models of entire systems.
2.3.1

Arrivals

Consider a workstation with a single machine in a manufacturing facility as shown in Figure 2-1.
One issue encountered when modeling the workstation is specifying at what simulated time each
entity arrives. This specification includes the following:




When the first entity arrives.
The time between arrivals of entities, which could be a constant or a random variable
modeled with a probability distribution. In a lean environment, the time between arrivals
should equal the takt time as will be discussed in chapter 6.
How many entities arrive during the simulation, which could be infinite or have an upper
limit.

Suppose the first entity arrives at time 0, a common assumption in simulation modeling, and the
time between arrivals is the same for all entities, a constant 10 seconds. Then the first arrival is at
time 0, the second at time 10 seconds, the third at time 20 seconds, the fourth at time 30
seconds, and so forth.
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Suppose that time between arrivals varies. This implies that the time between arrivals is
described by some probability distribution whose mean is the average time between arrivals. The
variance of the distribution characterizes how much the individual times between arrivals differ
from each other. For example, suppose the time between arrivals is exponentially distributed with
2
mean 10 seconds, implying a variance of 10*10 = 100 seconds . The first arrival is at time 0.
The second arrival could be at time 25 seconds, the third at time 31 seconds, the fourth at time
47 seconds, and so forth. Thus, the arrival process is a source of outer noise.
An example specification in pseudo-English follows.

Define Arrivals:
// mean must equal takt time
Time of first arrival:
0
Time between arrivals: Exponentially distributed with a mean of 10 seconds
Exponential (6) seconds
Number of arrivals:
Infinite
2.3.2

Operations

The next issue encountered when modeling the single machine workstation in Figure 2-1 is
specifying how the entities are processed by the workstation. Each entity must wait in the buffer
(queue) preceding the machine. When available, the machine processes the entity. Then the
entity departs the workstation.
A workstation resource is defined with the name WS to have 1 unit with states BUSY and IDLE
using the notation WS/1: States(BUSY, IDLE). It is assumed that all units of a resource are
initially IDLE. The operation of the machine is modeled as follows. Each entity waits for the
single unit of the WS (workstation) resource to be available to operate on it that is the WS
resource to be in the IDLE state. At the time processing begins WS becomes BUSY. After the
operation time, the entity no longer needs WS, which becomes IDLE and available to operate on
the next entity.
This may be expressed with the following statements:
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Define Resources:
WS/1 with states (Busy, Idle)
Process Single Workstation
Begin
Wait until WS/1 is Idle in Queue QWS
Make WS/1 Busy
Wait for OperationTime
Make WS/1 Idle
End

// part waits for its turn on the machine
// part starts turn on machine; machine is busy
// part is processed
// part is finished; machine is idle

Note the pattern of resource state changes. For every process step that makes a resource enter
the busy state, there must be a corresponding step that makes the resource enter the idle state.
However, there may be many process steps between these two corresponding steps. Thus,
many operations may be performed in sequence on an entity using the same resource.
Note also the two types of wait statements that delay entity movement through a process. Wait
for means wait for a specified amount of simulation time to pass. Wait unit means wait until a
state variable value meets a specified logical condition. This is a very powerful construct that
also is consistent with ideas in event-based programming.
Consider another variation on the single machine workstation operation that illustrates the use of
conditional logic in a simulation model. The machine requires a setup operation of 1.5 minutes
duration whenever the Type of an entity differs from the Type of the preceding entity processed
by the machine. For example, the machine may require one set of operational parameter settings
when operating on one type of part and a second set when operating on a second type of part.
The model of this situation is as follows.
Define Resources:
WS/1 with states (Busy, Idle, Setup)
Define State Variables:
LastType
Define Entity Attributes:
Type
Process Single Workstation with Setup
Begin
Wait until WS/1 is Idle in Queue QWS
Make WS/1 Busy
If LastType ! = Type then
Begin
Make WS/1 Setup
Wait for SetupTime
LastType = Type
Make WS/1 Busy
End
Wait for OperationTime
Make WS/1 Idle
End

// part waits for its turn on the machine
// part starts turn on machine; machine is busy

// part is processed
// part is finished; machine is idle

A state variable, LastType stores the type of the last entity operated upon by the resource WS.
Notice the use of conditional logic. Setup is performed depending on the sequence of entity
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types. Such logic is common in simulation models and makes most of them analytically
intractable. A new state, SETUP, is defined for WS. This resource enters the SETUP state when
the setup operation begins and returns to the BUSY state when the setup operation ends.
Often a workstation is subject to interruptions. In general, there are two types of interruptions:
scheduled and unscheduled. Scheduled interruptions occur at predefined points in time.
Scheduled maintenance, work breaks during a shift, and shift changes are examples of
scheduled interruptions. The duration of a scheduled interruption is typically a constant amount
of time. Unscheduled interruptions occur randomly. Breakdowns of equipment can be viewed as
unscheduled interruptions. An unscheduled interruption typically has a random duration.
A generic model of interruptions is shown in Figure 2-2. An interruption occurs after a certain
amount of operating time that is either constant or random. The duration of the interrupt is either
constant or random. After the end of the interruption, this cycle repeats.
Note that the transition to the INTERRUPTED state is modeled as occurring from the IDLE state.
Suppose the resource is in the BUSY state when the interruption occurs. Typically, a simulation
engine will assume that the resource finishes a processing step before entering the
INTERRUPTED state. However, the end time of the interruption will be the same that is the
amount of time in the INTERRUPTED state will be reduced by the time spent after the
interruption occurs in the BUSY state. This approximation normally has little or no effect on the
simulation results. In many systems, interruptions are often only detected or acted upon at the
end of an operation. Using this approximation avoids having to include logic in the model as to
what to do with the entity being processed when the interruption occurs. On the other hand, such
logic could be included in the model if required.
This breakdown-repair process may be expressed in statements as follows:
Define Resource:
WS/1: States(Busy, Idle, Unavailable)
Process Breakdown—Repair
Begin
Do While 1=1
Wait for TimeBetweenBreakdowns
Wait until WS/1 is Idle
Make WS/1 Unavailable
Wait for RepairTime
Make WS/1 Idle
End Do
End

// Do forever

Consider an extension of the model of the single machine workstation with breakdowns (random
interruptions) added. This model combines the process model for the single workstation with the
process model for breakdown and repair. The WS resource now has three states: BUSY
operating on an entity, IDLE waiting for an entity, and UNAVAILABLE during a breakdown. This
illustrates how a model can consist of more than one process.
This model illustrates one of the most powerful capabilities of simulation. Two processes can
change the state of the same resource but otherwise do not transfer information between each
other. Thus, processes can be built in parallel and changed independently of each other as well
as added to the model or deleted from the model as necessary. Thus, simulation models can be
built, implemented, and evolved piece by piece.
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2.3.3

Routing Entities

In many systems, decisions must be made about the routing of entities from operation to
operation. This section discusses typical ways systems make such routing decisions as well as
techniques for modeling them. A distinct process for making the routing decision can be included
in the model.
Consider a system that processes multiple item types using several workstations. Each
workstation performs a unique function. Each job type is operated on by a unique sequence of
workstations called a route. In a manufacturing environment, this style of organization is referred
to as a job shop. It could also represent the movement of customers through a cafeteria where
different foods: hot meals, sandwiches, salads, desserts, and drinks are served at different
stations. Customers are free to visit the stations in any desired sequence.
Each entity in the model of a job shop organization could have the following attributes:
ArrivalTime:
Type:
Location:

Time of arrival
The type of job, which implies the route.
The current location on the route relative to the beginning of the route.

In addition, the model needs to store the route for each type of job.
Suppose there are four workstations and three job types in a system.
possible set of routings in matrix form.
Job Type
1
2
3

First Operation
Workstation 1
Workstation 3
Workstation 4

Second Operation
Workstation 2
Workstation 4
Workstation 2

Third Operation
Workstation 3
None
Workstation 3

Figure 2-3 shows a

Fourth Operation
Workstation 4
None
None

Figure 2-3: Example Routing Matrix for A Manufacturing Facility.
A routing process is included in the simulation model to direct the entity to the workstation
performing the next processing step. The routing process requires zero simulation time.
Define State Variable:
Route(3, 4)
Define Attribute:
Location
Define Attribute:
Type
Process Routing
Begin
Location += 1
If Route(Type, Location) != None Then
Begin
Send to Process Route(Type, Location)
End
Else Begin
Send to Process Depart
End
End
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The value of the Location attribute is incremented by one. The next workstation to process the
entity is the one at matrix location (Type, Location). If this matrix location has a value of None,
then processing of the entity is complete. Note again that the ability to compose a model of
multiple processes is important.
Alternatively, routes may be selected dynamically based on current conditions in a system as
captured in the values of the state variables. Such decision making may be included in a
simulation model. This is another unique and very powerful capability of simulation modeling.
Consider a highly automated system in which parts wait in a central storage area for processing
at any workstation. A robot moves the parts between the central storage area and the
workstations. Alternatively if the following workstation is IDLE when an operation is completed,
the robot moves the part directly to the next workstation instead of the storage area. The routing
process for this situation follows, where WSNext is the resource modeling the following
workstation.
_____________________________________________________________________________
Define Resource:
WSNext/1: States(Busy, Idle)
Define State Variable:
CentralStorage
Process Conditional Routing
Begin
If WSNext/1 is Idle Then
Begin
Send to Process ForWSnext
End
Else Begin
CentralStorage += 1
End
End
2.3.4

Batching

Many systems use a strategy of grouping items together and then processing all the items in the
group jointly. This strategy is called batching. Batching may occur preceding a machine on the
factory floor. Parts of the same type are grouped and processed together in order to avoid
frequent setup operations. Other examples include:
 Bags of product may be stacked on a pallet until its capacity is reached. Then a forklift
could be used to load the pallet on a truck for shipment.
 All deposits and checks received by a bank during the day are sent together to a
processing center where bank account records are updated overnight.
 A tram operating from the parking lot in an amusement park to the entrance gate waits at
the stop until a certain number of passengers have boarded.
Batching is the opposite of the lean concept of one-piece flow or one part per batch. There is a
trade-off between batching and one-piece flow. Batching minimizes set up times and can make
individual machines more productive. One-piece flow minimizes lead time, the time between
starting production on a part and completing it, as well as in-process inventories.
Batching may be modeled by creating one group entity consisting of multiple individual entities.
The group entity can be operated upon and routed as would an individual entity. Batching can be
undone, that is the group can be broken up into the original individual entities.
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Returning to the single server workstation example of Figure 2-2, suppose that completed parts
are transported in groups of 20 from the output buffer to input buffer of a second workstation
some distance away. At the second workstation, items are processed individually. In the
simulation model of this situation, the first 19 entities, each modeling an item to be transported,
must wait until the twentieth entity arrives. Then the 20 entities are moved together as a group.
Each group is referred to as a batch. Upon arrival at the second workstation, each entity
individually enters the workstation buffer. The batching and un-batching extension to the single
server workstation model is as follows.

Define Resource: WS/1: States(Busy, Idle)
Define List:
OutputBuffer
Process Single Workstation with Output Buffer
Begin
Wait until WS/1 is Idle
Make WS/1 Busy
Wait for Operation Time
Make WS/1 Idle
If Length (OutputBuffer) < 19 then
Begin
Add to List(OutputBuffer)
End
Else Begin
Wait for Transportation Time
Send All Entities on List(OutputBuffer) to Process WS2
End
End
Consider the case where each of the types of items processed by the workstation must be
transported separately. In this situation, batching, transportation, and un-batching can be done
as above except one batch is formed for each type of item.
2.3.5

Inventories

In many systems, items are produced and stored for subsequent use. A collection of such stored
items is called an inventory, for example televisions waiting in a store for purchase or hamburgers
under the hot lamp at a fast food restaurant. Customers desiring a particular item must wait until
one is inventory.
Inventory processes have to do with adding items to an inventory and removing items from an
inventory. The number of items in an inventory can be modeled using a state variable, for
example INV_LEVEL. Placing an item in inventory is modeled by adding one to the state
variable: INV_LEVEL += 1. Modeling the removal of an item from an inventory requires two
steps:
1. Wait for an item to be in the inventory: WAIT UNTIL INV_LEVEL > 0
2. Subtract one from the number of items in the inventory: INV_LEVEL -= 1
2.4

Summary

Simulation model construction approaches have been presented. System components: arrivals,
operations, routing, batching, and inventory management have been identified. How each
component is commonly represented in simulation models has been discussed and illustrated.
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Problems
1.
Discuss why it is important to be able to employ previously developed models of system
components in addition to the more basic modeling constructs provided by a simulation language
in model building.
2.

Discuss the importance of allowing multiple, parallel processes in a model.

(For each of the modeling problems that follow, use the pseudo-English code that has been
presented in this chapter.)
3.
Develop a model of a single workstation whose processing time is a constant 8 minutes.
The station processes two part types, each with an exponentially distributed interarrival time with
mean 20 minutes.
4.
Embellish the model developed in 3 to include breakdowns. The time between
breakdowns in exponentially distributed with mean 2 days. Repair time is uniformly distributed
between 1 and 3 hours.
5.
Build a model of a two-station assembly line serving three types of parts. The sequence
of part types is random. The part types are distributed as follows: part type 1, 30%; part type 2;
50%, and part 3, 20%. Inter-arrival time is a constant 5 minutes. The first station requires a
setup task of 1.5 minutes duration whenever the current part type is different from the preceding
one. The operation times are the same regardless of part type: station 1, 3 minutes and station 2,
4 minutes.
6.
Embellish the model in problem 5 for the case where there are two stations that perform
the second operation. The part goes to the station with the fewer number of waiting parts.
7.
Embellish the model in problem 5 for the case where a robot loads and unloads the
second station. Loading and unloading each take 15 seconds.
8.

Combine problems 5, 6, and 7 in one model.

9.
Consider Bob’s Burger Barn. Bob has a simple menu: burgers made Bob’s way, french
fries (one size), and soft drinks (one size). Customers place orders with one cashier who enters
the order and collects the payment. They then wait near the counter until the order is filled. The
time between customer arrivals during the lunch hour from 11:30 to 1:00 P.M. is exponentially
distributed with mean 30 seconds. It takes a uniformly distributed time between 10 seconds and
40 seconds for order placement and payment at the cashier. The time to fill an order after the
payment is completed is normally distributed with mean 20 seconds and standard deviation 5
seconds.
a.

Build a model of Bob’s Burger Barn.

b.
Embellish the model for the case where a customer will leave upon arrival if there
are more than 7 customers waiting for the cashier.
10.
Consider the inside tellers at a bank. There is one line for 3 tellers. Customers arrive
with an exponentially distributed time between arrivals with mean 1 minute. There are three
customer types: 1, 10%; 2, 20%; and 3, 70%. The time to serve a customer depends on the type
as follows: 1, 3 minutes; 2, 2 minutes; and 3; 30 seconds. Build a model of the bank.
11.
Modify the model in problem 10 for the case where there is one line for each teller.
Arriving customers choose the line with the fewest customers.
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12.
Develop a process model of the following situation. Two types of parts are processed by
a station. A setup time of one minute is required if the next part processed is of a different type
that the preceding part. Processing time at the station is the same for both part types: 10
minutes. Type 1 parts arrive according to an exponential distribution with mean 20 minutes.
Type 2 parts arrive at the constant rate of 2 per hour.
13.
Develop a process model of the following situation. A train car is washed and dried in a
rail yard between each use. The same equipment provides for washing and drying one car at a
time. Washing takes 30 minutes and drying one hour. Cars arrive at the constant rate of one
each hour and three-quarters.
14.
Develop a model of a service station with 10 self-service pumps. Each pump dispenses
each of three grades of gasoline. Customer service at the pump time is uniformly distributed
between 30 seconds and two minutes. One-third of the customers pay at the pump using a credit
card. The remainder must pay a single inside cashier which takes an additional 1 minute to 2
minutes, uniformly distributed. The time between arrivals of cars is exponentially distributed with
mean 1 minute.
15.
Mike’s Market has three check out lanes each with its own waiting line. One check out
lane is for customers with 10 items or fewer. The check out time is 10 seconds plus 2 seconds
per item. The number of items purchased is triangularly distributed with minimum 1, mode 10,
and maximum 100. The time between arrivals to the check-out lanes is exponentially distributed
with mean 1 minute.
16.
Develop a more detailed model of Bob’s Burger Barn (discussed in problem 9). Add an
inventory for completed burgers and another inventory for completed bags of fries. Filling an
order is an assembly process that requires removing a burger from its inventory and a bag of fries
from its inventory. The burgers are completed at a constant rate of 2 per minute. It takes three
minutes to deep fry six bags of fries.
17.
Develop a model of the following inventory management situation. A part completes
processing on one production line every 2 minutes, exponentially distributed and is placed in an
inventory. A second production line removes a part from this inventory every two minutes.
18.
Visit a fast food restaurant in the university student union and note how it serves
customers. Specify a model of the customer service aspect of the restaurant using the
component models in this chapter.
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Chapter 3
Modeling Random Quantities
3.1

Introduction

This chapter deals with how to select a probability distribution to represent a random quantity in a
simulation model. As seen in previous examples, random quantities are used to represent
operation times, transportation times, and repair times well as the time between the arrival of
entities and the time between equipment breakdowns. The type of an entity could be a random
quantity, as could the number of units demanded by each customer from a finished goods
inventory.
In determining the particular probability distribution function to use to model each random
quantity, available data as well as the properties of the quantity being modeled must be taken into
account. Estimation of distribution function parameters must be performed.
Frequently, data is not available. Choosing a distribution function in the absence of data is
discussed including which distributions are commonly used in this situation. Software based
procedures for choosing a distribution function when data is available, including fitting the data to
a distribution function, are presented. The probability distributions commonly employed in
simulation models are described.
3.2

Determining a Distribution in the Absence of Data

Often, parameter values for probability distributions used to model random quantities must be
determined in the absence of data. There are many possible reasons for a lack of data. The
simulation study may involve a proposed system. Thus, no data exists. The time and cost
required to obtain and analyze data may be beyond the scope of the study. This could be
especially true in the initial phase of a study where an initial model is to be built and initial
alternatives analyzed in a short amount of time. The study team may not have access to the
information system where the data resides.
The distribution functions commonly employed in the absence of data are presented. An
illustration of how to select a particular distribution to model a random quantity in this case is
given.
3.2.1

Distribution Functions Used in the Absence of Data

Most often system designers or other experts have a good understanding of the “average” value.
Often, what they mean by “average” is really the most likely value or mode. In addition, they most
often can supply reasonable estimates of the lower and upper bounds that is the minimum and
maximum values. Thus, distribution functions must be used that have a lower and upper bound
and whose parameters can be determined using no more information than a lower bound, upper
bound, and mode.
First consider the distribution functions used to model operation times. The uniform distribution
requires only two parameters, the minimum and the maximum. Only values in this range [min,
max] are allowed. All values between the minimum and the maximum are equally likely.
Normally, more information is available about an operation time such as the mode. However, if
only the minimum and maximum are available the uniform distribution can be used.
Figure 3-1 provides a summary of the uniform distribution.

3-1

1.1
1

dunif

 x1 i  0  1 
0.5

0

0

0

0.2

0.4

 0

0.6

0.8

x1 i

1
1.0

Density Function Illustration
Parameters:

min(imum) and max(imum)

Range:

[min, max]

Mean:

mean 

min  max
2

Variance:

variance



 max

- min



2

12

Density function:

f (x) 

1
max  min

x  min

; min  x  max

Distribution function:

F (x) 

Application:

In the absence of data, the uniform distribution is used to model a
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Figure 3-1: Summary of the Uniform Distribution
If the mode is available as well, the triangular distribution can be used. The minimum, maximum,
and mode are the parameters of this distribution. Note that the mode can be closer to the
minimum than the maximum so that the distribution is skewed to the right. Alternatively, the
distribution can be skewed to the left so that the mode is closer to the maximum than the
minimum. The distribution can be symmetric with the mode equidistant from the minimum and
the maximum. These cases are illustrated in Figure 3-2 where a summary of the triangular
distribution is given.
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In the absence of data, the triangular distribution is used to model a
random quantity when the most likely value as well as the minimum and
maximum can be estimated.
Figure 3-2: Summary of the Triangular Distribution

The beta distribution provides another alternative for modeling an operation time in the absence
of data. The triangular distribution density function is composed of two straight lines. The beta
distribution density function is a smooth curve. However, the beta distribution requires more
information and computation to use than does the triangular distribution. In addition, the beta
distribution is defined on the range [0,1] but can be easily shifted and scaled to the range [min,
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max] using min + (max-min)*X, where X is a beta distributed random variable in the range [0, 1].
Thus, as did the uniform and triangular distributions, the beta distribution can be used for values
in the range [min, max].
Using the beta distribution requires values for both the mode and the mean. Subjective estimates
of both of these quantities can be obtained. However, it is usually easier to obtain an estimate of
the mode than the mean. In this case, the mean can be estimated from the other three
parameters using equation 3-1.


mean

min  mode

 max

(3-1)

3

Pritsker (1977) gives an alternative equation that is similar to equation 3-2 except the mode is
multiplied by 4 and the denominator is therefore 6.
The two parameters of the beta distribution are 1 and 2. These are computed from the
minimum, maximum, mode, and mean using equations 3-2 and 3-3.
1 

 mean - min  *  2 * mode  min - max 
 mode - mean  *  max  min 

2 

 max

- mean

(3-2)

*1

(3-3)

mean - min

Most often for operation times, 1 > 1 and 2 > 1. Like the triangular distribution, the beta
distribution can be skewed to the right 1 < 2, skewed to the right, 1 > 2, or symmetric, 1 = 2.
A summary of these and other characteristics of the beta distribution is given in Figure 3-3.
Next, consider modeling the time between entity arrivals. In the absence of data, all that may be
known is the average number of entities expected to arrive in a given time interval. The following
assumptions are usually reasonable when no data are available.
1.
2.
3.

The entities arrive one at a time.
The mean time between arrivals is the same over all simulation time.
The numbers of customers arriving in disjoint time intervals are independent.

All of this leads to using the exponential distribution to model the times between arrivals. The
exponential has one parameter, its mean. The variance is equal to the mean squared. Thus, the
mean is equal to the mean time between arrivals or the time interval of interest divided by an
estimate of the number of arrivals in that interval.
Using the exponential distribution in this case can be considered to be a conservative approach
as discussed by Hopp and Spearman (2007). These authors refer to a system with exponentially
distributed times between arrivals and service times as the practical worst case system. This
term is used to express the belief that any system with worse performance is in critical need of
improvement. In the absence of data to the contrary, assuming that arrivals to a system under
study are no worse than in the practical worse case seems safe.
Figure 3-4 summarizes the exponential distribution.
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The denominator is the beta function.
Distribution function:

No closed form.

Application:

In the absence of data, the beta distribution is used to model a random
quantity when the minimum, mode, and maximum can be estimated. If
available, an estimate of the mean can be used as well or the mean can
be computed from the minimum, mode, and maximum.
Traditionally, the beta distribution has been used to model the time to
complete a project task.
When data are available, the beta can be used to model the fraction, 0 to
100%, of something that has a certain characteristic such as the fraction
of scrap in a batch.
Figure 3-3: Summary of the Beta Distribution
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Application:

The exponential is used to model quantities with high variability such as
entity inter-arrival times and the time between equipment failures as well
as operation times with high variability.
In the absence of data, the exponential distribution is used to model a
random quantity characterized only by the mean.
Figure 3-4: Summary of the Exponential Distribution
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3.2.2

Selecting Probability Distributions in the Absence of Data – An Illustration

Consider the operation time for a single workstation. Suppose the estimates of a mode of 7
seconds, a minimum of 5 seconds, and a maximum of 13 seconds were accepted by the project
team. Either of two distributions could be selected.
1. A triangular with the given parameter values and having a squared coefficient of
1
variation of 0.042.
2. A beta distribution with parameter values 1 = 1.25 and 2 = 1.75 and a squared
coefficient of variation of 0.061 where equations 3-3 and 3-4 were use to compute 1
and 2.
The mean of the beta distribution was estimated as the arithmetic average of the minimum,
maximum, and mode. Thus, the mean of the triangular distribution and of the beta distribution
are the same.
Note that the choice of distribution could significantly affect the simulation results since the
squared coefficient of variation of the beta distribution is about 150% of that of the triangular
distribution. This means the average time in the buffer at workstation A will likely be longer if the
beta distribution is used instead of the triangular. This idea will be discussed further in Chapter 5.
Figure 3-5 shows the density functions of these two distributions.
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Figure 3-5: Probability Density Functions of the Triangular (5, 7, 13) and Beta (1.25, 1.75)
A word of caution is in order. If there is no compelling reason to choose the triangular or the beta
distribution then a conservative course of action would be to run the simulation first using one
distribution and then the other. If there is no significant difference in the simulation results or at
least in the conclusions of the study, then no further action is needed. If the difference in the
results is significant, both operationally and statistically, further information and data about the
random quantity being model should be collected and studied.

1

The coefficient of variation is the standard deviation divided by the mean. The smaller this
quantity the better.
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Furthermore, it was estimated that there would be 14400 arrivals per 40-hour week to the two
workstations in a series system. Thus, the average time between arrivals is 40 hours / 14400
arrivals = 10 seconds. The time between arrivals was modeled using an exponential distribution
with mean 10 seconds.
3.3

Fitting a Distribution Function to Data

This section discusses the use of data in determining the distribution function to use to model a
random quantity as well as values for the distribution parameters. Some common difficulties in
obtaining and using data are discussed. The common distribution functions used in simulation
models are given. Law (2007) provide an in depth discussion of this topic, including additional
distribution functions. A software based procedure for using data in selecting a distribution
function is presented.
3.3.1

Some Common Data Problems

It is easy to assume that data is plentiful and readily available in a corporate information system.
However, this is often not the case. Some problems with obtaining and using data are discussed.
1.

Data are available in the corporate information system but no one on the project team
has permission to access the data.
Typically, this problem is resolved by obtaining the necessary permission. However, it
may not be possible to obtain this permission in a timely fashion. In this, case the
procedures for determining a distribution function in the absence of data should be used
at least initially until data can be obtained.

2.

Data are available but must be transformed into values that measure the quantity of
interest.
For example, suppose the truck shipment time between a plant and a customer is of
interest. The company information system records the following clock times for each
truck trip: departure from the plant, arrival to the customer, departure from the customer,
and arrival to the plant. The following values can be computed straightforwardly from this
information for each truck trip: travel time from the plant to the customer, time delay at
the customer, travel time from the customer to the plant.
This example raises some other questions. Is the there any reason to believe that the
travel time from the plant to the customer is different from the travel time from the
customer to the plant? If not, the two sets of values could be combined and a single
distribution could be determined from all the values. If there is a known reason that the
travel times are different, the two data sets must be analyzed separately. Of course, a
statistical analysis, such as the paired-t method discussed in chapter 4, could be used to
assess whether any statistically significant difference in the mean travel times exists.
What is the level of detail included in the model? It may be necessary to include all three
times listed in the previous paragraph in the model. Alternatively, only the total round trip
time, the difference between the departure from the plant and the arrival to the plant,
could be included.

3.

All the needed data is available, but only from multiple sources.
Each of the multiple sources may measure quantities in different ways or at different
times. Thus, data from different sources need to be made consistent with each other.
This is discussed by Standridge, Pritkser, and Delcher (1978).
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For example, the amount of sales of a chemical product is measured in pounds of
product in the sales information system and in volume of product in the shipping
information system. The model must measure the amount of product in either pounds or
volume. Suppose pounds were chosen. The data in the shipping information system
could be used after dividing it by product density (pounds/gallon).
Consider another example. A sales forecast is used to establish the average volume of
demand for a product used in a model. The sales forecast for the product is a single
value. A distribution of product demand is needed. A distribution is determined using
historical sales data. The sales forecast is used as the mean of a distribution instead of
the mean computed from historical data. This assumes that only the mean will change in
the future. The other distribution parameters such as the variance as well as the
particular distribution family, normal for example, will remain the same.
4.

All data are “dirty”.
It is tempting to assume that data from a computer information system can be used
without further examination or processing. This is often not the case. Many data
collection mechanisms do not take into account the anomalies that occur in day-to-day
system operations.
For example, an automated system records the volume of a liquid product produced each
day. This production volume is modeled as a single random quantity. The recorded
production volume for all days is greater than zero. However, on a few days it is two
orders of magnitude less than the rest of the days. It was determined that these low
volumes meant that the plant was down for the day. Thus, the production volume was
modeled by a distribution function for the days that the plant was operating and zero for
the remaining days. Each day in the simulation model, a random choice was made as to
whether or not the plant was operating that day. The probability the plant was operating
was estimated from the data set as percent of days operating / total number of days.

3.3.2

Distribution Functions Most Often Used in a Simulation Model

In this section, the distribution functions most often used in simulation models are presented. The
typical use of each distribution is described. A summary of each distribution is given.
In section 3.2.1, distribution functions used in the absence of data were presented. The uniform
and triangular distributions are typically only used in this case. The beta distribution is used as
well. The beta is also useful modeling project task times.
In addition, the use of the exponential distribution to model the time between entity arrivals was
discussed. Again, the conditions for using the exponential distribution are: there is one arrival at
a time, the numbers of arrivals in disjoint time intervals are independent, and the average time
until the next arrival doesn’t change over the simulation time period. In some cases, the latter
assumption is not true. One way of handling this situation is illustrated in the application study
concerning contact center management.
If the system exerts some control over arrivals, this information may be incorporated in the
simulation. For example, arrivals of part blanks to a manufacturing system could occur each hour
on the hour. The time between arrivals would be a constant 1 hour. Suppose that workers have
noted that the blanks actually arrive anywhere between 5 minutes before and 5 minutes after the
hour. Thus, the arrival process could be modeled as with a constant time between arrivals of 1
hour followed by a uniformly distributed delay of 0 to 10 minutes before processing begins.
Often it is important to include the failure of equipment in a simulation model. Models of the time
till failure can be taken from reliability theory. The exponential distribution may also be used to
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model the time until the next equipment breakdown if the proper conditions are met: there is one
breakdown at a time (for each piece of equipment), the number of breakdowns in disjoint time
intervals are independent, and the average time until the next breakdown doesn’t change over
the simulation time period.
Suppose either of the following is true:
1.
2.

The time from now till failure does depend on how long the equipment has been
functioning.
Failure occurs when the first of many components or failure points fails.

Under these conditions, the Weibull distribution is an appropriate model of the time between
failures. The Weibull is also used to model operation times. A Weibull distribution has a lower
bound of zero and extends to positive infinity.
A Weibull distribution has two parameters: a shape parameter  > 0 and a scale parameter  > 0.
Note that the exponential distribution is a special case of the Weibull distribution for = 1. A
summary of the Weibull distribution is given in Figure 3-6.
Suppose failure is due to a process of degradation and a mathematical requirement that the
degradation at any point in time is a small random proportion of the degradation to that point in
time is acceptable. In this case the lognormal distribution is appropriate. The lognormal has
been successfully applied in modeling the time till failure in chemical processes and with some
types of crack growth. It is also useful in modeling operation times.
The lognormal distribution can be thought of in the following way. If the random variable X
follows the lognormal distribution then the random variable ln X follows the normal distribution.
The lognormal distribution parameters are the mean and standard deviation of the normal
distribution results from this operation. A lognormal distribution ranges from 0 to positive infinity.
The lognormal distribution is summarized in Figure 3-7.
Consider operation, inspection, repair and transportation times. In modeling automated activities,
these times may be constant. A constant time also could be appropriate if a standard time were
assigned to a task. If human effort is involved, some variability usually should be included and
thus a distribution function should be employed.
The Weibull and lognormal are possibilities as mentioned above. The gamma could be employed
as well. A gamma distribution has two parameters: a shape parameter  > 0 and a scale
parameter  > 0. It is one of the most general and flexible ways to model a time delay. Note that
the exponential distribution is a special case of the gamma distribution for = 1.
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The Weibull distribution is used to model the time between equipment
failures as well as operation times.
Figure 3-6: Summary of the Weibull Distribution.
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The lognormal distribution is used to model the time between equipment
failures as well as operation times. By the central limit theorems, the
lognormal distribution can be used to model quantities that are the
products of a large number of other quantities.
Figure 3-7: Summary of the Lognormal Distribution, concluded.
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The gamma distribution is summarized in Figure 3-8.
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Application:

The gamma distribution is the most flexible and general distribution for
modeling operation times.
Figure 3-8: Summary of the Gamma Distribution

It is often argued that the simulation experiment should include the possibility of long operation,
inspection, and transportation times. A single such time can have a noticeable effect on system
operation since following entities wait for occupied resources. In this case, a Weibull, lognormal,
or gamma distribution can be used since each extends to positive infinity.
A counter argument to the use of long delay times is that they represent special cause variation.
Often special cause variation is not considered during the initial phases of system design and
thus would not be included in the simulation experiment. The design phase often considers only
the nominal dynamics of the system.
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Controls are often used during system operation to adjust to long delay times. For example, a
part requiring a long processing time may be out of specification and discarded after a prespecified amount of processing is performed. Such controls can be included in simulation models
if desired.
The normal distribution, by virtue of central limit theorems (Law, 2007), is useful in representing
quantities that are the sum of a large number (25 to 30 at least) of other quantities. For example,
a sales region consists of 100 convenience stores. Demand for a particular product in that region
is the sum of the demands at each store. The regional demand is modeled as normally
distributed. This idea is illustrated in the application study on automated inventory management.
A single operation can be used to model multiple tasks. In this case, the operation time
represents the sum of the times to perform each task. If enough tasks are involved, the operation
time can be modeled using the normal distribution.
The parameters of a normal distribution function are the mean () and the standard deviation ().
Figure 3-8 shows several normal distribution density functions and summarizes the normal
distribution.
Some quantities have to do with the number of something, such as the number of parts in a
batch, the number of items a customer demands from inventory or the number of customers
arriving between noon and 1:00 P.M. Such quantities can be modeled using the Poisson
distribution.
Unlike the distributions previously discussed, the range of the Poisson distribution is only nonnegative integer values. Thus, the Poisson is a discrete distribution. The Poisson has only one
parameter, the mean.
Note that if the Poisson distribution is used to model the number of events in a time interval, such
as the number of customers arriving between noon and 1:00 P.M., that the time between the
events, arrivals, is exponentially distributed. In addition, the normal distribution can be used as
an approximation to the Poisson distribution. The Poisson distribution is summarized in Figure 39.
Some quantities can take one of a small number of values, each with a given probability. For
example, a part is of type “1” with 70% probability and of type “2” with 30% probability. In these
cases, the probability mass function is simply enumerated, e.g. p1 = 0.70 and p2 = 0.30. The
enumerated probability mass function is summarized in Figure 3-10.
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Figure 3-8: Summary of the Normal Distribution.
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The Poisson distribution is used to model quantities that represent the
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Figure 3-9: Summary of the Poisson Distribution
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An enumerated probability mass function is used to model quantities that
represent the number of things such as the number of items in a batch
and the number of items demanded by a single customer where the
probability of each number of items is known and the number of possible
values is small.
Figure 3-10: Summary of the Enumerated Probability Mass Function

Law and McComas (1996) estimate that “perhaps one third of all data sets are not well
represented by a standard distribution.” In this case, two options exist:
1.
2.

Form an empirical distribution function from the data set.
Fit a generalized functional form to the data set that has the capability of representing an
unlimited number of shapes.

The former can be accomplished by using the frequency histogram of a data set to model a
random quantity. The disadvantages of this approach are that the simulation considers only
values within the range of the data set and in proportion to the cells that comprise the histogram.
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One way to accomplish the latter is by fitting a Bezier function to the data set using an interactive
Windows-based computer program as described by Flannigan Wagner and Wilson (1995, 1996).
3.3.3

A Software Based Approach to Fitting a Data Set to a Distribution Function

This section discusses the use of computer software in fitting a distribution function to data.
Software should always be used for this purpose and several software packages support this
task. The following three activities need to be performed.
1.
2.
3.

Selecting the distribution family or families of interest.
Estimating the parameters of particular distributions.
Determining how well each distribution fits the data.

The distribution functions discussed in the preceding sections, beta or normal for example, are
called families. An individual distribution is specified by estimating values for its parameters.
There are two possibilities for selecting one or more distribution function families as candidates
for modeling a random quantity.
1.

Make the selection based on the correspondence between the situation being modeled
and the theoretical properties of the distribution family as presented in the previous
sections.
For example, a large client buys a particular product from a supplier. The client supplies
numerous stores from each purchase. The time between purchases is a random
variable. Based on the theoretical properties of the distributions previously discussed,
the time between orders could be modeled as using an exponential distribution and the
number of units of product purchased could be modeled using a normal distribution.

2.

Make the selection based on the correspondence between summary statistics and plots,
such as a histogram, and particular density functions. Software packages such as
ExpertFit [Law and McComas 1996, 2001] automatically compute and compare, using a
relative measure of fit, candidate probability distributions and their parameters. In
ExpertFit, the relative measure of fit is based on a proprietary algorithm that includes
statistical methods and heuristics.
For example, 100 observations of an operation time are collected. A histogram is
constructed of this data. The mean and standard deviation are computed. Figure 3-11
shows the histogram on the same graph as a lognormal distribution and a gamma
distribution whose mean and standard deviation were estimated from the data set. Note
that the gamma distribution (dashed line) seems to fit the data much better than the
lognormal distribution (dotted line).
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Figure 3-11: Comparison of a Histogram with Gamma and Lognormal Density Functions
For some distributions, the estimation of parameters values is straightforward. For example, the
parameters of the normal distribution are the mean and standard deviation that are estimated by
the sample mean and sample standard deviation computed from the available data. For other
distributions, the estimation of parameters is complex and may require advanced statistical
methods. For example, see the discussion of the estimation procedure for the gamma distribution
parameters in Law (2007). Fortunately, these methods are implemented in distribution function
fitting software.
The third activity is to assess how well each candidate distribution represents the data and then
choose the distribution that provides the best fit. This is called determining the “goodness-of-fit”.
The modeler uses statistical tests assessing goodness of fit, relative and absolute heuristic
measures of fit, and subjective judgment based on interactive graphical displays to select a
distribution from among several candidates.
Heuristic procedures include the following:
1.

Density/Histogram over plots – Plot the histogram of the data set and a candidate
distribution function on the same graph as in Figure 3-11. Visually check the
correspondence of the density function to the histogram.

2.

Frequency comparisons – Compare the frequency histogram of the data with the
probability computed from the candidate distribution of being in each cell of the
histogram.
For example, Figure 3-12 shows a frequency comparison plot that displays the sample
data set whose histogram is shown in Figure 3-11 as well as the lognormal distribution
whose mean and standard deviation were estimated from the data set. Differences
between the lognormal distribution (solid bars) and the data set (non-solid bars) are
easily seen.
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Figure 3-12: Frequency Comparison of a Data Set with a Lognormal Distribution

3.

Distribution function difference plots – Plot the difference of the cumulative candidate
distribution and the fraction of data values that are less than x for each x-axis value in the
plot. The closer the plot tracks the 0 line on the vertical axis the better.
For example, Figure 3-13 shows a distribution function difference plot comparing the
sample data set whose histogram is displayed in Figure 3-11 to both the gamma and
lognormal distributions whose mean and standard deviations were estimated from the
data. The gamma distribution (solid line) appears to fit the data set much more closely
that the lognormal distribution (dotted line).
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Figure 3-13: Distribution Function Difference Plot Comparison of a Data Set with a Gamma
and a Lognormal Distribution

4.

Probability plots – Use one of the many types of probability plots to compare the data set
and the candidate distribution. One such type is as follows. Suppose there are n values
in the data set. The following points, n in number, are plotted: ( i / n th percent point of
the candidate distribution, the i th smallest value in the data set). These points when
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plotted should follow a 45 degree line. Any substantial deviation from this line indicates
that the candidate distribution may not fit the data set.
For example, Figure 3-14 shows a probability plot that compares the sample data set
whose histogram is displayed in Figure 3-11 to both the gamma and lognormal
distributions shown in the same figure. Note that the gamma distribution (solid line)
tracks the 45 degree line better than does the lognormal distribution (dotted line) and
both deviate from the line more toward the right tail.
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Figure 3-14: Probability Plot Comparison of a Data Set with Gamma and Lognormal
Distributions
Statistical tests formally assess whether the data set that consists of independent samples is
consistent with a candidate distribution. These tests provide a systematic approach for detecting
relatively large differences between a data set and a candidate distribution. If no such differences
are found, the best that can be said is that there is no evidence that the candidate distribution
does not fit the data set.
The behavior of these tests depends on the number of values in the data set. For large values of
n, the tests seem to always detect a significant difference between a candidate distribution and a
data set. For smaller values of n, the tests detect only gross differences. This should be kept in
mind when interpreting the results of the test.
The following tests are common and are typically performed by distribution function fitting
software.
1.

Chi-square test – formally compares a histogram of the data set with a candidate
distribution as was done visually using a frequency comparison plot.

2.

Kolmogorov-Smironv (K-S) test – formally compares an empirical distribution function
constructed from the data set with a candidate cumulative distribution, which is
analogous to the distribution function difference plot.

3.

Anderson-Darling test – formally compares an empirical distribution function constructed
from the data set with a candidate cumulative distribution function but is better at
detecting differences in the tails of the distribution than the K-S test.
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3.4

Summary

This chapter discusses how to determine the distribution function to use in modeling a random
quantity. How this choice can affect the results of a simulation study has been illustrated. Some
issues with obtaining and using data have been discussed. Selecting a distribution both using a
data set and in the absence of data has been presented.
Problems
1.

List the distributions that have a lower bound.

2.

List the distributions that have an upper bound.

3.

List the distributions that are continuous.

4.

List the distributions that are discrete.

5.

Suppose X is a random variable that follows a beta distribution with range [0,1]. A
random variable, Y, is needed that follows a beta distribution with range [10, 100]. Give
an equation for Y as a function of X.

6.

Suppose data are not available when a simulation project starts.
a.

What three parameters are commonly estimated without data?

b.

An operation time is specified giving only two parameters: minimum and
maximum. However, it is to be modeled using a triangular distribution. What
would you do?

7.

Consider the following data set: 1, 2, 2, 3, 4, 5, 7, 8, 9, 10, 11, 13, 15, 16, 17, 17, 18, 18,
18, 20, 20, 21, 21, 24, 27, 29, 30, 37, 40, 40. What distribution family appears to fit the
data best? Use summary statistics and a histogram to assist you.

8.

Hypothesize one or more families of distributions for each of the following cases:
a.
b.
c.
d.
e.
f.
g.

Time between customers arriving at a fast food restaurant during the evening
dinner hour.
The time till the next failure of a machine whose failure rate is constant.
The time till the next failure of a machine whose failure rate increases in time.
The time to manually load a truck based on the operational design of a system.
You ask the system designers for the minimum, average, and maximum times.
The time to perform a task with long task times possible.
The distribution of job types in a shop.
The number of items each customer demands.
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9.

What distribution function family appears to fit the following data set best? Use summary
statistics and a histogram to assist you. Test your selection using the plots discussed in
section 3.3.2.
8.39 3.49 3.17 15.34 4.68 4.38 0.02 1.21
3.56 0.50 4.38 2.53 20.61 2.78 2.66 32.88
22.49 5.10 4.58 3.07 22.64 34.86 9.59 0.67
12.24 3.25 34.07 5.43 14.72 5.84 15.37 21.20
0.21 3.20 25.12 3.18 3.60 11.45 1.07 8.69
0.46 9.16 10.71 3.75 1.54 0.65 3.68 10.46
20.11 5.81 4.63 3.13 8.99 2.82 0.87 13.45
10.10 12.57 22.67 3.55 5.68 29.07 0.62 25.23
17.97 35.76 17.05 4.61 12.36 14.02 24.33 11.05
1.10 4.56 9.51 7.31 23.33 5.81 3.48 3.23

10.

What distribution function family appears to fit the following data set best? Use summary
statistics and a histogram to assist you. Test your selection using the plots discussed in
section 3.3.2.
2373
2327

11.

2361
2380

2390
2373

2377
2360

2333
2382

Use the distribution function fitting software to solve problems 7, 9, and 10.
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Chapter 4
Conducting Simulation Experiments
4.1

Introduction

This chapter provides the information necessary to design, carry out, and analyze the results of a
simulation experiment. Experimentation with a simulation model, as opposed to an exact
analytic solution obtained using mathematics, is required. Principle 2 states that simulation
models conform both to system structure and to available system data. Conditional logic is
employed. Thus, these models usually cannot be solved by analytic methods. Simulation
experiments must be properly designed and conducted as would any field or laboratory
experiment. The design of simulation experiments leads to the benefits of simulation described
by principle 3: lower cost and more flexibility than physical prototypes as well as less risk of
negative consequence on day-to-day operations than direct experimentation with existing,
operating systems as the plan-do-check-act (PDCA) cycle of lean would do.
The design of a simulation experiment specifies how model processing generates the information
needed to address the issues and to meet the solution objectives identified in the first phase of
the simulation process. An approach to the analysis of results is presented, including ways of
examining simulation results to help understand system behavior as well as the use of statistical
methods such as confidence interval estimation to help obtain evidence about performance,
including the comparison of scenarios.
Prerequisite issues to the design and analysis of any simulation experiment are discussed.
These include verification and validation as well as the need to construct independent
observations of simulation performance measures and to distinguish between probability and
degree of confidence.
Verification and validation are discussed first followed by a discussion of the need to construct
independent observations of performance measures. The design elements of simulation
experiments are explained. Finally, an approach to the analysis of terminating simulation results
is given along with an explanation of how probability and degree of confidence are differentiated.
The discussion in this chapter assumes some prior knowledge of data summarization, probability,
and confidence interval estimation.
4.2

Verification and Validation

This section discusses the verification and validation of simulation models. Verification and
validation, first described in principle 6 of chapter 1, have to do with building a high level of
confidence among the members of a project team that the model can fulfill is objectives.
Verification and validation are an important part of the simulation process particularly with respect
to increasing model credibility among managers and system experts.
Verification has to do with developing confidence that the computer implementation of a model is
in agreement with the conceptual model as discussed in chapter 1. In other works, the computer
implementation of the model agrees with the specifications given in the conceptual model.
Verification includes debugging the computer implementation of the model.
Validation has to do with developing confidence that the conceptual model and the implemented
model represent the actual system with sufficient accuracy to support making decision about
project issues and to meet the solution objectives. In other works, the computer implementation
of the model and the conceptual model faithfully represent the actual system.

4-1

As described by many authors (Balci, 1994; Balci, 1996; Banks, Carson, Nelson, and Nicol, 2009;
Carson, 2002; Law, 2007; Sargent, 2009), verification and validation require gathering evidence
that the model and its computer implementation accurately represent the system under study with
respect to project issues and solution objectives. Verification and validation are a matter of
degree. As more evidence is obtained, the greater the degree of confidence that the model is
verified and valid increases. It should be remember however that absolute confidence (100%)
cannot be achieved. There will always be some doubt as to whether a model is verified and
validated.
How to obtain verification and validation evidence and what evidence to obtain is case specific
and requires knowledge of the problem and solution objectives. Some generally applicable
strategies are discussed and illustrated in the following sections. The application studies, starting
in chapter 6, provide additional examples. Application problems in the same chapters give
students the opportunity to practice verification and validation.
Verification and validation strategies are presented separately for clarity of discussion. However
in practice, verification and validation tasks often are intermixed with little effort to distinguish
verification from validation. The focus of both verification and validation is on building confidence
that the model can be used to meet the objectives of the project.
A pre-requisite to a proper simulation experiment is verifying and validating the model.
Throughout this chapter, including the discussion of verification and validation, illustrations and
examples will make use of a model of two stations in a series with a large buffer between the
stations as well as the industrial example presented in section 1.2. A diagram of the former is
shown in Figure 4-1. A part enters the system, waits in the buffer of workstation A until the
machine at this workstation is available. After processing at workstation A, a part moves to
workstation B where it waits in the buffer until the workstation B machine is available. After
processing at workstation B, a part leaves the system. Note that because it is large, the buffer
between the stations is not modeled.

4.2.1

Verification Procedures

Some generally applicable techniques for looking for verification evidence follow.
1.

What goes into a model must come out or be consumed.

For example, in the two workstations in a series model, the following “entity balance” equation
should hold:
Number of entities entering the system =

the number of entities departing the system +
the number of entities still in the system at the
end of the simulation
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The latter quantity consists of the number of entities in each workstation buffer (A and B) plus the
number of entities being processed at workstations A and B. If the entity balance equality is not
true, there is likely an error in the model that should be found and corrected.
The number of entities entering the system consists of the number of entities initially there at the
beginning of the simulation plus the number of entities arriving during the simulation.
For example, for one simulation of the two workstations in a series model, there were 14359
entities arriving to the model of which 6 were there initially. There were 14357 entities that
departed and two entities in the system at the end of the simulation. One of the two entities was
in the workstation A operation and the other was in the workstation B operation.
2.

Compare the process steps of the computer model and the conceptual model.

The process steps in the model implemented in the computer version of the model and the
conceptual model should correspond and any differences should be corrected or justified.
The process steps in the two workstations in a series model are as follows:
1.
2.
3.
4.
5.
6.

Arrive to the system.
Enter the input buffer of workstation A.
Be transformed by the workstation A operation.
Be moved to and enter the input buffer of workstation B.
Be transformed by the workstation B operation.
Depart the system.

3.

Check all model parameter values input to the model.

The model implementation should include the checking required to assure that input parameter
values are correctly input and used.
For example in the industrial application discussed in section 1.2, customer demand volume is
input. The volume of product shipped is output. Enough information is included in the reports
generated by the model to easily determine if all of the input volume is shipped or is awaiting
shipment at the end of the simulation.
4.

Check all entity creations.

The time between arrivals is specified as part of the model. The average number of arrivals can
be computed given the ending time of the simulation. In addition, the number of arrivals during
the simulation run is usually automatically reported. These two quantities can be compared to
assure that entities are being created as was intended.
For example, suppose model of the two stations in a series was simulated for 40 hours with an
average time between arrivals of 10 seconds. The expected number of arrivals would be 14400
(= 40 hours / 10 seconds). Suppose 20 independent simulations were made and the number of
arrivals ranged from 14128 to 14722. Since this range includes 14400, verification evidence
would be obtained. How to do the independent simulations is discussed in section 4.3 and
following.
Alternatively a confidence interval for the true mean number of arrivals could be computed. If this
confidence interval includes the expected number of arrivals verification evidence is obtained. In
the same example, the 95% confidence interval for the mean number of arrivals is 14319 to
14457. Again, verification evidence is obtained.
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5.

Check the results of all logical decisions.

Sufficient checking should be built into the simulation model to assure that all logical decisions
are correctly made that is all conditional logic is correctly implemented.
For example in the industrial problem discussed in section 1.2, each product could be shipped
from one of a specified set of loads spots. Output reports showed the volume of shipments by
product and load spot combination. Thus, it could be easily seen if a product was shipped from
the wrong load spot.
6.

Implement the simplest possible version of the model first and verify it. Add
additional capabilities to the model one at a time. Perform verification after each
capability is added.

Verifying that any complex computer program was implemented as intended can be difficult.
Implementing the smallest possible model helps simplify the verification task, and perhaps more
importantly, results in a running model in relatively little time. Verifying one capability added to an
already verified model is relatively straightforward.
For example, the model of the industrial problem presented in section 1.2, has been developed
over a number of years with new capabilities added to support addressing new issues and
solution objectives.
7.

For models developed by multiple individuals, used structured walk-throughs.

Each individual implements an assigned portion of the model, or sub-model. Each individual
presents the implementation to all of the other team members. The team as a whole must agree
that the implementation faithfully represents the conceptual model.
For example, one strategy is to build and implement an initial model as quickly as possible from
the specifications in the conceptual model. If the conceptual model is incomplete, assumptions
are made to complete model construction and implementation. The assumptions may be gross
or inaccurate. The entire team reviews the initial model, especially the assumptions, and
compares it to the conceptual model. The assumptions are corrected as necessary. This may
require team members to gather additional information about how certain aspects of the system
under study work.
8.

Use the model builders available in most simulation environments.

Model builders implement the standard modeling constructs available in a simulation language.
They provide a standard structure for model building and help guard against model building errors
such as inconsistent or incomplete specification of modeling constructs.
9.

Output and examine voluminous simulation results.

Sufficient information should be output from the simulation to verify that the different components
of the system are operating consistently with each other in the model.
For example in the industrial problem of section 1.2, both the utilization of each load spot and
summary statistics concerning the time to load each product are reported. If the load spots
assigned to a product have high utilization, the average product loading time should be relatively
long.
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10.

Re-verify the model for each set of model parameter values tested.

A model implementation can be verified only with respect to the particular set of model parameter
values tested. Each new set of parameter values requires re-verification. However after many
sets of parameter values have been tested, confidence is gained that the implementation is
correct for all sets of parameter values in the same range.
For example for the industrial problem of section 1.2, verification information is carefully
examined after each simulation experiment.
4.2.2

Validation Procedures

Some generally applicable techniques for looking for validation evidence follow.
1.

Compare simulation model results to those obtained from analytic models.

This is a restatement of principle 11 of chapter 1. For example, the mean number of busy units of
a resource can be computed easily as discussed in chapter 6.
In the two workstations in a series model, suppose the operation time at the second workstation
is a constant 8.5 seconds and the mean time between arrivals is 10 seconds. The percentage
busy time for workstation B is equal to 8.5 / 10 seconds or 85%. The simulation of the
workstation provides data from which to estimate the percent busy time. The range of
workstation B utilization over multiple independent simulations is 83% to 87%. A confidence
interval for the true mean utilization could be computed as well. The 95% confidence interval is
84.4 to 85.4. Thus, validation evidence is obtained.
2.

Use animation to view simulation model dynamics, especially those involving
complex conditional logic.

Reviewing all the implications of complex decisions using voluminous information in a static
medium, such as a report, or even in an interactive debugger, is difficult and possibly
overwhelming. Animation serves to condense and simplify the viewing of such information.
Consider the following illustration. In the early 1980’s, a particular simulation company was
developing its first commercial animator product. Having completed the implementation and
testing, the development team asked an application consultant for an industrial model to animate.
The consultant supplied a model that included a complex control system for a robot.
The developers completed the animation and presented it to the consultant. The response of the
consultant was that there must be something wrong with the new animation software as the robot
could not engage in the sequence of behavior displayed.
Try as they might, the development team could not find any software error in the animator. To aid
them, the team asked the consultant to simulate the model, printing out all of the information
about the robot’s behavior. The error was found not in the animator, but in the model. The
disallowed behavior pattern occurred in the simulation!
This is not a criticism of the consultant. Rather it points out how easy it was to see invalid
behavior in an animation though it was infeasible to detect it through a careful examination of the
model and output information.
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3.

Involve system experts and managers

System experts should review the model, parameter values and simulation results for consistency
with system designs and expectations. Reports of simulation results should be presented in a
format that is understandable to system experts without further explanation from the modelers.
Animation can help in answering questions such as: How was the system represented in the
model? Inconsistencies and unmet expectations must be resolved as either evidence of an
invalid model or unexpected, but valid, system behavior.
For example the development process for the industrial model discussed in section 1.2 was as
follows. A first cut model was developed as quickly after the start of the project as possible. It
was clear during the development of this model that some components of the system had not
been identified or had incomplete specifications that is the first draft conceptual model was
incomplete. The modelers made gross assumptions about how these components operated.
The first cut model was reviewed by the entire project team including system experts and
managers. Based on this review, tasks for completing the conceptual model were assigned.
When these tasked were completed, the conceptual model was updated and the implemented
model was revised accordingly.
4.

If some quantities are estimated by system experts and managers, test their effect
on system outputs.

As discussed in chapter 3, there may be a lack of data available for estimating time delays or
other quantities needed in a model. This is common when the simulation model is being used to
assist in the design of a new system. For such quantities, it is essential to perform a sensitivity
analysis. This involves running the model with a variety of values of each estimated quantity and
observing the effect on performance measures. Estimated quantities that greatly effect system
performance should be identified. Further study may be necessary to obtain a more precise
estimate of their value.
For example, there was little data concerning shipping times, the time between when a product
left the plant and when it arrived at a customer, for the industrial model discussed in section 1.2.
These times were believed to be directly related to some of the key performance measures
estimated by the model. Thus, it was thought to be wise to refine them over time. Initially,
shipping times were specified as triangularly distributed with estimates of the minimum,
maximum, and modal times for all products in general supplied by logistics experts. Later
additional data was available so that shipment times were available for each group of products.
Still later, an analysis of data in the corporate information system was done to provide product
specific shipping times. The simulation model was modified to allow any of the three shipping
time options to be used for any product.
5.

Carefully review a trace of a simulation run.

A model specific report of the step-by-step actions taken during a run can be generated by the
simulation in a format that can be read by system experts and managers. A careful examination
of such a report, though tedious, can help assure that the process steps included in the
simulation model are complete and correctly interact with each other.
For example, the sponsors of an industrial inventory management simulation required such a
trace to assure that the model correctly captured the response of the actual system to certain
disturbances. The trace was carefully examined by the sponsors and other system experts to
gain confidence that the model was valid.
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6.

Compare performance measure values to system data to see if any operationally
significant differences can be observed.

The same performance measures computed in the model may be estimated from data collected
from an existing system. Summary statistics, such as the average, computed from performance
measure values may be compared by inspection to summary statistics computed from the data
collected from an existing system. If no operationally significant differences are observed, then
validation evidence is obtained.
Law (2007) discusses the difficulty of using statistical tests to compare performance measure
values and real world data as well as making some recommendations in this regard.
For example, in the industrial model of section 1.2, system experts believed that empty rail cars
spent 6 to 7 days in the plant. Simulation results estimated that empty rail cars spent an average
of 6.6 days in the plant. Thus, validation evidence was obtained.
4.3

The Problem of Correlated Observations

Most statistical analysis procedures require independent (and identically distributed) observations
of performance measure values. However, the observations in a simulation experiment are
typically dependent (correlated). This section illustrates why a simulation experiment generates
correlated observations. Approaches to dealing with this issue are presented later in this chapter.
Consider the time the nth part arriving to workstation A in the two stations in a series model would
spend at the workstation:
Time at workstation An = Time in buffern + Operation timen
The time in the buffer for the nth part is composed of the operation times for the parts that
preceded it in processing while the nth part was in the buffer. For example, suppose the fourth
part to arrive does so while the second part to arrive is being processed. So the time the fourth
part spends in the buffer is equal to a portion of the operation time for the second part and the
entire operation time for the third part:
Time at workstation4 = f(operation time2, operation time3) + Operation time4
Thus, the time spent at the workstation by the fourth part is correlated with the time spent by the
second and the third parts.
Rather than using correlated performance measure observations directly in statistical analysis
computations, independent observations are constructed. How to do this is discussed later in this
chapter.
The statistical analysis of simulation results is greatly aided by the construction of
independent observations of the performance measures.
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4.4

Common Design Elements

The elements common to all simulation experiments are discussed in the following sections.
These include model parameters and their values, performance measures, and random number
streams.
4.4.1

Model Parameters and Their Values

Model parameters correspond to system control variables or operational rules whose values can
be changed to meet the solution objectives defined in the first step of the simulation process.
Values of model parameters can be quantitative such as the size of a buffer or qualitative such as
which routing policy to use.
Often in traditional experimental design and analysis, time and cost constraints result in the use
of only two or three values of each model parameter. Simulation affords the opportunity to test as
many values as time and computing resources allow. For example, various sizes of an interstation buffer could be simulated. A very large size could represent an infinite buffer. A buffer
size of one or two would be minimal. Intermediate buffer sizes such as five and ten could be
evaluated.
Which values are used may depend on the results of preceding simulations. For example, results
of the initial simulations may indicate that a buffer size in the range 10 to 20 is needed. Additional
simulations would be run with for buffer sizes between 10 and 20.
Model parameters must be defined and their values specified.
4.4.2

Performance Measures

Performance measures are quantities used to evaluate system behavior. They are defined in
accordance with principle 9 of chapter 1: “Simulation experimental results conform to unique
system requirements for information.” Thus, each simulation experiment could have different
performance measures.
Possible performance measures for experiments with the two stations in a series model could be
as follows:
1.
2.
3.
4.
5.

The number of items waiting in each buffer.
The percentage of time each workstation is busy.
The percentage of time each workstation is idle.
The time an item spends in the system (lead time).
The total number of items processed by the workstation.

Note that state variable values are used as performance measures along with the time taken by
entities in one, more than one, or all of the processing steps. A count of the number of entities
completing processing is desired as well. These kinds of performance measures are typical of
many simulation experiments.
Performance measures must be defined, including how each is computed.
4.4.3

Streams of Random Samples

One purpose of a simulation experiment is comparing scenarios. Suppose that no statistically
significant difference between two scenarios is found. This could occur because the scenarios do
not cause distinct differences in system performance. A second and undesirable possibility is
that the variance of the observations made during the simulation is too high to permit true
differences in system observations to be confirmed statistically.
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Suppose we wished to assess a change in the operation of workstation A in the two stations in a
series model where the range of the operation time is reduced to uniformly distributed between 7
and 11 seconds from uniformly distributed between 5 and 13 seconds. The same arrivals could
be used in simulating both scenarios. Thus, the comparison could be made with respect to the
same set of entities processed by the workstation. In general, this approach is referred to as the
method of common random numbers since simulations of the two scenarios have the same
pattern of arrivals in common. Each time between arrivals was determined by taking a random
sample from the exponential distribution modeling this quantity. How this is done will be
discussed in the next chapter.
To better understand the effect of common random numbers, consider what happens when they
are not used. There would be a different set of arrivals in the simulation of the first scenario than
in the simulation of the second scenario. Observed differences in performance measure values
between the two scenarios could be due to the differences in the arrivals or true differences
between the scenarios. Thus, the variance associated with summary statistics of differences in
values, such as the mean lead time, would likely be higher than if common random numbers were
used. This higher variance might result in a failure to detect a true difference between the
scenarios with respect to a given performance measure such as lead time even if such a
difference existed.
The method of common random numbers requires distinct streams of samples for each quantity
modeled by a probability distribution. While this does not guarantee a reduction in the variance of
the difference, experience has shown that a reduction often occurs. In practice for most
simulation languages, this means that the stream of samples associated with each quantity
modeled by a probability distribution must be given a distinct name.
Law (2007) more details concerning the common random number approach as well as other
experiment design techniques to control the variance. Banks, Carson, Nelson, and Nicol (2009)
discuss these techniques as well.
The quantities modeled by probability distributions in a model must be identified and
uniquely named the method of common random numbers may be employed.
4.5

Design Elements Specific to Terminating Simulation Experiments

A terminating simulation experiment ends at a specified simulation time or event that is
derived from the characteristics of the system under study and is stated as a part of the
experiment design. This is the distinguishing characteristic of such as an experiment.
This section presents the design elements that are specific to terminating simulation experiments.
These include setting initial conditions, specifying the number of replications of the experiment,
and specifying the ending time or event of the simulation.
4.5.1

Initial Conditions

To begin a simulation, the initial values of the state variables and the initial location in the model
of any entities, along with their attribute values, must be specified. Together, these are called the
initial conditions.
In a terminating simulation, the initial conditions should be the same as conditions that occur in
the actual system (Law, 2007). The work of Wilson and Pritsker (1978) leads toward using the
modal or, at least, frequently occurring conditions. This must be done to ensure there is not a
statistically significant greater portion of performance measure values in any given range
gathered from the simulation than would occur in the actual system. Thus, statistical bias is
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collecting performance measure values that could not have occurred, or in greater (lesser)
proportion in one range than could have occurred, in the actual system.
Consider again the two work stations in a series model. For example, suppose it is known that
parts are almost always in the buffer of workstation A and of workstation B. Thus possible initial
conditions are:
1.
2.
3.
4.

The workstation A resource is in the BUSY state processing one part.
The workstation B resource is in the BUSY state processing one part.
Two parts are in the buffer of workstation A.
Two parts are in the buffer of workstation B.

Note that the time spent at either workstation by a part will consist of the time spent in the input
buffer plus the operation time. If the simulation experiment begins with no parts in either input
buffer, the time the first part spends at each workstation is equal to the operation time because
the time spent in the input buffer will be zero. The observed lead time for this part will be less
than for any part processed by the actual system.
Statistical bias is illustrated in Figure 4-2 that shows example histograms of part time in the
system collected from the actual system and from a simulation. The simulation has improper
initial conditions of no parts at the workstation. Some of the simulation observations are biased
low. Calculations of statistics based on statistically biased observations may also be biased and
inaccurate conclusions about problem root causes or the performance of proposed solutions
drawn.
The initial conditions must be specified as a part of the experimental design and must be
actual conditions that occur in the system.

Number of Observations

Lead Time: Simulated and Actual Values
14
12
10
8
6
4
2
0

Simulated Values
Actual Values

0-10

11-20

21-30

31-40

Lead Time

Figure 4-2: Illustration of Statistical Bias
4.5.2

Replicates

This section discusses the idea of replication to construct independent observations of simulation
performance measures. Replicates of a simulation experiment differ from each other only in the
sample values of the quantities modeled by probability distributions. Replicates are treated as
independent of each other since the sample values exhibit no statistical correlation.
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Each replicate is one possibility of how the random behavior of the system actually occurred.
Multiple possibilities for system behavior should be examined in detail to draw conclusions about
the effectiveness of system scenarios in meeting solution objectives.
Consider again the two work stations in a series model. There is a stream of sample values for
the time between arrivals and another stream for operation times at workstation A. A replicate is
defined by the particular samples taken in these two streams. Examining system performance for
other streams of the time between arrivals and of service times is necessary. These other
streams define additional replicates.
Observations of the same performance measure from different replicates are statistically
independent of each other. In addition, performance measure observations from different
replicates are identically distributed for the same reason. Thus replication is one way of
constructing independent observations for statistical analysis. However, since performance
measures may be arbitrarily defined, the underlying probability distribution of the performance
measure observations cannot be determined in general.
During each replicate, one or more observations of the values of a performance measure are
made. For example, the number of entities that complete processing in the two work stations in
series model is incremented each time processing is finished, the lead time is recorded each time
an entity completes processing, and the number of entities in either workstation buffer is updated
each time an entity arrives at a workstation as well as each time an entity begins processing.
For the reasons discussed in section 4.3, each replicate can produce only one independent
sample, xi. This independent sample is often a statistic computed from the observations of a
performance measure, usually the average, minimum, or maximum. For example, one average
of the number in the buffer at a workstation A is computed from all of observations made during
one replicate. This average is one independent sample of the average number in the buffer.
Statistical summaries are estimated from the xi’s. These summaries typically include the
average, standard deviation, minimum, and maximum. Confidence intervals are also of interest.
In summary, each simulation experiment consists of n replicates. Within each replicate and for
each performance measure, one or more observations are made. From the observations, one or
more statistics are typically computed. Each such statistic is the independent observation, x i,
produced by the replicate.
For example, a simulation experiment concerning the two work stations in a series model could
consist of 20 replicates. The number of entities in the workstation A buffer could be observed.
Each time the number in the buffer changes an observation is made. The average number in the
buffer as well as the maximum number in the buffer is computed. There are 20 independent
observations of the average number in the buffer as well as 20 independent observations of the
maximum number in the buffer.
The number of replicates initially made is generally determined by experience and the total
amount of real (“clock”) time needed to compute the simulation. Most of the time, this number is
in the range 10-30. More replicates may be needed if the width of a confidence interval
computed from the performance measure observations is considered to be too wide. Confidence
interval estimation is discussed later in this chapter.
The number of replications of the simulation experiment must be specified.
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4.5.3

Ending the Simulation

This section discusses the time or condition that determines when to end a replicate.
An ending time for a replicate arises naturally from an examination of most systems. A
manufacturer wants to know if its logistic equipment will suffice for the next budget period of one
year. So the end of the budget year becomes the simulation ending time. A fast food restaurant
does most of its business from 11:30 A.M to 12:30 P.M. Thus the simulation ending time is one
hour. The experiment for a production facility model could cover the next planning period of three
months. After that time, new levels of demand may occur and perhaps new production strategies
implemented. The simulation experiment for a production facility could end when 100 parts are
produced.
4.5.4

Design Summary

The specification of design elements for a terminating simulation experiment can be
accomplished by completing the template shown in Table 4-1.
Table 4-1: Terminating Simulation Experiment Design
Element of the Experiment
Model Parameters and Their Values
Performance Measures
Random Number Streams
Initial Conditions
Number of Replicates
Simulation End Time / Event

Values for a Particular Experiment

Consider a terminating simulation experiment for the two workstations in a series model. The
time between arrivals and the operation time at workstation A are modeled using probability
distributions. Performance measures include the number in the buffer at each workstation, the
state of the each workstation (BUSY or IDLE), and entity lead time. The model parameter is the
machine used at workstation A, either the current machine with operation time uniformly
distributed between 5 and 13 seconds or a new machine with operation time uniformly distributed
between 7 and 11 seconds. The initial conditions are two items in each buffer and both
workstations busy. Twenty replicates will be made for the planning horizon of one work week.
The experimental design is shown in Table 4-2.
Table 4-2: Simulation Experiment Design for the Two Workstations in Series Model
Element of the Experiment
Model Parameters and Their Values
Performance Measures

Random Number Streams
Initial Conditions

Number of Replicates
Simulation End Time / Event

Values for a Particular Experiment
Workstation A Machine: Current vs. New
Number in the buffer at each workstation
State of each workstation
Lead Time
Time between arrivals
Operation Time
Two entities in each buffer
One entity in service at each workstation
(State of each workstation resource is
BUSY)
20
1 week (40 hours)
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4.6

Examining the Results for a Single Scenario

This section presents a strategy for examining the simulation results of a single system scenario
as defined by one set of model parameter values. Results are examined to gain an
understanding of system behavior. Statistical evidence in the form of confidence intervals is used
to confirm that what is observed is not just due to the random nature of the simulation model and
experiment and thus provides a valid basis for understanding system behavior.
Simulation results are displayed and examined using graphs and histograms as well as summary
statistics such as the mean, standard deviation, minimum, and maximum. Patterns of system
behavior are identified if possible. Animation is used to display the time dynamics of the
simulation. This is in accordance with principle 8: Looking at all the simulated values of
performance measures helps.
How the examination of simulation results is successfully accomplished is an art as stated in
principle 1. Thus, this topic will be further discussed and illustrated in the context of each
application study.
The discussion in this session is presented in the context of the two work stations in a series
model.
4.6.1

Graphs, Histograms, and Summary Statistics

Observed values for each performance measure can be examined via plots, histograms, and
summary statistics. To illustrate, each of these will be shown for the number of entities in the
buffer of workstation A in the two workstations in a series model.
A plot of the observed values of the number in this buffer from replicate one of the simulation
experiment defined in Table 4-2 is shown in Figure 4-3. The x-axis is simulated time and the yaxis is the number in the buffer of workstation A. Note from the plot that most of the time the
number in the buffer varies between 0 and 10. However, there are several occasions that the
number in the buffer exceeds 20. This shows high variability at workstation A.

Station A Buffer

Number in Buffer

30
25
20
15
10
5
0
0

5

10

15

20

25

30

35

40

45

Simulation Hour

Figure 4-3: Plot of the Number of Entities in the Workstation A Buffer
A histogram of the same observations is shown in Figure 4-4. The percent of time that a certain
number of entities is in the buffer is shown on the y-axis. The number of entities is shown on the
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x-axis. Note that about 91% of the time there are 10 or less entities in the buffer of workstation A.
However about 9% of the time there are more than 10 entities in the buffer.
It would be wise to examine these same graphs from other replicates to see if the same pattern of
behavior is observed. If the software capability is available, a histogram combining the
observations from all of the replicates would be of value.

Station A Buffer

Percent of Time
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Figure 4-4: Histogram of the Number of Entities in the Workstation A Buffer
Summary statistics can be computed from the observations collected in each replicate. However,
these observations are likely not independent, so their standard deviation is not very useful. The
average, minimum, and maximum of the observations of the number in the buffer of workstation A
from replicate 1 are given in Table 4-3. The average number of entities is relatively low but the
maximum again shows the high variability in the number in the buffer.
Table 4-3: Summary Statistics for the Number of Entities in the Buffer of Workstation A –
Replicate 1
Statistic
Average
Minimum
Maximum

Value
4.1
0
26

As was previously discussed, one independent observation each of the average, minimum, and
maximum is generated by each replicate. Suppose the average and maximum number in the
buffer of workstation A are of interest. The average corresponds to the average work-in-process
(WIP) at the workstation and the maximum to the buffer capacity needed at the workstation.
Table 4-4 summarizes the results for 20 replicates. The average ranges from 3.1 to 6.6 with an
overall average of 4.4. This shows that the average number in the buffer has little variability. The
maximum shows significant variability ranging from 21 to 43 with an average of 31.
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Table 4-4: Summary Statistics for the Number of Entities in the Buffer of Workstation A –
Replicate 1 through 20
Replicate

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
Average
Std. Dev.
Minimum
Maximum
4.6.2

Average Number in
the Workstation A
Buffer
4.1
4.6
4.1
3.2
3.8
4.3
4.0
4.4
4.3
4.1
4.1
4.5
4.5
4.3
4.8
4.2
5.2
4.3
4.3
4.4
4.3
0.39
3.2
5.2

Maximum Number in
the Workstation A
Buffer
28
27
30
24
24
29
25
34
40
28
26
38
31
30
37
28
40
38
26
36
31.0
5.4
24
40

Confidence Intervals

One purpose of a simulation experiment is to estimate the value of a parameter or characteristic
of the system of interest such as the average or maximum number in the buffer of workstation A.
The actual value of such a parameter or characteristic is most likely unknown. Both a point
estimator and an interval estimator are needed. The point estimator should be the center point of
the interval.
The average of the set of independent and identically distributed observations, one from each
replicate, serves as a point estimator. For example, the values in the “average” row of Table 4-4
are point estimators, the first of the average WIP in the buffer of workstation A and the second of
the needed buffer capacity.
The confidence interval estimation procedures recommend by Law (2007) will be used to provide
an interval estimator. The t-confidence interval given by equation 4-1 is recommended.

P  X  t1  / 2 ,n 1 *


s
n

   X  t1  / 2 ,n  1 *

s 
  1
n 

(4-1)

where tn is the 1-percentage point of the Student’s t distribution with n-1 degrees of
freedom, n is the number of replicates, X is the average (the values on the “average” row of
Table 4-4 for example), and s is the standard deviation (the values on the “std. dev.” row of Table
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4-4 for example). The  sign means approximately. The symbol  represents the actual but
unknown value of the system parameter or characteristic of interest.
The result of the computations using equation 4-1 is the interval shown in equation 4-2:
(lower bound    upper bound) with 1- confidence

(4-2)

where
lower bound = X  t 1   / 2 , n  1 *
upper bound = X  t 1   / 2 , n  1 *

s

(4-3)

n
s

(4-4)

n

Equations 4-1 and 4-2 show the need to distinguish between probability and confidence.
Understanding this difference may require some reflection since in everyday, non-technical
language the two ideas are often used interchangeably and both are expressed as a percentage.
A probability statement concerns a random variable. Equation 4-1 contains the random variables
X and s and thus is a valid probability statement. The interpretation of equation 4-1 relies on
the long run frequency interpretation of probability and is as follows: If a very large number of
confidence intervals are constructed using equation 4-1, the percentage of them that include the
actual but unknown value of  is approximately 1-This percentage is called the coverage.

The interval expressed in equation 4-2 contains two numeric values: lower bound and upper
bound plus the constant  whose value is unknown. Since there are no random variables in
equation 4-2, it cannot be a probability statement. Instead, equation 4-2 is interpreted as a
statement of the degree of confidence (1-) that the interval contains the value of the system
parameter or characteristic of interest. Typical values for (1-) are 90%, 95%, and 99%. A
higher level of confidence implies more evidence that the interval contains the value of 
Some thoughts on how to interpret the level of confidence with respect to the kind of evidence
provided is worthwhile. Keller (2001) suggests the following, which will be used in this text.
Table 4-5.

Interpretation of Confidence Values

Confidence (1-) Range
(1-)  99%
95%  (1-) > 99%
90%  (1-) > 95%
90% > (1-)

Interpretation
Overwhelming evidence
Strong evidence
Weak evidence
No evidence

Note that the higher the level of confidence the greater the value of t 1  

/ 2 ,n 1

and thus the wider

the confidence interval. A narrow confidence interval is preferred so that the value of  is more
precisely bounded. However, it is clear that a high level of confidence must be balanced with the
desire for a narrow confidence interval.
Why equation 4-1 is approximate and not exact is worthy of discussion. For equation 4-1 to be
exact, the observations on which the confidence interval computations are based must come from
a normal distribution as well as being independent and identically distributed. As was previously
discussed, the latter two conditions are met by the definition of a replicate while the first condition
cannot be guaranteed since the performance measures in a simulation are arbitrarily defined.
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Thus, equation 4-1 is approximate. Approximate means that the coverage produced using
equation 4-1 will likely be less than 1-
Given that equation 4-2 provides only an approximate (not exact) level of confidence (not a
probability), it is natural to ask why it should be used. Law (2007) concludes that experience has
shown that many real-world simulations produce observations of the type for which equation 4-1
works well, that is the coverage produced using equation 4-1 is close enough to 1- to be useful
in conducting simulation studies. In the same way, Vardeman and Jobe (2001) state that
confidence intervals in general have great practical use, even though no probability statement
can be made as to whether a particular interval contains the actual value of the system
characteristic or parameter of interest. Since confidence intervals seem to work well in general
and in simulation studies, they will be used throughout this text.
As an example, Table 4-6 contains the 99% confidence intervals computed from equation 4-2 for
the average and maximum number of entities in the buffer of workstation A based on the results
shown in Table 4-4.
Table 4-6: 99% Confidence Intervals for the Number of Entities in the Buffer of
Workstation A Based on 20 Replicates

Average
Std. Dev.
99% CI –
Lower Bound
99% CI –
Upper Bound

Average Number in
the Workstation A
Buffer
4.3
0.39

Maximum Number in
the Workstation A
Buffer
31.0
5.4

4.0

27.5

4.5

34.4

The confidence interval for the average is small. It would be safe to conclude that the average
number in the buffer of workstation A was 4 (in whole numbers). The confidence interval for the
maximum number in the buffer ranges from 27 to 34 (in whole numbers). If this range is deemed
too wide to establish a buffer size additional replicates, say another 20, could be made.
4.6.3

Animating Model Dynamics

As discussed in chapter 1, simulation models and experiments capture the temporal dynamics of
systems. However, reports of models and experimental behavior are often confined to static
mediums such as reports and presentations like those shown in the preceding sections. The
simulation process includes system experts and managers who may not be knowledgeable about
modeling methods and may be skeptical that a computer model can represent the dynamics of a
complex system. In addition, complex systems may include complex decision rules. All
behavioral consequences resulting from these rules may be difficult to predict.
Addressing these concerns involves answering the question: What system behavior was captured
in the model? One very effective way of meeting this requirement is seeing the behavior
graphically. This is accomplished using animation.
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Typical ways of showing simulated behavior using animation follow:
1.

State of a resource with one unit: The resource is represented as a graphical object that
physically resembles what the resource models. For example, if the resource models a
lathe, then the object looks like a lathe. Each state of the resource corresponds to a
different color. For example, yellow corresponds to IDLE, green to BUSY, and red to
BROKEN. Color changes during the animation indicate changes in the state of the
resource in the simulation.

2.

Entities: An entity is represented in the frame as a graphical object that physically
resembles what the entity models. Different colors may be used to differentiate entities
with different characteristics. For example if there are two types of parts, graphical
objects representing part type 1 may be blue and those representing part type 2 may be
white.

3.

Number of entities in a buffer: A graphical object, which may be visually transparent,
represents the buffer. An entity graphical object is placed in the same location as the
buffer graphical object whenever an entity joins the buffer in the simulation. The buffer
graphical object accommodates multiple entity graphical objects.

4.

Material transportation: Any movement, such as between workstations, of entities in the
simulation can be shown on the animation. The location of an entity graphical object can
be changed at a rate proportional to the speed or time duration of the movement.
Movement of material handling equipment can be shown in a similar fashion. As for
other resources, a piece of material handling equipment is represented by a graphical
object that resembles that piece of equipment. For example, a forklift is represented by a
graphical object that looks like a forklift.

An animation of the two-stations in a series system should be viewed at this time.
4.7

Comparing Scenarios

This section presents a strategy for determining if simulation results provide evidence that one
scenario is better than another. Often one scenario represents current system operations for an
existing system or a baseline design for a proposed system. Improvements to the current
operations or to a baseline design are proposed. Simulation results are used see if these
improvements are significant or not. In addition, it may be necessary to compare one proposed
improvement to another. This is an important part of step 3 Identify Root Causes and Assess
Initial Scenarios as well as step 4 Review and Extend Previous Work of the simulation project
process.
Often, pair-wise comparisons are made. This will be the scope of our discussion. Law (2007)
provides a summary of methods for ranking and selecting the best from among all of the
scenarios that are considered.
The job of comparing scenario A to scenario B is an effort to find evidence that scenario A is
better than scenario B. This evidence is found first by examining observations of performance
measures to see if any operationally significant differences or unexpected differences can be
seen. If such differences are seen, an appropriate statistical analysis is done to confirm them.
Confirm means to determine that the differences are not due to random variation in the simulation
experiment.
Many times a scenario is better with respect to one performance measure and the same or worse
with respect to others. Evaluating such tradeoffs between scenarios is a part of the art of
simulation.
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Each of the ways of comparing scenarios will be discussed in the context of the simulation
experiment concerning the two stations in a series model. This experiment is presented in Table
4-2. The primary performance measure of interest will be entity lead time.
4.7.1

Comparison by Examination

Some ways of comparing two scenarios by examination of performance measure observations
follow.
1.

For each replicate (or at least several replicates), graph all observations of a
performance measure.

For example, the graph of the number in the buffer of workstation A for the scenario for the
current machine in use at workstation A is shown in Figure 4-3. This could be compared to the
graph of the same quantity for the scenario where the new machine is used at workstation A. If
the latter graph consistently showed fewer entities in the buffer, then there would be evidence
that that using the new machine at workstation A is an improvement: less WIP.
Graphing lead time observations is not usually done since lead time is not a state variable and
does not have a value at every moment in simulation time.
2.

For each replicate or over all replicates, compare the histograms of the
observations of a performance measure.

For example, histograms of lead time can be compared. If the histogram for the new machine at
workstation A scenario clearly shows a greater percentage of entities requiring less time on the
line versus the current machine scenario, then there would be evidence that using the new
machine at workstation A lowers cycle time.
3.

Compare the averages of the sample values, xi, gathered from the replicates. Note
whether the difference in the averages is operationally significant.

For example, the average lead time for the current machine scenario is 62.7 seconds and for the
new machine scenario is 58.5 seconds. These values are for all replicates of the experiment.
Thus, the new machine reduces cycle time by about 6%, which is operationally significant.
4.

Compare the range [minimum, maximum] of the sample values, xi. Note whether
the ranges overlap.

For example, the range of cycle time averages over the replicates of the experiment for the
current machine scenario is (52.5, 71.7) and for the new machine scenario is (48.8, 68.9). The
ranges overlap and thus provide no evidence that the new machine reduces cycle time verses the
existing machine at workstation A.
4.7.2

Comparison by Statistical Analysis

This section discusses the use of confidence intervals to confirm that perceived differences in the
simulation results for two scenarios are not just due to random variation in the experiment.
Note that the experiment design assures that scenarios share random number streams in
common. Thus, the scenarios are not statistically independent. Furthermore, the same number
of replicates is made for each scenario. Thus, an approach that compares the simulation results
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on a replicate by replicate basis is required and helpful. This approach is called the paired-t
1
method.
Table 4-7 provides the organization to support the paired-t method. Each row corresponds to a
replicate. The difference between the performance measure values for each replicate is shown in
the fourth column. These differences are independent observations. A 1- confidence interval
for the population mean of the difference in the fourth column is computed. If this confidence
interval does not contain zero, it will be concluded that there is a statistically significant difference
between the scenarios with confidence 1-. This confidence interval is constructed and
interpreted using the same reasoning as was given in section 4.6.2.
To illustrate, Table 4-8 compares, based on entity lead time, the use of the new machine at
workstation A versus the current machine using the paired-t method. A 99% confidence interval
for the mean difference is constructed: (3.7, 4.7) with 99% confidence. Thus, with 99%
confidence the new machine at workstation A reduces mean cycle time in the range (3.7, 4.7)
seconds.
It is also helpful to examine the data in Table 4-8 on a replicate-by-replicate basis. Notice that in
all of the replicates, cycle time was less using the new machine at workstation A. It should be
noted however that it is still quite possible that in any particular 40 hour period, the two stations in
a series line would perform better with respect to cycle time using the current machine at
workstation A instead of the new machine. The simulation results show that on the average over
many 40 hour periods the line will perform better with respect to cycle time using the new
machine at workstation A.
Table 4-7: Format of the Paired-t Method
Replicate

Scenario
A

Scenario
B

Difference (Scenario A – Scenario
B)

1
2
3
4
.
.
.
n
Average
Std. Dev.
1- C. I.
Lower Bound
1- C.I.
Upper Bound

1

Law (2007) provides a more in depth discussion of the comparison of alternatives using
confidence intervals, including the generation of confidence intervals when common random
numbers are not used.
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Table 4-8: Comparison of Scenarios Using the Paired-t Method (1- = 99%)
Replicate

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
Average
Std. Dev.
99% C. I. Lower Bound
99% C.I. Upper Bound

Current Machine

New Machine

Difference
(Current – New)

61.1
66.0
60.6
52.5
58.3
63.4
59.7
63.9
62.7
61.1
60.7
65.2
64.7
63.6
67.3
61.7
71.7
63.3
62.3
64.6
62.7
3.82
60.9
64.5

57.3
62.2
57.6
48.8
55.0
59.3
55.0
59.2
58.5
56.7
56.6
59.8
58.3
59.5
63.5
57.2
68.9
59.0
58.1
59.9
58.5
3.8
56.7
60.3

3.8
3.9
3.0
3.7
3.3
4.0
4.8
4.7
4.2
4.4
4.1
5.4
6.4
4.1
3.8
4.5
2.8
4.3
4.2
4.7
4.2
0.8
3.7
4.7

4.7.2.1 A Word of Caution about Comparing Scenarios
In comparing scenarios, many confidence intervals may be constructed. For each pair of
scenarios, several performance measures may be compared. Many scenarios may be tested as
well.
The question arises as to the resulting  level for all confidence intervals together, overall. This
overall level is the probability that all confidence intervals simultaneously cover the actual
difference in value between the scenarios of the system parameter or characteristic each
estimates.
A lower bound on overall is computed using the Bonferroni inequality where a total of k confidence
intervals are conducted:
k

P(all confidence intervals cover the actual value) >= 1 



j

(4-5)

j

and thus:
k



overall





(4-6)

j

j 1

Suppose we compare two scenarios using two performance measures with  = 0.05. A
confidence interval of the difference between the scenarios is computed for each performance
measure. The lower bound on the probability that both confidence intervals cover the actual
difference in the performance measures is given by equation 4-5:  overall <= 0.05 + 0.05 = 0.10.
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Consider comparing two scenarios with respective to 10 performance measures. Each
confidence interval is computed using  = 0.05. Then the probability all confidence intervals
cover the actual difference in the performance measures might be as low as 0.05*10 = 0.50.
That is the error associated with all our work would be 0.5. Thus, when making many
comparisons, a small value of j for each confidence interval is necessary. For example with all
j = 0.01, the overall error associated with ten comparisons is 0.1, which is acceptably low.
Unfortunately if a large number of performance measures are used or many scenarios are
compared, overall will always be large. Thus, it is likely that for at least one confidence interval
that the true difference between the performance measure values will not be covered. So a
difference between two scenarios will not be detected.
4.8

Summary

This chapter discusses the design and analysis of simulation experiments. Elements are defined
and organized into a design. A method to construct statistically independent observations to avoid
correlation difficulties is described.
The need to gather evidence that a model is valid and verified is presented. Possible strategies
in this regard are given. Ways to compare scenarios, both through statistical analysis and the
examination of data, are discussed.
Problems (Similar problems are associated with each of the case studies for further practice).
1.

Suppose 4 scenarios were compared in a pair-wise fashion with respect to one
performance measure. How many comparisons are made? If  = 0.01 is used for all
comparisons, what is the upper bound on the for all the comparisons made? What if 
= 0.05 is used? Which of the two values for  should be used?

2.

Consider the following table of simulation results.

Replicate
1
2
3
4
5

Workstation % Busy Time –
Scenario One
87
80
79
80
78

Workstation % Busy Time –
Scenario Two
78
72
71
72
71

a.

Construct 95% confidence intervals for the workstation % busy time for each
scenario.

b.

Construct a paired-t confidence interval,  = 0.05, to compare the percent busy
time of a workstation for two scenarios.
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3.

Consider the following table of simulation results.

Replicate
1
2
3
4
5

Maximum Time –
Scenario One
241.8
61.1
122.1
111.6
154.4

Maximum Time –
Scenario Two
122.0
62.6
94.7
73.1
105.2

a.

Construct 95% confidence intervals for the maximum time for each scenario.

b.

Construct a paired-t confidence interval,  = 0.05, to compare the maximum time
at the workstation for the two scenarios.

c.

Are the confidence intervals constructed in a. and b. approximate or exact?
Defend your answer.

4.

Develop the design of a terminating simulation experiment for problem 2-10.

5.

Defend the use of approximate confidence intervals.

6.

Consider the simulation of a single workstation consisting of a single machine with an
operation time uniformly distributed between 5 and 10 minutes. The time between part
arrivals is exponentially distributed with a mean of 9 minutes.

7.

a.

What verification evidence could be sought?

b.

What validation evidence could be sought?

Conduct a complete analysis of a simulation experiment regarding a single workstation
with one machine based on the data that follow. The mean time between arrivals is 10
minutes and the operation time is 8 minutes. The simulation was run for 168 hours.
Management wishes to achieve a production quota of 1000 items per 168 hours.
a.

Provide evidence for the verification and validation of the simulation based only
on the data in the following table and the problem statement.

Replicate

Workstation
% Busy
Time

Number of
Entities
Arriving

Number of
Entities
Departing

1
2
3
4
5

87
80
79
80
78

1044
961
944
965
942

1044
960
943
959
942
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Number of
Entities in
Processing at
the End of the
Simulation
0
1
1
1
0

Number of
Entities in the
Buffer at the
End of the
Simulation
0
0
0
5
0

b.

Compare the two scenarios using first the average number in the buffer and then
the maximum as described below. Use only the data that follows and items i-iv.
i.
Compute appropriate statistical summaries (average, standard deviation,
minimum, maximum, range, and confidence intervals) and state any
evidence found from this information.
ii.
Compute and display appropriate histograms and state any evidence
seen in them.
iii.
In how many replicates is the new case better than the current
operations? What evidence does this information provide?
iv.
Perform the appropriate statistical analysis to compare the scenarios.

Replicate
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

Number in Buffer
Current Operations
New Case
Average Maximum Average Maximum
12.8
28
4.3
15
1.2
8
1.1
7
4.3
16
2.6
16
2.9
10
1.9
8
3.6
17
2.1
12
3.7
10
2.0
8
2.1
12
1.2
7
3.5
17
1.6
11
2.7
13
1.4
9
2.0
10
1.2
9
1.4
8
1.3
10
2.0
12
1.4
10
1.4
7
1.4
9
2.7
17
2.0
12
1.7
16
1.2
9
1.5
7
0.9
8
5.2
26
4.2
17
3.2
15
2.0
9
3.1
14
2.0
9
2.2
11
1.2
8
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Chapter 5
The Simulation Engine
5.1

Introduction

This chapter discusses the computations necessary to simulate a model on a computer. These
computational tasks are performed by software that can be referred to as a simulation engine.
The engine produces performance measure values as output. It does this transparently to the
simulation user whose primary concern is performing the steps of the simulation process
including model building and experiment design as well as the statistical analysis of performance
measure values and drawing conclusions about system behavior. Nevertheless, a basic
understanding of how a simulation engine does its computation tasks is fundamental.
All models are mapped, transparently to the modeler, into a set of events within the simulation
engine. The mapping may be complex and not straightforward. An event is a point in simulation
time when the value of one or more the state variables changes. In addition an event is used to
specific when in simulated time, or under what conditions, other events, including itself, next
occur.
The basic operations that a simulation engine must perform are presented in the context of the
two workstation example model that was presented in previous chapters. Fundamentally, the
engine must conduct the simulation step by step from start to finish. This requires
1.
Sequencing the events.
2.
Processing each event.
3.
Organizing entities waiting for resources.
4.
Generating individual samples from probability distributions to obtain values for entity
attributes and times between entity arrivals as well as operation and transportation times.
A discussion of the events in the two workstation example will precede a discussion of each of
the activities of the simulation engine.
5.2

Events and Event Graphs

Event graphs (Schruben, 1983; 1995) are a diagramming technique for showing the events
comprising a model. An event graph consists of nodes and arcs. Nodes correspond to events.
Arcs tell the relationships between events: the other events, including itself, that an event can
cause to occur and the logical conditions that may restrict such occurrences. The logical
conditions make use of the state variables. An arc also tells the time from now when an event will
take place.
The event graph for the two station serial system is shown in Figure 5-1. There are four state
variables: the number in the buffer of each station and the state (busy, idle) of each station.
Three events are associated with each station: Entity arrives, Start service, and End service.
The entity arrives event associated with station A causes itself to occur again, that is the next
entity to arrive, after a time interval specified by the time between arrivals. The number in the
buffer of workstation A is incremented by 1.
The entity arrives event causes the start service event to begin processing the arriving entity
immediately if the machine is IDLE. The start service event decreases the number in the buffer of
workstation A by 1 and makes the workstation BUSY.
The end service event follows the start service event and occurs after a time interval that is the
item processing time. The end service event will initiate processing of the first entity waiting in
the buffer if there is one by scheduling the start service event at the current time. The end
service event makes the workstation IDLE.
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The time between arrivals to station A and the item processing time could be random variables.
# in Buffer at A > 0
Time Between Arrivals
Exponential(10 sec)

Entity
Arrives to A

State Variables
# in Buffer A +1
resource
Workstation A
Status
# in Buffer B
resource
Workstation B
IDLE
Status

Processing
Time at A
Uniform(5, 13 sec)

resource
Workstation A
Status is idle
Start
Service
at A

resource
Workstation B
Status is idle

End
Service
at A

Entity
Arrives to B

-1
BUSY

IDLE
+1

-1
BUSY

Figure 5-1: Event Graph for Two Workstations in a Series Model
5.3

Time Advance and Event Lists

This section discusses how the simulation proceeds through time by scheduling event
occurrences and processing each of them in turn. In general, a model is simulated as a time
ordered sequence of the occurrences of the events. Event occurrences are processed one at a
time. Each event occurrence changes the value of one or more state variables and may
schedule other events. This simulation approach is illustrated by one possible simulation of the
two workstations in sequence model.
The event list is the time ordered list of all event occurrences scheduled at the current time and
in the future. The simulation proceeds by removing the first event occurrence on the list and
processing it. This processing may result in one or more event occurrences being added to the
list to be processed at the current time or in the future. Note that only one event occurrence at a
time is removed from the list. All others remain on the list. After the processing of the event
occurrence, the list will consist of the event occurrences already on the list when the first event
occurrence was removed plus those added by processing this event occurrence.
For the two workstation model, the simulation engine must deal with six events that change the
values of the state variables. Each of these events must be scheduled in time and processed.
These events are the arrival of an entity (part) to each station as well as the start and end of
processing.
At any point in time, the event list could contain the following event occurrences at future points in
time:
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Entity arrives to workstation A event.
Entity ends service at workstation A event.
Entity ends service at workstation B event.

Other events can occur only at the same point in time as another event.
 The start of service at workstation A event that can occur either when a entity arrives to
workstation A (arrives to workstation A event) or when a entity completes processing at
workstation A (ends service at workstation A event).
 The entity arrives to workstation B event that occurs every time an entity ends service at
workstation A event occurs. (Recall there is no time delay for moving between
workstations.)
 The start of service at workstation B event that can occur either when a entity arrives to
workstation B (arrives to workstation B event) or when an entity completes processing at
workstation B (ends service at workstation B event).
To illustrate, consider one possibility for the event list at the start of the simulation.
Current Simulation Time: 0
Next Simulation Time = Time of first event occurrence in list = 0.0
Event
Time of Occurrence
Entity ID
Entity Arrives to A
0.0
1
The simulation will begin with the arrival of the first entity at time 0.
Thus, the first task of the simulation engine is to process the Entity Arrives to A event at time 0.
This task involves removing the Entity Arrives to A event from the list and performing the actions
associated with the event: scheduling the next Entity Arrives to A event and scheduling the Entity
Start Service event, if workstation A is idle (which it is initially). After the entity arrives to A event
is processed the event list is as follows, assuming the next arrival to workstation A is at time 5.0:
Current Simulation Time: 0
Next Simulation Time = Time of first event occurrence in list = 0.0
Event
Time of Occurrence
Entity ID
Start Service at A
0.0
1
Entity Arrives to A
5.0
2
Next, the simulation engine removes the Start Service at A event from the list. The Entity Arrives
to A event remains on the list. Processing the event removed from the list results in scheduling
the End Service at A event as shown in the following.
Current Simulation Time: 0
Next Simulation Time = Time of first event occurrence in list = 5.0
Event
Time of Occurrence
Entity ID
Entity Arrives to A
5.0
2
End Service at A
8.0
1
The entity with ID number 2 will arrive at time 5.0 and the End of Service at workstation A for the
entity with ID number 1 will occur at time 8.0.
The simulation engine advances time to the next event occurrence at time 5.0 and processes the
Entity Arrives to A event for the entity with ID 2. This means that the Entity Arrives to A event will
be removed from the list and End Service at A event will remain on the list.
At time 5.0, the workstation A resource is in the busy state. Thus, the entity with ID 2 enters the
queue for the workstation A resource. No entry for this entity is placed on the event list. In
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addition, processing this event causes the Entity Arrives to A event to be scheduled at time 32.5
for the entity with ID 5. This means that the next occurrence of the Entity Arrives to A event is
placed on the event calendar at time 32.5.
Thus, after processing the Entity Arrives at A event occurrence at time 5.0, the event list consists
of the End Service at A event which was previously on the list plus the next Entity Arrives to A
event that was newly placed on the list as shown in the following.
Current Simulation Time: 5.0
Next Simulation Time = Time of first event occurrence in list = 8.0
Event
Time of Occurrence
Entity ID
End Service at A
8.0
1
Entity Arrives to A
32.5
3
Next, the simulation engine advances time to the 8.0 to process the end of service at A event for
entity 1. The entity with ID number 1 will arrive at workstation B at time 8.0 since there is no
movement delay. The entity with ID number 2 will leave the queue of the workstation A resource
and start processing using the workstation A resource that has just become idle. Thus, the
workstation A resource becomes busy.
Thus after processing the End Service at A event, the Entity Arrives to A event remains on the list
and the Entity Arrives to B event as well as the Start Service at A event are added.
Current Simulation Time: 8.0
Next Simulation Time = Time of first event occurrence in list = 8.0
Event
Time of Occurrence
Entity ID
Entity Arrives to B
8.0
1
Start Service at A
8.0
2
Entity Arrives to A
32.5
3
Simulation engines typically use the strategy that all possible processing of one entity at the
current simulation time will be done before any processing of any other entity. Another way of
saying this is that the entity will proceed as far as possible until obstructed by a time delay or by
waiting for a currently unavailable resource. This implies that new events at the current
simulation time for this entity are placed first on the event list. Thus in the above list, the entity
arrives to B event for the entity with ID 1 at time 8.0 precedes the start service at A event for the
entity with ID number 2.
The remainder of the simulation is processed in a similar fashion.
5.4

Simulating the Two Workstation Model

This section discusses and illustrates the record of the time ordered sequence of events that are
processed by a simulation engine for a particular model. This record is called a trace and
includes the changes in state variable values that occur as well as other relevant information such
as entity attributes. All simulation engines provide a trace that the modeler can examine to
determine the step-by-step behavior of a simulation for verification and validation.
Consider one possible simulation of the two workstations in sequence model. Let’s follow the
sequence of events processed in time order when only one entity moves through the two
workstations, assuming that no other entities arrive in the meantime.
The trace for the simulation with one entity is shown Table 5-1. Only the new values of state
variables whose values are changed by an event are shown. At the start of the simulation there
are no entities in the model, the buffers are empty and the workstation resources are in the IDLE
state. The entity with ID number 1 arrives at time 0 and enters the buffer of workstation A. Since
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the workstation A resource is IDLE, the start service at A event occurs at time 0. This event
removes the entity from the buffer of workstation A and makes the workstation A resource BUSY.
Table 5-1: Simulation Trace for One Entity
Current
Simulation
Time

0.0
0.0
0.0
8.0
8.0
8.0
16.5

Event

Initial Conditions
Entity Arrives to
A
Start Service at A
End Service at A
Entity Arrives to
B
Start Service at B
End Service at B

Entity
ID

1
1
1
1

Number
in Buffer
–
Station
A
0
1

State of
Workstation
A Resource

0

BUSY
IDLE

IDLE

Number
in Buffer
–
Station
B
0

State of
Workstation
B Resource

IDLE

1

1
1

0

BUSY
IDLE

The simulation engine must determine the duration of processing at workstation A for this
particular entity. This is done by computing a random sample from the processing time
distribution: uniform (5,13). Suppose the value turns out to be 8.0. Thus, the end of service at A
event is placed at time 8.0. At this time, the workstation A resource becomes IDLE.
The entity arrives at B event occurs at time 8.0 as well since there is no time delay for movement
between the workstations. The entity enters the buffer of workstation B. Since the workstation B
resource is IDLE, the start service at B event occurs at time 8.0. The duration of processing at
workstation B is a constant 8.5. Thus, the end of service at B event is placed at time 16.5.
Now, suppose a second entity arrives in the simulation at time 5.0. This time is determined by
computing a value from the time between arrivals distribution: exponential (10) when the entity
arrives at A event is processed for entity 1 at time 0. Suppose further that the simulation engine
computes the service time at workstation A to be 7.0. Table 5-2 shows the trace of the simulation
for this situation.
Note the events involving entity 2. Since the workstation A resource is BUSY when entity 2
arrives at time 5.0, it remains in the buffer of station A. At time 8.0, all events concerning entity 1
are processed first. After these events are processed, the start service at A event is processed
for entity 2. Since the processing time is computed to be 7.0, the end of service at A event is
placed at time 15.0.
At time 15.0, the end of service at A event occurs for entity 2 as well as the entity arrives to B
event. Since workstation B resource is busy, entity 2 waits in the buffer of station B.
At time 16.5, the end of service at B event occurs for entity 1. Since the workstation B resource
becomes IDLE, start of service at B event occurs for entity 2. At time 25.0, entity 2 completes
processing at workstation B.
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Table 5-2: Simulation Trace for Two Entities
Current
Simulation
Time

0.0
0.0
0.0
5.0
8.0
8.0
8.0
8.0
15.0
15.0
16.5
16.5
25.0
5.5

Event

Entity
ID

Initial Conditions
Entity Arrives to
A
Start Service at A
Entity Arrives to
A
End Service at A
Entity Arrives to
B
Start Service at B
Start Service at A
End Service at A
Entity Arrives to
B
End Service at B
Start Service at B
End Service at B

State of
Workstation
A Resource

-1

Number
in Buffer
–
Station
A
0
1

1
2

0
1

BUSY

1
1
1
2
2
2

IDLE

Number
in Buffer
–
Station
B
0

State of
Workstation
B Resource

IDLE

IDLE
1
0
0

BUSY

BUSY
IDLE
1

1
2
2

0

IDLE
BUSY
IDLE

Organizing Entities Waiting for a Resource

Notice from the discussion in section 5.2 that there is either zero or one event occurrence on the
event list corresponding to each entity. If there is no event occurrence, the entity is waiting
usually for a resource to become available. Multiple entities may be waiting for the same
resource. Thus, it is necessary to maintain lists of waiting entities as well as lists of event
occurrences.
Entities wait for a resource that is currently not in the idle state in an ordered list similar to the
event list. When a unit of the resource completes its current task or otherwise becomes idle, it
will process the first entity in the list. The list is sequenced either by order of entity entry in the list
(first-in-first-out or last-in-first-out) or by an entity attribute value (high-value-first or low-valuefirst).
Suppose entities in the two workstation model have the following attributes:
1.
Time of arrival to the system
2.
Estimated processing time at workstation A
Suppose that at a particular moment in simulation time there are three entities waiting for the
workstation A resource. The waiting entities are ordered first-in-first-out as follows.
Entity

Time of Arrival

101
102
103

100.0
110.5
120.5

Estimated
Processing Time
15.0
9.8
21.0
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Alternatively, suppose the entities were sorted by the lowest value of estimated processing time
first as follows.
Entity

Time of Arrival

102
101
103

110.5
100.0
120.5

Estimated
Processing Time
9.8
15.0
21.0

Note that the sequence in which entities are processed at workstation A is the same as their
order in the queue of workstation A.
5.6

Random Sampling from Distribution Functions

In chapter 2, entity attribute values and the time between entity arrivals as well as operation and
transportation times were modeled using probability distributions. Furthermore, values for these
variables need to be assigned to each entity. To accomplish this assignment, a random sample
must be taken from the corresponding probability distribution. This subject is worthy of a lengthy
and thorough discussion such as that provided in Law (2007) as well as Carson, Banks, Nelson,
and Nicol (2009). Here one approach for taking random samples is presented to illustrate how
this issue is addressed.
Consider the time between entity arrivals in the two workstations in a series model: exponential
(10) seconds, where 10 is the average time between arrivals, TBA. This quantity follows the
cumulative distribution function:
y = F(x) = 1 - e - x / TBA = 1 - e - x / 10
and therefore
x = -TBA ln (1 - y) = -10 ln (1-y)

(5-1)

In the same way, the service time at workstation A is uniformly distributed between a minimum
and a maximum value (5 and 13 seconds) and therefore follows the cumulative distribution
function:
y = F(x) = (x-minimum) / (maximum – minimum) = ( x - 5 ) / ( 13 - 5 )
and therefore
x = y * ( maximum - minimum ) + minimum = y * (13 – 5) + 5

(5-2)

Notice that taking the inverse of the cumulative distribution reduces each case to the same
problem, determining the value of y. Thus, this approach for taking a random sample is called the
inverse-transformation method.
Figure 5-2 shows how this method works for the service time at workstation A. Any value of y in
the range 0-1 is equally likely. (This is because y is a cumulative distribution.) Good
experimental procedure requires a random sample and so a random sample of y must be chosen.
Once a random value is selected for y, the random sample of x is straightforward to compute.
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The inverse-transformation method is summarized as follows:
1.
2.

-1

Determine the inverse of the cumulative distribution function, F (x).
Each time a sample is needed:
a.
Generate a random sample, r, uniformly distributed in the range 0 to 1.
-1
b.
x = F (r).

Using the inverse-transformation method requires that the inverse of the cumulative distribution
function exists. This is true for the following distributions commonly used in simulation models:
uniform, triangular, exponential, weibull, and any discrete distribution where the mass function is
enumerated as well as a heuristic distribution in histogram form.
As an example, consider the use of the inverse-transformation method with equation 5-2.
Suppose r is selected to be 0.45. Then x = -10 ln (1 – 0.43) = 5.62. Next the inversetransformation method is applied to equation 5-5. Suppose r is selected to be 0.88. Then x =
0.88 * ( 13 - 5 ) + 5 = 12.04.
5.7

Pseudo-random Number Generation

All of the random sampling strategies discussed in the previous section require a random sample
uniformly distributed in the range (0,1). Fortunately, there are several well known algorithms for
generating such samples, called pseudo - random numbers.
These algorithms are
deterministic. However, the properties of the sequence of pseudo-random numbers make them
look random. These properties include the following:
1.
2.
3.
4.

The numbers do not exhibit any statistical correlation with each other.
The numbers appear to be uniformly distributed in the range (0,1).
There are many, many (at least 1,000,000) numbers in sequence.
All possible numbers in the sequence are generated before any number repeats.

Because the pseudo-random number generation algorithms are deterministic, a sequence of
numbers can be regenerated whenever necessary. This is important in simulation both for
debugging and experimentation using common random numbers. Imagine the difficulty of
removing a bug from a model if the results were randomly different each time the model was
executed!
A sequence of pseudo-random numbers is called a stream. Having multiple streams of random
numbers allows sampling from each particular probability distribution used in a model to be
associated with a particular stream. For example in the two stations in a series model, the time
between arrivals and the operation time at station A would be assigned different streams. This
means for example that if the probability distribution modeling the operation time at station A were
changed, the times between arrivals would remain the same.
As in the previous section, one approach to pseudo-random number generation will be presented.
Other approaches for generating pseudo-random numbers are given in Banks, Carson, Nelson,
and Nicol (2009) as well as Law (2007). Schmeiser (1980) provides a comprehensive survey.
Perhaps the most common type of pseudo-random number generation algorithm, with respect to
use in simulation languages, is the linear congruential generator (Lehmer, 1951). The linear
congruential generator (LCG) has the form:
Zi = (a*Zi-1 + c) mod(m)

(5-3)

r i = Zi / m

(5-4)
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The Zi’s are a set of integers that range from 0 to m-1. The integer Zi is a remainder and m is the
divisor. Other parameters of the generator are a multiplier a, an increment c, and the first integer
Z0. The pseudo-random number ri is obtained by dividing Zi by m. Fortunately for our purposes,
values for the parameters (a, c, m, and Z0) that result in the desirable properties listed above are
used by commercial simulation languages.
The generator is recursive that is Zi is a function of Zi-1. Note that at most, m distinct Zi’s and thus
ri’s (pseudo-random numbers) can be obtained. Once Z0 is generated a second time, the entire
sequence of Zi’s, and thus ri’s, will be repeated and in the same sequence as the first time.
Consider the example LCG shown in Table 5-3. The LCG parameter values are shown in the
table. Note that the Zi’ s range from 0-8. All nine of the Zi’s are generated before any value
repeats. Thus, the ri’s appear to be as uniformly distributed in the range (0,1) as nine numbers
can be. The statistical correlation between the r i’s is low, 0.030. Since the number of values
generated is only 9, the value of m is too small for an effective LCG. However, it suffices for an
example.
Table 5-3: Example LCG

M
A
C

5.8

9
4
5

i
0
1
2
3
4
5
6
7
8
9
10
11
12

Zi
8
1
0
5
7
6
2
4
3
8
1
0
5

ri
0.889
0.111
0.000
0.556
0.778
0.667
0.222
0.444
0.333
0.889
0.111
0.000
0.556

Summary

This chapter discusses the basic operations of a simulation engine. While these operations are
performed transparently to the modeler, an understanding of them helps clarify how simulation
experiments work. Events are organized and processed in time sequence. Entities waiting for
resources are sorted and maintained. Random samples from distribution functions are generated
and pseudo-random number streams are managed.
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Problems
1.
State a procedure for generating a random sample from each of the following
distributions using the inverse transformation method. Use the procedure in section 5.6 as a
guide.
a.

Uniform distribution: F ( x ) 

x  minimum
 minimum

maximum

b.

Exponential distribution: F ( x )  1  e

c.

Weibull distribution: F ( x )  1  e
where c and m are the scale and
shape parameters of the distribution respectively.

d.

Triangular distribution:

x / mean

  x / c m


 x  minimum 

  mode  minimum  *  maximum  minimum
F (x)  
2
 maximum - x 
1 

 maximum - mode  *  maximum  minimum
2

e.



, minimum



 x  mode

, mode  x  maximum

Discrete distribution:
F(x) = 0.1, x = 1
= 0.4, x = 2
= 0.6, x = 3
= 0.9, x = 4
= 1.0, x = 5

2.

Create a new trace based on the one shown in Table 5-2 by adding a entity with ID
number 4 that arrives at time 2.0 with a processing time at workstation A of 6.4.

3.

Consider the properties of pseudo-random number generators presented in section 5-8.
Does property four imply property two?

4.

Consider the two workstation in a series model and the last event list shown in section 55.

Current Simulation Time: 8.0
Next Simulation Time = Time of first event occurrence in list = 8.0
Event
Time of Occurrence
Entity Arrives to B
8.0
Start Service at A
8.0
Entity Arrives to A
32.5

Entity ID
1
2
3

Use the event graph shown in Figure 5-1 as well as the trace shown in Table 5-2 as a
guide.
a.

b.

Show the event list after the processing of the entity arrives to B event for the
entity with ID number 1. What single event occurrence was removed from the
list? What event occurrences remain on the list? What event occurrences are
added to the list?
Show the event list after the first event on the list resulting from 2a is processed.
What single event occurrence was removed from the list? What event
occurrences remain on the list? What event occurrences are added to the list?
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5.

Implement a (bad) LCG generator in Excel with the following parameters:
a = 5; m = 16; c = 3; Z0 = 0.
Generate the first 20 samples from the generator. Assess its behavior using the four
properties in section 5.7.

6.

Compute the following table using a spreadsheet.
a. Generate the two random number streams, corresponding to interarrival time and
operation time at station A, for the first ten arriving entities in the two workstation in a
series model. Do this by using the random number generator built into your
spreadsheet program. In Excel, this would be accomplished by entering the function
rand() into each cell of the Pseudo-random Number / Bet. Arrivals and the Pseudorandom Number / Service Time columns.
b. Use the inverse-transformation method to generate the time between arrivals and
service time samples. This means entering equation 5-1 into each cell in the Sample
/ Bet. Arrivals column and entering equation 5-2 into each cell in the Sample / Service
Time column. The corresponding pseudo-random number in the columns should be
referenced for each cell.
Table for Problem 6
Entity
ID

Pseudo-random Number
Bet. Arrivals Service Time

Sample
Bet. Arrivals Service Time

1
2
3
4
5
6
7
8
9
10
7.

Considering only the first two entities from the data generated in the solution to number 6,
create a trace similar to Table 5-2 for the two workstations in a series model.
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