Chapter 2

Graphs of the Trigonometric
Functions
Wherever we live, we have experienced the fact that the amount of daylight where
we live varies over the year but that the amount of daylight we be the about the same
in a given month, say March, of every year. This is an example of a periodic (or
repeating) phenomena. Another example of something that is periodic is a sound
wave. In fact, waves are usually represented by a picture such as the following:

As we will see in this Chapter, the sine and cosine functions provide an excellent
way to study these waves mathematically.
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2.1

Graphs of the Cosine and Sine Functions

Focus Questions
The following questions are meant to guide our study of the material in this
section. After studying this section, we should understand the concepts motivated by these questions and be able to write precise, coherent answers to
these questions.
 What are the important properties of the graphs of the functions given
by y D cos.x/ and y D sin.x/?
 What are the domains of the sine and cosine functions? What are the
ranges of the sine and cosine functions?
 What are the periods of the sine and cosine functions? What does period
mean?
 What is amplitude? How does the amplitude affect the graph of the sine
or cosine?

Beginning Activity
1. The most basic form of drawing the graph of a function is to plot points. Use
the values in the given table to plot the points on the graph of y D sin.x/
and then draw the graph of y D sin.t / for 0  t  2. Note: On the t -axis,

the grid lines are
units apart and on the y-axis, the grid lines are 0.1 of a
12
unit apart.
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0
1
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3
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0

1
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sin.t /
1
p2
2
p2
3
2

2

0

1
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3
p2
2
2
1
2

sin.t / (approx)
0:5
0:707
0:866
1
0:866
0:707
0:5
0

2. We can also use a graphing calculator or other graphing device to draw the
graph of the sine function. Make sure the device is set to radian mode and use
it to draw the graph of y D sin.t / using 2  t  4 and 1:2  y  1:2.
Note: Many graphing utilities require the use of x as the independent variable. For such devices, we need to use y D sin.x/. This will make no
difference in the graph of the function.
(a) Compare this to the graph from part (1). What are the similarities?
What are the differences?
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(b) Find four separate values of t where the graph of the sine function
crosses the t -axis. Such values are called t -intercepts of the sine function (or roots or zeros).
(c) Based on the graphs, what appears to be the maximum value of sin.t /.
Determine two different values of t that give this maximum value of
sin.t /.
(d) Based on the graphs, what appears to be the minimum value of sin.t /.
Determine two different values of t that give this minimum value of
sin.t /.

The Periods of the Sine and Cosine Functions
One thing we can observe from the graphs of the sine function in the beginning
activity is that the graph seems to have a “wave” form and that this “wave” repeats
as we move along the horizontal axis. We see that the portion of the graph between
0 and 2 seems identical to the portion of the graph between 2 and 4 and to
the portion of the graph between 2 and 0. The graph of the sine function is
exhibiting what is known as a periodic property. Figure 2.1 shows the graph of
y D sin.t / for three cycles.
y = sin(t)
1

−2π

π

−π

2π

3π

4π

−1

Figure 2.1: Graph of y D sin.t / with 2  t  4
We say that the sine function is a periodic function. Such functions are often
used to model repetitious phenomena such as a pendulum swinging back and forth,
a weight attached to a spring, and a vibrating guitar string.
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The reason that the graph of y D sin.t / repeats is that the value of sin.t / is the
y-coordinate of a point as it moves around the unit circle. Since the circumference
of the unit circle is 2 units, an arc of length .t C 2/ will have the same terminal
point as an arc of length t . Since sin.t / is the y-coordinate of this point, we see
that sin.t C 2/ D sin.t /. This means that the period of the sine function is 2.
Following is a more formal definition of a periodic function.
Definition. A function f is periodic with period p if f .t C p/ D f .t / for
all t in the domain of f and p is the smallest positive number that has this
property.
Notice that if f is a periodic function with period p, then if we add 2p to t , we
get
f .t C 2p/ D f ..t C p/ C p/ D f .t C p/ D f .t /:
We can continue to repeat this process and see that for any integer k,
f .t C kp/ D f .t /:
So far, we have been discussing only the sine function, but we get similar behavior
with the cosine function. Recall that the wrapping function wraps the number
line around the unit circle in a way that repeats in segments of length 2. This
is periodic behavior and it leads to periodic behavior of both the sine and cosine
functions. Since the value of the sine function is the y-coordinate of a point on
the unit circle and the value of the cosine function is the x-coordinate of the same
point on the unit circle, the sine and cosine functions repeat every time we make
one wrap around the unit circle. That is,
cos.t C 2/ D cos.t / and

sin.t C 2/ D sin.t /:

It is important to recognize that 2 is the smallest number that makes this happen.
Therefore, the cosine and sine functions are periodic with period 2.
Progress Check 2.1 (The Graph of the Cosine Function).
We can, of course, use a graphing utility to draw the graph of the cosine function.
However, it does help to understand the graph if we actually draw the graph by
hand as we did for the sine function in the beginning activity. Use the values in the
given table to plot the points on the graph of y D cos.t / and then draw the graph
of y D cos.t / for 0  t  2.
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y = cos(t)
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Figure 2.2: Graph of y D cos.t / with 2  t  4
Progress Check 2.2 (The Cosine Function).
1. Compare the graph in Figure 2.2 to the graph from Progress Check 2.1. What
are the similarities? What are the differences?
2. Find four separate values of t where the graph of the cosine function crosses
the t -axis. Such values are called t -intercepts of the cosine function (or
roots or zeros).
3. Based on the graphs, what appears to be the maximum value of cos.t /. Determine two different values of t that give this maximum value of cos.t /.
4. Based on the graphs, what appears to be the minimum value of cos.t /. Determine two different values of t that give this minimum value of cos.t /.
Activity 2.3 (The Graphs of the Sine and Cosine Functions).
We have now constructed the graph of the sine and cosine functions by plotting
points and by using a graphing utility. We can have a better understanding of these
graphs if we can see how these graphs are related to the unit circle definitions of
sin.t / and cos.t /. We will use two Geogebra applets to help us do this.
The first applet is called Sine Graph Generator. The web address is
http://gvsu.edu/s/Ly
To begin, just move the slider for t until you get t D 1 and observe the resulting
image. On the left, there will be a copy of the unit circle with an arc drawn that has
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length 1. The y-coordinate of the terminal point of this arc (0.84 rounded to the
nearest hundredth) will also be displayed. The horizontal line will be connected to
the point .1; 0:84/ on the graph of y D sin.t /. As the values of t are changed with
the slider, more points will be drawn in this manner on the graph of y D sin.t /.
The other applet is called Cosine Graph Generator and it works in a manner
similar to Sine Graph Generator. The web address for this applet is
http://gvsu.edu/s/Lz

Properties of the Graphs of the Sine and Cosine Functions
The graphs of y D sin.t / and y D cos.t / are called sinusoidal waves and the
sine and cosine functions are called sinusoidal functions. Both of these particular
sinusoidal waves have a period of 2. The graph over one period is called a cycle
of the graph. As with other functions in our previous study of algebra, another
important property of graphs is their intercepts, in particular, the horizontal intercepts or the points where the graph crosses the horizontal axis. One big difference
from algebra is that the sine and cosine functions have infinitely many horizontal
intercepts.
In Progress Check 2.2, we used Figure 2.2 and determined that
  3 5 7
; ;
;
;
2 2 2 2 2
are t -intercepts on the graph of y D cos.t /. In particular,

In the interval Œ0; 2, the only t -intercepts of y D cos.t / are t D and
2
3
tD
.
2

There are, of course, other t -intercepts, and this is where the period of 2 is helpful.
We can generate any other t -intercept of y D cos.t / by adding integer multiples of
the period 2 to these two values. For example, if we add 6 to each of them, we
see that
13
15
tD
and t D
are t intercepts of y D cos.t /:
2
2
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Progress Check 2.4 (The t -intercepts of the Sine Function)
Use a graph to determine the t -intercepts of y D sin.t / in the interval Œ0; 2.
Then use the period property of the sine function to determine the t -intercepts
of y D sin.t / in the interval Œ 2; 4. Compare this result to the graph in
Figure 2.1. Finally, determine two t -intercepts of y D sin.t / that are not in the
interval Œ 2; 4.
Activity 2.5 (Exploring Graphs of Sine Functions)
Do one of the following:
1
sin.x/ and y D 2 sin.x/, y D
2
sin.x/, and y D 2 sin.x/ on the same axes. Make sure your graphing
utility is in radian mode and use 2  x  2 and 2:5  y  2:5.

1. Draw the graphs of y D sin.x/, y D

2. Use the Geogebra applet Amplitude of a Sinusoid at the following web address:
http://gvsu.edu/s/LM
The expression for g.t / can be changed but leave it set to g.t / D sin.t /. The
slider can be moved to change the value of A and the graph of y D A sin.t /
will be drawn. Explore these graphs by changing the values of A making sure
to use negative values of A as well as positive values of A. (It is possible to
change this to g.t / D cos.t / and explore the graphs of y D A cos.t /.)

The Amplitude of Sine and Cosine Functions
The graphs of the functions from Activity 2.5 should have looked like one of the
graphs in Figure 2.3. Both graphs are graphs of y D A sin.t /, but the one on the
left is for A > 0 and the one on the right is for A < 0. Note that when A < 0,
A > 0. Another important characteristic of a sinusoidal wave is the amplitude.
The amplitude of each of the graphs in Figure 2.3 is represented by the length of
the dashed lines, and we see that this length is equal to jAj.
Definition. The amplitude of a sinusoidal wave is one-half the distance between the maximum and minimum functional values.
Amplitude D

1
j.max y-coordinate/
2

.min y-coordinate/j :
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Figure 2.3: Graphs of y D A sin.t /.
Progress Check 2.6 (The Graph of y D A cos.t /)
Draw graphs of y D A cos.t / for A > 0 and for A < 0 similar to the graphs for
y D A sin.t / in Figure 2.3.

Using a Graphing Utility
We often will use a graphing utility to draw the graph of a sinusoidal function.
When doing so, it is a good idea to use the amplitude to help set an appropriate
viewing window. The basic idea is to have the screen on the graphing utility show
slightly more than one period of the sinusoid. For example, if we are trying to draw
a graph of y D 3:6 cos.x/, we could use the following viewing window.
0:5  x  6:5 and
If it is possible, set the x-tickmarks to be every

4  y  4:


or units.
4
2

Progress Check 2.7 (Using a Graphing Utility)
1. Use a graphing utility to draw the graph of y D 3:6 cos.x/ using the viewing
window stated prior to this progress test.
2. Use a graphing utility to draw the graph of y D

2:75 sin.x/.

Symmetry and the Negative Identities
Examine the graph of y D cos.t / shown in Figure 2.2 on page 77. If we focus on
that portion of the graph between 2 and 2, we can notice that the left side of
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the graph is the “mirror image” of the right side of the graph. To see this better, use
the Geogebra applet Symmetry of the Graph of y D cos.t / at the following link:
http://gvsu.edu/s/Ot

(-t, b)

(t, b)

Figure 2.4: Graph Showing Symmetry of y D cos.t /
Figure 2.4 shows a typical image from this applet. Since the second coordinate of a
point on the graph is the value of the function at the first coordinate, this figure (and
applet) are indicating that b D cos.t / and b D cos. t /. That is, this is illustrating
the fact that cos. t / D cos.t /. The next activity provides an explanation as to why
this is true.
Activity 2.8 (Positive and Negative Arcs)
For this activity, we will use the Geogebra applet called Drawing a Positive Arc
and a Negative Arc on the Unit Circle. A link to this applet is
http://gvsu.edu/s/Ol
As the slider for t in the applet is used, an arc of length t will be drawn in blue
and an arc of length t will be drawn in red. In addition, the coordinates of the
terminal points of both the arcs t and t will be displayed. Study the coordinates
of these two points for various values of t . What do you observe? Keeping in mind
that the coordinates of these points can also be represented as
.cos.t /; sin.t // and .cos. t /; sin. t //;
what does these seem to indicate about the relationship between cos. t / and cos.t /?
What about the relationship between sin. t / and sin.t /?
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Figure 2.5 shows a typical situation illustrated in Activity 2.8. A positive arc
and it corresponding negative arc have been drawn on the unit circle. What we

(cos(t), sin(t))
t

-t
(cos(-t), sin(-t))

Figure 2.5: An Arc and a Negative Arc on the Unit Circle

have seen is that if the terminal point of the arc t is .a; b/, then by the symmetry
of the circle, we see that the terminal point of the arc t is .a; b/. So the diagram illustrates the following results, which are sometimes called negative arc
identities.
Negative Arc Identities
For every real number t ,
sin. t / D

sin.t /

cos. t / D cos.t /:

To further verify the negative arc identities for sine and cosine, use a graphing
utility to:
 Draw the graph of y D cos. x/ using 0  x  2. The graph should be
identical to the graph of y D cos.x/.
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 Draw the graph of y D sin. x/ using 0  x  2. The graph should be
identical to the graph of y D sin.x/.
These so-called negative arc identities give us a way to look at the symmetry of the
graphs of the cosine and sine functions. We have already illustrated the symmetry
of the cosine function in Figure 2.4. Because of this, we say the graph of y D
cos.t / is symmetric about the y-axis.
What about symmetry in the graph of the sine function? Figure 2.6 illustrates
what the negative identity sin. t / D sin.t / implies about the symmetry of y D
sin.t /. In this case, we say the graph of y D sin.t / is symmetric about the origin.
(t, b)

(-t, -b)

Figure 2.6: Graph Showing Symmetry of y D sin.t /.

To see the symmetry of the graph of the sine function better, use the Geogebra
applet Symmetry of the Graph of y D sin.t / at the following link:
http://gvsu.edu/s/Ou

Summary of Section 2.1
In this section, we studied the following important concepts and ideas:
 The important characteristics of sinusoidal functions of the form y D A sin.t /
or y D A cos.t / shown in Table 2.1.
 The information in Table 2.1 can seem like a lot to remember, and in fact,
in the next sections, we will get a lot more information about sinusoidal
waves. So instead of trying to remember everything in Table 2.1, it is better to remember the basic shapes of the graphs as shown in Figure 2.7 and
Figure 2.8.
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y D A sin.t /
All real numbers
2
jAj
.0; 0/

domain
period
amplitude
y-intercept

t D 0 and t D 

t -intercepts in Œ0; 2/

jAj
jAj
The interval Œ jAj; jAj

tD
2
3
tD
2
3
tD
2

tD
2
the origin

maximum value
minimum value
range

y D A cos.t /
All real numbers
2
jAj
.0; A/
3

t D and t D
2
2
jAj
jAj
The interval Œ jAj; jAj

when A > 0, maximum occurs at

tD0

when A > 0, minimum occurs at

tD

when A < 0, maximum occurs at

tD

when A < 0, minimum occurs at

tD0

symmetry with respect to

the y-axis

Table 2.1: Characteristics of Sinusoidal Functions.
 One way to remember the location of the tick-marks on the t -axis is to remember the spacing for these tick-marks is one-quarter of a period and the
2

period is 2. So the spacing is
D .
4
2
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( π2 , A)

85

(3π2 , A)

-A

A
π

2π

π
2π

-A

(

)

3π ,
A
2

A>0

A

( 2π , A)

A<0

Figure 2.7: Graphs of y D A sin.t /.

y = A cos(t), A > 0

y = A cos(t), A < 0

(2π, A)

(0, A)

(π, −A)

(π2 , 0)

( 3π2 , 0)
( π2 , 0)

( 3π2 , 0)
(π, −A)

(0, A)

(2π, A)

Figure 2.8: Graphs of y D A cos.t /.

Supplemental Material – Even and Odd Functions
There is a more general mathematical context for these types of symmetry, and that
has to do with what are called even functions and odd functions.
Definition.
 A function f is an even function if f . x/ D f .x/ for all x in the
domain of f .
 A function f is an odd function if f . x/ D
domain of f .

f .x/ for all x in the
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So with these definitions, we can say that the cosine function is an even function and the sine function is an odd function. Why do we use these terms? One
explanation is that the concepts of even functions and odd functions are used to
describe functions f of the form f .x/ D x n for some positive integer n, and the
graphs of these functions exhibit different types of symmetry when n is even versus
when n is odd.

y = f (x)

y = f (x)

(x, f (x))
(-x, f (-x))

(x, f (x))

(-x, f (-x))
Figure 2.9: f .x/ D x n , n even
and f . x/ D f .x/.

Figure 2.10: f .x/ D x n , n odd
and f . x/ D f .x/.

In Figure 2.9, we see that when n is even, f . x/ D f .x/ since . x/n D x n .
So the graph is symmetric about the y-axis. When n is odd as in Figure 2.10,
f . x/ D f .x/ since . x/n D x n . So the graph is symmetric about the
origin. This is why we use the term even functions for those functions f for which
f . x/ D f .x/, and we use the term odd functions for those functions for which
f . x/ D f .x/.

Exercises for Section 2.1
1. In each of the following, the graph on the left shows the terminal point of an
arc t (with 0  t < 2) on the unit circle. The graphs on the right show the
graphs of y D cos.t / and y D sin.t / with some points on the graph labeled.
Match the point on the graphs of y D cos.t / and y D sin.t / that correspond
to the point on the unit circle. In addition, state the coordinates of the points
on y D cos.t / and y D sin.t /.
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?

(a)

?

(b)
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(c)

(d)

2. For each of the following, determine an equation of the form y D A cos.x/
or y D A sin.x/ for the given graph.
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?

(a)

(c)

?

(b)

(d)

3. Draw the graph of each of the following sinusoidal functions over the indicated interval. For each graph,
 State the t -intercepts on the given interval.

 State the y-intercept.

 State the maximum value of the function and the coordinates of all the
points where the maximum value occurs.
 State the minimum value of the function and the coordinates of all the
points where the minimum value occurs.
?
?

(a) y D sin.t / with 2  t  2.

(b) y D 3 cos.t / with   t  3.

(c) y D 5 sin.t / with 0  t  4.
3
(d) y D cos.t / with   t  3.
7
(e) y D 2:35 sin.t / with   t  .
(f) y D 4 cos.t / with 0  t  6.
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Graphs of Sinusoidal Functions

Focus Questions
The following questions are meant to guide our study of the material in this
section. After studying this section, we should understand the concepts motivated by these questions and be able to write precise, coherent answers to
these questions.
Let A, B, C , and D be constants with B > 0 and consider the graph of
f .t / D A sin.B.t C // C D or f .t / D A cos.B.t C // C D.
 How does the value of A affect the graph of f ? How is A related to the
amplitude of f ?
 How does the value of B affect the graph of f ? How is B related to the
period of f ?
 How does the value of C affect the graph of f ?
 How does the value of D affect the graph of f ?
 What does a phase shift do to a sine or cosine graph? How do we recognize a phase shift from the equation of the sinusoid?
 How do we accurately draw the graph of y D A sin.B.t C // C D or
y D A cos.B.t C //CD without a calculator and how do we correctly
describe the effects of the constants A, B, C , and D on the graph?

Beginning Activity
In this section, we will study the graphs of functions whose equations are y D
A sin.B.t C // C D and y D A cos.B.t C // C D where A, B, C , and D
are real number constants. These functions are called sinusoidal functions and
their graphs are called sinusoidal waves. We will first focus on functions whose
equations are y D sin.Bt / and y D cos.Bt /. Now complete Part 1 or Part 2 of
this beginning activity.
Part 1 – Using a Geogebra Applet
To begin our exploration, we will use a Geogebra applet called Period of a Sinusoid.
The web address for this applet is

2.2. Graphs of Sinusoidal Functions
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http://gvsu.edu/s/LY
After you open the applet, notice that there is an input box at the top of the screen
where you can input a function. For now, leave this set at g.t / D sin.t /. The graph
of the sine function should be displayed. The slider at the top can be used to change
the value of B. When this is done, the graph of y D A sin.Bt / will be displayed
for the current value of B along with the graph of y D sin.t /.
1. Use the slider to change the value of B. Explain in detail the difference
between the graph of y D g.t / D sin.t / and y D f .t / D sin.Bt / for a
constant B > 0. Pay close attention to the graphs and determine the period
when
(a) B D 2.

(b) B D 3.

(c) B D 4.

(d) B D 0:5.

In particular, how does the period of y D sin.Bt / appear to depend on B?
Note: Consider doing two separate cases: one when B > 1 and the other
when 0 < B < 1.
2. Now click on the reset button in the upper right corner of the screen. This
will reset the value of the B to its initial setting of B D 1.
3. Change the function to g.t / D cos.t / and repeat part (1) for the cosine
function. Does changing the value of B affect the graph of y D cos.Bt /
in the same way that changing the value for B affects the graph of y D
sin.Bt /?
Part 2 – Using a Graphing Utility
Make sure your graphing utility is set to radian mode. Note: Most graphing utilities
require the use of x (or X ) as the independent variable (input) for a function. We
will use x for the independent variable when we discuss the use of a graphing
utility.
1. We will first examine the graph of y D sin.Bx/ for three different values of
B. Graph the three functions:
y D sin.x/

y D sin.2x/

y D sin.4x/

using the following settings for the viewing window: 0  x  4 and
1:5  y  1:5. If possible on your graphing utility, set it so that the
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tickmarks on the x-axis are space at units. Examine these graphs closely
2
and determine period for each sinusoidal wave. In particular, how does the
period of y D sin.Bx/ appear to depend on B?
2. Clear the graphics screen. We will now examine the graph of y D sin.Bx/
for three different values of B. Graph the following three functions:
 
 
1
1
y D sin.x/
y D sin
x
y D sin
x
2
4
using the following settings for the viewing window: 0  x  4 and
1:5  y  1:5. If possible on your graphing utility, set it so that the

tickmarks on the x-axis are spaced at units. Examine these graphs closely
2
and determine period for each sinusoidal wave. In particular, how does the
period of y D sin.Bx/ appear to depend on B?
3. How does the graph of y D sin.Bx/ appear to be related to the graph of
y D sin.x/. Note: Consider doing two separate cases: one when B > 1 and
the other when 0 < B < 1.

The Period of a Sinusoid
When we discuss an expression such as sin.t / or cos.t /, we often refer to the
expression inside the parentheses as the argument of the function. In the beginning
activity, we examined situations in which the argument was Bt for some number
B. We also saw that this number affects the period of the sinusoid. If we examined
graphs close enough, we saw that the period of y D sin.Bt / and y D cos.Bt / is
2
equal to
. The graphs in Figure 2.11 illustrate this.
B
Notice that the graph of y D sin.2t / has one complete cycle over the interval
2
Œ0;  and so its period is  D
. The graph of y D sin.4t / has one complete
h i 2

2
cycle over the interval 0;
and so its period is
D
. In these two cases,
2
2
4
we had B > 1 in y D sin.Bt /. Do 
we get
when 0 < B < 1?
 the same result
 
1
1
Figure 2.12 shows graphs for y D sin
t and y D sin
t .
2
4
 
1
Notice that the graph of y D sin
t has one complete cycle over the interval
2
Œ0; 4 and so
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y = sin(2t)

y = sin(4t)
1

1
2π

2π

π

π
2

π

π
2

-1

−1

Figure 2.11: Graphs of y D sin.2t / and y D sin.4t /. The graph of y D sin.t / is
also shown (dashes).

y = sin( 12 t)

y = sin( 14 t)

1

1
4π

4π
2π

2π

-1

-1



 
1
1
Figure 2.12: Graphs of y D sin
t and y D sin
t . The graph of y D sin.t /
2
4
is also shown (dashes).



1
the period of y D sin
t
2


1
The graph of y D sin
t
4
Œ0; 4 and so





is 4 D

2
.
1
2

has one-half of a complete cycle over the interval



1
the period of y D sin
t
4



is 8 D

2
.
1
4

A good question now is, “Why are the periods of y D sin.Bt / and y D cos.Bt /
2
equal to
?” The idea is that when we multiply the independent variable t by a
B
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constant B, it can change the input we need to get a specific output. For example,
the input of t D 0 in y D sin.t / and y D sin.Bt / yield the same output. To
complete one period in y D sin.t / we need to go through interval of length 2 so
that our input is 2. However, in order for the argument (Bt ) in y D sin.Bt / to be
2
2, we need Bt D 2 and if we solve this for t , we get t D
. So the function
B
given by y D sin.Bt / (or y D cos.Bt /) will complete one complete cycle when t
2
2
varies from t D 0 to t D
, and hence, the period is
. Notice that if we use
B
B
y D A sin.Bt / or y D A cos.Bt /, the value of A only affects the amplitude of the
sinusoid and does not affect the period.
If A is a real number and B is a positive real number, then the period of the
2
functions given by y D A sin.Bt / and y D A cos.Bt / is
.
B
Progress Check 2.9 (The Amplitude and Period of a Sinusoid)
1. Determine the amplitude and period of the following sinusoidal functions.:



1
(a) y D 3 cos
t .
3
 
(b) y D 2 sin
t .
2
2. The graph to the right is a graph of
a sinusoidal function. Determine an
equation for this function.

Phase Shift
We will now investigate the effect of subtracting a constant from the argument
(independent variable) of a circular function. That is, we will investigate what
effect the value of a real number C has on the graph of y D sin.t C / and
y D cos.t C /.
Activity 2.10 (The Graph of y = sin(t C))
Complete Part 1 or Part 2 of this activity.
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Part 1 – Using a Geogebra Applet
We will use a Geogebra applet called Sinusoid – Phase Shift. The web address for
this applet is
http://gvsu.edu/s/Mu
After you open the applet, notice that there is an input box at the top of the screen
where you can input a function. For now, leave this set at g.t / D sin.t /. The
graph of the sine function should be displayed. The slider at the top can be used to
change the value of C . When this is done, the graph of y D A sin.t C / will be
displayed for the current value of C along with the graph of y D sin.t /.
1. Use the slider to change the value of C . Explain in detail the difference
between the graph of y D g.t / D sin.t / and y D f .t / D sin.t C / for a
constant C . Pay close attention to the graphs and determine the horizontal
shift when
(a) C D 1.

(b) C D 2.

(c) C D 3.

(d) C D

(e) C D
(f) C D

1.

2.
3.

In particular, describe the difference between the graph of y D sin.t C /
and the graph of y D sin.t /? Note: Consider doing two separate cases: one
when C > 0 and the other when C < 0.
2. Now click on the reset button in the upper right corner of the screen. This
will reset the value of the C to its initial setting of C D 0.
3. Change the function to g.t / D cos.t / and repeat part (1) for the cosine
function. Does changing the value of C affect the graph of y D cos.t C /
in the same way that changing the value for C affects the graph of y D
sin.t C /?
Part 2 – Using a Graphing Utility
Make sure your graphing utility is set to radian mode.
1. We will first examine the graph of y D sin.x
of C . Graph the three functions:
y D sin.x/

y D sin.x

1/

C / for two different values

y D sin.x

2/
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using the following settings for the viewing window: 0  x  4 and
1:5  y  1:5. Examine these graphs closely and describe the difference
between the graph of y D sin.x C / and the graph of y D sin.x/ for these
values of C .
2. Clear the graphics screen. We will now examine the graph of y D sin.x C /
for two different values of C . Graph the following three functions:
y D sin.x/

y D sin.x C 1/ D sin.x

y D sin.x C 2/ D sin.x

. 1//
. 2//

using the following settings for the viewing window: 2  x  2 and
1:5  y  1:5. Examine these graphs closely and describe the difference
between the graph of y D sin.t C / and the graph of y D sin.t / for these
values of C .
3. Describe the difference between the graph of y D sin.x C / and the graph
of y D sin.x/? Note: Consider doing two separate cases: one when C > 0
and the other when C < 0.
By exploring the graphs in Activity 2.10, we should notice that when C > 0,
the graph of y D sin.t C / is the graph of y D sin.t / horizontally translated
to the right by C units. In a similar manner, the graph of y D cos.t C / is
the graph of y D cos.t / horizontally translated to the right by C units. When
working with a sinusoidal graph, such a horizontal translation is called a phase
shift. This isillustrated
in Figure 2.13 , which shows the graphs of y D sin.t 1/

and y D sin t
. For reference, the graph of y D sin.t / is also shown.
2
_π
y = sin t - 2

(

y = sin(t - 1)
1

)

1

1

3

5

π

7

-1

Figure 2.13: Graphs of y D sin.t
y D sin.t / is also shown (dashes).

2π

-1


1/ and y D sin t


. The graph of
2
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So, why are we seeing this phase shift? The reason is that the graph of y D
sin.t / will go through one complete cycle over the interval defined by 0  t  2.
Similarly, the graph of y D sin.t C / will go through one complete cycle over the
interval defined by 0  t C  2. Solving for t , we see that C  t  2 C C .
So we see that this cycle for y D sin.t / has been shifted by C units.
This argument also works when C < 0 and when we use the cosine function
instead of the sine
Figure 2.14 illustrates this with y D cos.t . 1// and

 function.
. Notice that we can rewrite these two equations as follows:
y D cos t
2

  
y D cos.t . 1//
y D cos t
2


y D cos.t C 1/
y D cos t C
2
We summarize the results for phase shift as follows:

_π
y = cos t + 2

(

y = cos(t + 1)
1

1

-1

)

1

3

5

7

π

2π

-1

-1



Figure 2.14: Graphs of y D cos.t C 1/ and y D cos t C
. The graph of
2
y D cos.t / is also shown (dashes).

For y D sin.t

C / and y D cos.t

C /, where C is any nonzero real number:

 The graph of y D sin.t / (or y D cos.t /) is shifted horizontally jC j units.
This is called the phase shift of the sinusoid.
 If C > 0, the graph of y D sin.t / (or y D cos.t /) is shifted horizontally
C units to the right. That is, there is a phase shift of C units to the right.
 If C < 0, the graph of y D sin.t / (or y D cos.t /) is shifted horizontally
C units to the left. That is, there is a phase shift of C units to the left.
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Progress Check 2.11 (Phase Shift of a Sinusoid)
1. Determine the amplitude and phase shift of the following sinusoidal functions.




(a) y D 3:2 sin t
(b) y D 4 cos t C
3
6
2. The graph to the right is a
graph of a sinusoidal function.
(a) Determine an equation
for this function.

3

1
−π

−π/2

π/2

π

3π/2

2π

-1

(b) Determine a second
equation for this function.

-3

Vertical Shift
We have one more transformation of a sinusoid to explore, the so-called vertical
shift. This is one by adding a constant to the equation for a sinusoid and is explored
in the following activity.
Activity 2.12 (The Vertical Shift of a Sinusoid)
Complete Part 1 or Part 2 of this activity.
Part 1 – Using a Geogebra Applet
We will now investigate the effect of adding a constant to a sinusoidal function.
That is, we will investigate what effect the value of a real number D has the graph
of y D A sin.B.t C // C D and y D A cos.B.t C // C D. We will use a
Geogebra applet called Exploring a Sinusoid. The web address for this applet is
http://gvsu.edu/s/LX
After you open the applet, notice that there is an input box at the top of the screen
where you can input a function. For now, leave this set at g.t / D sin.t /. The graph
of the sine function should be displayed. There are four sliders at the top that can
be used to change the values of A, B, C , and D.
1. Leave the values A D 1, B D 1, and C D 0 set. Use the slider for D to
change the value of D. When this is done, the graph of y D sin.t / C D will
be displayed for the current value of D along with the graph of y D sin.t /.
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(a) Use the slider to change the value of D. Explain in detail the difference
between the graph of y D g.t / D sin.t / and y D f .t / D sin.t / C D
for a constant D. Pay close attention to the graphs and determine the
vertical shift when
i. D D 1.
ii. D D 2.

iii. D D 3.
iv. D D 1.

v. D D 2.
vi. D D 3.

In particular, describe the difference between the graph of y D sin.t /C
D and the graph of y D sin.t /? Note: Consider doing two separate
cases: one when D > 0 and the other when D < 0.
(b) Now click on the reset button in the upper right corner of the screen.
This will reset the value of the D to its initial setting of D D 0.
(c) Change the function to g.t / D cos.t / and repeat part (1) for the cosine function. Does changing the value of D affect the graph of y D
cos.t / C D in the same way that changing the value for D affects the
graph of y D sin.t / C D?
2. Now change the value of A to 0:5, the value of B to 2, and the value of C to
0.5. The graph of g.t / D cos.t / will still be displayed but we will now have
f .t / D 0:5 cos.2.t 0:5// C D. Does changing the value of D affect the
graph of y D 0:5 cos.2.t 0:5// C D affect the sinusoidal wave in the same
way that changing the value for D affects the graph of y D cos.t /?
Part 2 – Using a Graphing Utility
Make sure your graphing utility is set to radian mode.
1. We will first examine the graph of y D cos.x/ C D for four different values
of D. Graph the five functions:
y D cos.x/

y D cos.x/ C 1
y D cos.x/

1

y D cos.x/ C 2
y D cos.x/

2

using the following settings for the viewing window: 0  x  2 and
3  y  3. Examine these graphs closely and describe the difference
between the graph of y D cos.x/ C D and the graph of y D cos.x/ for
these values of D.
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2. Clear the graphics screen. We will now examine the graph of y D 0:5 cos.2.x
0:5//CD for two different values of D. Graph the following three functions:
y D 0:5 cos.2.x

y D 0:5 cos.2.x

0:5//

y D 0:5 cos.2.x

0:5// C 2
0:5//

2

using the following settings for the viewing window: 0  x  2 and
3  y  3. Examine these graphs closely and describe the difference
between the graph of y D 0:5 cos.2.x 0:5// C D and the graph of y D
0:5 cos.2.x 0:5// for these values of D.

By exploring the graphs in Activity 2.12, we should notice that the graph of
y D A sin.B.t C // C D is the graph of y D A sin.B.t C // shifted up D
units when D > 0 and shifted down jDj units when D < 0. When working with
a sinusoidal graph, such a vertical translation is called a vertical shift. This is
illustrated in Figure 2.15 for a situation in which D > 0.
y = Asin(B(t − C)) + D

D

D

D

y = Asin(B(t − C))

Figure 2.15: Graphs of y D A sin.B.t C // (dashes) and y D A sin.B.t C //CD
(solid) for D > 0.

The y-axis is not shown in Figure 2.15 because this shows a general graph with
a phase shift.
What we have done in Activity 2.12 is to start with a graph such as y D
A sin.B.t C // and added a constant to the dependent variable to get y D A sin.B.t
C // C D. So when t stays the same, we are adding D to the dependent variable.
The effect is to translate the entire graph up by D units if D > 0 and down by jDj
units if D < 0.
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Amplitude, Period, Phase Shift, and Vertical Shift
The following is a summary of the work we have done in this section dealing with
amplitude, period, phase shift, and vertical shift for a sinusoidal function.
Let A, B, C , and D be nonzero real numbers with B > 0. For
y D A sin .B.x

C // C D

and y D A cos .B.x

C / C D/ W

1. The amplitude of the sinusoidal graph is jAj.
 If jAj > 1, then there is a vertical stretch of the pure sinusoid by a
factor of jAj.

 If jAj < 1, then there is a vertical contraction of the pure sinusoid by a
factor of jAj.
2. The period of the sinusoidal graph is

2
.
B

 When B > 1, there is a horizontal compression of the graphs.

 When 0 < B < 1, there is a horizontal stretch of the graph.
3. The phase shift of the sinusoidal graph is jC j.
 If C > 0, there is a horizontal shift of C units to the right.

 If C < 0, there is a horizontal shift of jC j units to the left.

4. The vertical shift of the sinusoidal graph is jDj.
 If D > 0, the vertical shift is D units up.

 If D < 0, the vertical shift is jDj units down.

Example 2.13 (The Graph of a Sinusoid)
This example will illustrate how to use the characteristics of a sinusoid and will
serve as an introduction
to the more general discussion that follows. The graph of

 
y D 3 sin 4 t
C 2 will look like the graph in Figure 2.16: Notice that the
8
axes have not yet been drawn. We want to state the coordinates of the points P , Q,
R, S , and T . There are several choices but we will make the point P as close to
the origin as possible. Following are the important characteristics of this sinusoid:
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Q

P

R

W

T
y=D

V

S
Figure 2.16: Graph of a Sinusoid


.
8

 The amplitude is 3.

 The phase shift is

 The period is

 The vertical shift is 2.

2

D .
4
2

So for the graph in Figure 2.16, we can make the following conclusions.
 Since the vertical shift is 2, the horizontal line that is the center line of the
sinusoid is y D 2.

 Since the phase shift is
and this is a sine function, the coordinates of P
8
 
;2 .
are
8


1  
3
 Since the period is , the t -coordinate of R is C
D
. So the
2
8
2 2
8

3
coordinates of R are
;2 .
8



5
, the t -coordinate of T is
C
D
. So the
2
8
2
8

5
coordinates of T are
;2 .
8

 Since the period is

 1  


 Since the period is , the t -coordinate of Q is C
D . Also, since
2
8 4 2
4
the amplitude
  is 3, the y-coordinate of Q is 2 C 3 D 5. So the coordinates
of Q are
;5 .
4
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 3  


 Since the period is , the t -coordinate of S is C
D . Also, since
2
8 4 2
2
the amplitude
is
3,
the
y-coordinate
of
S
is
2
3
D
1.
So
the
coordinates


of S are
; 1 .
2

We can verify all of these results by using a graphing utility to draw the graph of
 
 
5
y D 3 sin 4 t
C 2 using 0  t 
and 2  y  6. If the utility
8
8

allows, set the t -scale to one-quarter of a period, which is .
8

Important Notes about Sinusoids
We can use y D A sin.B.t
like the one in Figure 2.17.

C // C D or y D A cos.B.t

C // C D for a graph

 For both of these functions, the amplitude, the period, the vertical shift, and
the horizontal shift will be the same.
 The difference between y D A sin.B.t C // C D and y D A cos.B.t
C // C D will be the value of C for the phase shift.
 The horizontal line shown is not the t -axis. It is the horizontal line y D D,
which we often call the center line for the sinusoid.

Q

P

R

W

T
y=D

V

S
Figure 2.17: Graph of a Sinusoid

So to use the results about sinusoids and Figure 2.17, we have:
1. The amplitude, which we will call amp, is equal to the lengths of the segments QV and W S .
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2
. In addition, the lengths
B
1
of the segments P V , VR, RW , and W T are equal to per.
4

2. The period, which we will call per, is equal to

3. For y D A sin.B.x C //CD, we can use the point P for the phase shift. So
the t -coordinate of the point P is C and P has coordinates .C; D/. We can
determine the coordinates of the other points as need by using the amplitude
and period. For example:


1
 The point Q has coordinates C C per; D C amp .
4


1
 The point R has coordinates C C per; D .
2


3
 The point S has coordinates C C per; D amp
4
 The point T has coordinates .C C per; D/.
4. For y D A cos.B.x C //CD, we can use the point Q for the phase shift. So
the t -coordinate of the point Q is C and Q has coordinates .C; D C amp/.
We can determine the coordinates of the other points as need by using the
amplitude and period. For example:


1
 The point P has coordinates C
per; D .
4


1
 The point R has coordinates C C per; D .
4


1
 The point S has coordinates C C per; D amp
2


3
 The point T has coordinates C C per; D .
4
Please note that it is not necessary to try to remember all of the facts in items (3)
and (4). What we should remember is how to use the concepts of one-quarter of a
period and the amplitude illustrated in items (3) and (4). This will be done in the
next two progress checks, which in reality are guided examples.
Progress Check 2.14 (Graphing a Sinusoid)
The characteristics of a sinusoid can be helpful in setting an appropriate viewing
window when producing a usable graph of a sinusoid on a graphing utility. This

2.2. Graphs of Sinusoidal Functions

105

is especially true when the period is small or large. For example, consider the
sinusoidal function
y D 6:3 cos .50.t C 0:01// C 2:
For this sinusoid:
1. What is the amplitude?

3. What is the phase shift?

2. What is the period?

4. What is the vertical shift?

5. Use this information to determine coordinates for the point Q in the following diagram.
Q

P

R

W

T
y=D

V

S

6. Now determine the coordinates of points P , R, S , and T .
7. Use this information and a graphing utility to draw a graph of (slightly more
than) one period of this sinusoid that shows the points P , Q, and T .

Progress Check 2.15 (Determining an Equation for a Sinusoid)
We will determine two equations for the sinusoid shown in Figure 2.18.
1. Determine the coordinates of the points Q and R. The vertical distance
between these two points is equal to two times the amplitude. Use the ycoordinates of these points to determine two times the amplitude and then
the amplitude.
2. The center line for the sinusoid is half-way between the high point Q and
the low point R. Use the y-coordinates of Q and R to determine the center
line y D D. This will be the vertical shift.
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8

Q

6
P

4
2

R
π
4

7π
12

13π
12

Figure 2.18: The Graph of a Sinusoid

3. The horizontal distance between Q and R is equal to one-half of a period.
Use the t -coordinates of Q and R to determine the length of one-half of a
period and hence, the period. Use this to determine the value of B.
4. We will now find an equation of the form y D A cos.B.t C // C D. We
still need the phase shift C . Use the point Q to determine the phase shift
and hence, the value of C . We now have values for A, B, C , and D for the
equation y D A cos.B.t C // C D.
5. To determine an equation of the form y D A sin.B.t C 0// C D, we will
use the point P to determine the phase shift C 0 . (A different symbol was
used because C 0 will be different than C in part (4).) Notice that the ycoordinate of P is 4 and so P lies on the center line. We can use the fact that
the horizontal distance between P and Q is equal to one-quarter of a period.
Determine the t coordinate of P , which will be equal to C 0. Now write the
equation y D A sin.B.t C 0// C D using the values of A, B, C 0, and D
that we have determined.
We can check the equations we found in parts (4) and (5) by graphing these equations using a graphing utility.

Summary of Section 2.2
In this section, we studied the following important concepts and ideas: For a
sinusoidal function of the form f .t / D A sin.B.t C //CD or f .t / D A cos.B.t
C // C D where A, B, C , and D are real numbers with B > 0:
 The value of jAj is the amplitude of the sinusoidal function.
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 The value of B determines the period of the sinusoidal function. the period
2
.
is equal to
B
 The value of C is the phase shift (horizontal shift) of the sinusoidal function.
The graph is shifted to the right if C > 0 and shifted to the left if C < 0.
 The value of D is the vertical shift of the sinusoid. The horizontal line
y D D is the so-called center line for the graph of the sinusoidal function.
 The important notes about sinusoids starting on page 103.

Exercises for Section 2.2
1. The following is a graph of slightly more than one period of a sinusoidal
function. Six points are labeled on the graph.

For each of the following sinusoidal functions:
 State the amplitude, period, phase shift, and vertical shift.

 State the coordinates of the points A, B, C , E, F , and G. Since the
functions are periodic, there are several correct answers. For these
functions, make the point A be as close to the origin as possible.
Notice that the horizontal line is not the horizontal axis but rather, the center
line y D D for the sinusoid.


?
?
(a) y D 2 sin.x/
(c) y D 3 sin x
4


(d)
y
D
3
sin
x
C
(b) y D 7:2 cos.2x/
4
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(e) y D 4 cos x
3
 
 
(f) y D 2:8 cos 2 x
3
 


?
(g) y D 4 sin 2 x
C1
4
 


(h) y D 4 cos 2 x C
C1
4



(i) y D 3 cos 2x
2


(j) y D 1:75 sin 2x
C2
3
(k) y D 5 sin .120x/



1
(l) y D 40 sin 50 x
100

2. Each of the following graphs is a graph of a sinusoidal function. In each
case:
 Determine the amplitude of the sinusoidal function.
 Determine the period of the sinusoidal function.

 Determine the vertical shift of the sinusoidal function.

?

 Determine an equation of the form y D A sin .B .x
produces the given graph.

C // C D that

 Determine an equation of the form y D A cos .B .x
produces the given graph.

C // C D that

(a)

(b)
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(e)

(c)

(f)

?

(d)

3. Each of the following web links is to an applet on Geogebratube. For each
one, the graph of a sinusoidal function is given. The goal is to determine a
function of the form
f .x/ D A sin.B.x

C // C D or f .x/ D A cos.B.x

C // C D

as directed in the applet. There are boxes that must be used to enter the
values of A, B, C , and D.
(a) http://gvsu.edu/s/09f

(d) http://gvsu.edu/s/09i

(b) http://gvsu.edu/s/09g

(e) http://gvsu.edu/s/09j

(c) http://gvsu.edu/s/09h

(f) http://gvsu.edu/s/09k
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2.3

Applications and Modeling with Sinusoidal Functions

Focus Questions
The following questions are meant to guide our study of the material in this
section. After studying this section, we should understand the concepts motivated by these questions and be able to write precise, coherent answers to
these questions.
Let A, B, C , and D be real number constants with B > 0 and consider the
graph of f .t / D A sin.B.t C // C D or f .t / D A cos.B.t C // C D.
 What does frequency mean?
 How do we model periodic data accurately with a sinusoidal function?
 What is a mathematical model?
 Why is it reasonable to use a sinusoidal function to model periodic phenomena?
In Section 2.2, we used the diagram in Figure 2.19 to help remember important
facts about sinusoidal functions.

Q

P

R

W

T
y=D

V

S
Figure 2.19: Graph of a Sinusoid

For example:
 The horizontal distance between a point where a maximum occurs and the
next point where a minimum occurs (such as points Q and S ) is one-half of
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a period. This is the length of the segment from V to W in Figure 2.19.
 The vertical distance between a point where a minimum occurs (such as
point S ) and a point where is maximum occurs (such as point Q) is equal to
two times the amplitude.
 The center line y D D for the sinusoid is half-way between the maximum
value at point Q and the minimum value at point S . The value of D can be
found by calculating the average of the y-coordinates of these two points.
 The horizontal distance between any two successive points on the line y D
D in Figure 2.19 is one-quarter of a period.
In Progress Check 2.16, we will use some of these facts to help determine an equation that will model the volume of blood in a person’s heart as a function of time. A
mathematical model is a function that describes some phenomenon. For objects
that exhibit periodic behavior, a sinusoidal function can be used as a model since
these functions are periodic. However, the concept of frequency is used in some
applications of periodic phenomena instead of the period.
Definition. The frequency of a sinusoidal function is the number of periods
(or cycles) per unit time.
A typical unit for frequency is the hertz. One hertz (Hz) is one cycle per
second. This unit is named after Heinrich Hertz (1857 – 1894).
Since frequency is the number of cycles per unit time, and the period is the
amount of time to complete one cycle, we see that frequency and period are related
as follows:
1
frequency D
:
period
Progress Check 2.16 (Volume of Blood in a Person’s Heart)
The volume of the average heart is 140 milliliters (ml), and it pushes out about onehalf its volume (70 ml) with each beat. In addition, the frequency for the heartbeat
of a well-trained athlete heartbeat for a well-trained athlete is 50 beats (cycles) per
minute. We will model the volume, V .t / (in milliliters) of blood in the heart as a
function of time t measured in seconds. We will use a sinusoidal function of the
form
V .t / D A cos.B.t C // C D:
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If we choose time 0 minutes to be a time when the volume of blood in the heart is
the maximum (the heart is full of blood), then it reasonable to use a cosine function
for our model since the cosine function reaches a maximum value when its input
is 0 and so we can use C D 0, which corresponds to a phase shift of 0. So our
function can be written as V .t / D A cos.Bt / C D.
1. What is the maximum value of V .t /? What is the minimum value of V .t /?
Use these values to determine the values of A and D for our model? Explain.
2. Since the frequency of heart beats is 50 beats per minute, we know that
1
the time for one heartbeat will be
of a minute. Determine the time (in
50
seconds) it takes to complete one heartbeat (cycle). This is the period for
this sinusoidal function. Use this period to determine the value of B. Write
the formula for V .t / using the values of A, B, C , and D that have been
determined.
Example 2.17 (Continuation of Progress Check 2.16)
Now that we have determined that


5
V .t / D 35 cos
t C 105
3
(where t is measured in seconds since the heart was full and V .t / is measured in
milliliters) is a model for the amount of blood in the heart, we can use this model
to determine other values associated with the amount of blood in the heart. For
example:
 We can determine the amount of blood in the heart 1 second after the heart
was full by using t D 1.
 
5
V .1/ D 35 cos
C 105  122:5:
3
So we can say that 1 second after the heart is full, there will be 122.5
milliliters of blood in the heart.
 In a similar manner, 4 seconds after the heart is full of blood, there will be
87.5 milliliters of blood in the heart since


20
V .4/ D 35 cos
C 105  87:5:
3
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 Suppose that we want to know at what times after the heart is full that there
will be 100 milliliters of blood in the heart. We can determine this if we can
solve the equation V .t / D 100 for t . That is, we need to solve the equation


5
35 cos
t C 105 D 100:
3
Although we will learn other methods for solving this type of equation later
in the book, we can use a graphing utility to determine approximate solutions
for this equation. Figure 2.20 shows the graphs of y D V .t / and y D 100.
To solve the equation, we can use a graphing utility that allows us to determine or approximate the points of intersection of two graphs. (This can be
done using most Texas Instruments calculators and Geogebra.) The idea is
to find the coordinates of the points P , Q, and R in Figure 2.20.

P(−0.3274, 100)
150

Q(0.3274, 100)

P

Q

R(0.8726, 100)

R

100
50

-0.4

0.4

0.8

1.2




5
Figure 2.20: Graph of V .t / D 35 cos
t C 105 and y D 100
3
We really only need to find the coordinates of one of those points since we
can use properties of sinusoids to find the others. For example, we can determine that the coordinates of P are . 0:3274; 100/. Then using the fact
that the graph of y D V .t / is symmetric about the y-axis, we know the coordinates of Q are .0:3274; 100/. We can then use the periodic property of
the function, to determine the t -coordinate of R by adding one period to the
6
t -coordinate of P . This gives 0:3274 C D 0:8726, and the coordinates
5
of R are .0:8726; 100/. We can also use the periodic property to determine
as many solutions of the equation V .t / D 100 as we like.
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Progress Check 2.18 (Hours of Daylight)
The summer solstice in 2014 was on June 21 and the winter solstice was on December 21. The maximum hours of daylight occurs on the summer solstice and the
minimum hours of daylight occurs on the winter solstice. According to the U.S.
Naval Observatory website,
http://aa.usno.navy.mil/data/docs/Dur_OneYear.php,
the number of hours of daylight in Grand Rapids, Michigan on June 21, 2014 was
15.35 hours, and the number of hours of daylight on December 21, 2014 was 9.02
hours. This means that in Grand Rapids,
 The maximum number of hours of daylight was 15.35 hours and occurred
on day 172 of the year.
 The minimum number of hours of daylight was 9.02 hours and occurred on
day 355 of the year.
1. Let y be the number of hours of daylight in 2014 in Grand Rapids and let
t be the day of the year. Determine a sinusoidal model for the number of
hours of daylight y in 2014 in Grand Rapids as a function of t .
2. According to this model,
(a) How many hours of daylight were there on March 10, 2014?
(b) On what days of the year were there 13 hours of daylight?

Determining a Sinusoid from Data
In Progress Check 2.18 the values and times for the maximum and minimum hours
of daylight. Even if we know some phenomenon is periodic, we may not know the
values of the maximum and minimum. For example, the following table shows the
number of daylight hours (rounded to the nearest hundredth of an hour) on the first
of the month for Edinburgh, Scotland (55ı 570 N, 3ı 120 W).
We will use a sinusoidal function of the form y D A sin.B.t C // C D, where
y is the number of hours of daylight and t is the time measured in months to model
this data. We will use 1 for Jan., 2 for Feb., etc. As a first attempt, we will use 17.48
for the maximum hours of daylight and 7.08 for the minimum hours of daylight.
 Since 17:48

7:08 D 10:4, we see that the amplitude is 5.2 and so A D 5:2.
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Jan
7.08

Feb
8.60

Mar
10.73

Apr
13.15

May
15.40

June
17.22

July
17.48

Aug
16.03

Sept
13.82

Oct
11.52

Nov
9.18

Dec
7.40

Table 2.2: Hours of Daylight in Edinburgh
 The vertical shift will be 7:08 C 5:2 D 12:28 and so D D 12:28.
 The period is 12 months and so B D


2
D .
12
6

 The maximum occurs at t D 7. For a sine function, the maximum is onequarter of a period from the time when the graph crosses its horizontal axis.
The period is 12 months, and so we get a phase shift of 4 to the right and
C D 4.


.t 4/ C 12:28 to model the number
So we will use the function y D 5:2 sin
6
of hours of daylight. Figure 2.21 shows a scatterplot for the data and a graph of
this function. Although the graph fits the data reasonably well, it seems we should

Figure 2.21: Hours of Daylight in Edinburgh
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be able to find a better model. One of the problems is that the maximum number
of hours of daylight does not occur on July 1. It probably occurs about 10 days
earlier. The minimum also does not occur on January 1 and is probably somewhat
less that 7.08 hours. So we will try a maximum of 17.50 hours and a minimum of
7.06 hours. Also, instead of having the maximum occur at t D 7, we will say it

occurs at t D 6:7. Using these values, we have A D 5:22, B D , C D 3:7, and
6
D D 12:28. Figure 2.22 shows a scatterplot of the data and a graph of


y D 5:22 sin
.t 3:7/ C 12:28:
(1)
6
This appears to model the data very well. One important thing to note is that

Figure 2.22: Hours of Daylight in Edinburgh

when trying to determine a sinusoid that “fits” or models actual data, there is no
single correct answer. We often have to find one model and then use our judgment
in order to determine a better model. There is a mathematical “best fit” equation
for a sinusoid that is called the sine regression equation. Please note that we
need to use some graphing utility or software in order to obtain a sine regression
equation. Many Texas Instruments calculators have such a feature as does the
software Geogebra. Following is a sine regression equation for the number of
hours of daylight in Edinburgh shown in Table 2.2 obtained from Geogebra.
y D 5:153 sin.0:511t

1:829/ C 12:174:

(2)
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Figure 2.23: Hours of Daylight in Edinburgh

A scatterplot with a graph of this function is shown in Figure 2.23.
Note: See the supplements at the end of this section for instructions on how to use
Geogebra and a Texas Instruments TI-84 to determine a sine regression equation
for a given set of data.
It is interesting to compare equation (1) and equation (2), both of which are
models for the data in Table 2.2. We can see that both equations have a similar
amplitude and similar vertical shift, but notice that equation (2) is not in our standard form for the equation of a sinusoid. So we cannot immediately tell what that
equation is saying about the period and the phase shift. In this next activity, we will
learn how to determine the period and phase shift for sinusoids whose equations
are of the form y D a sin.bt C c/ C d or y D a cos.bt C c/ C d .
Activity 2.19 (Working with Sinusoids that Are Not In Standard Form)
So far, we have been working with sinusoids whose equations are of the form
y D A sin.B.t C // C D or y D A cos.B.t C // C D. When written in
this form, we can use the values of A, B, C , and D to determine the amplitude,
period, phase shift, and vertical shift of the sinusoid. We must always remember,
however, that to do this, the equation must be written in exactly this form. If we
have an equation in a slightly different form, we have to determine if there is a way
to use algebra to rewrite the equation in the form y D A sin.B.t C // C D or
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y D A cos.B.t

C // C D. Consider the equation


y D 2 sin 3t C
:
2


2
1. Use a graphing utility to draw the graph of this equation with
t 
3
3
and 3  y  3. Does this seem to be the graph of a sinusoid? If so, can
you use the graph to find its amplitude, period, phase shift, and vertical shift?
2. It is possible to verify any observations that were made by using a little
algebra to write this equation in the form y D A sin.B.t C // C D. The

idea is to rewrite the argument of the sine function, which is 3t C
by
2
“factoring a 3” from both terms. This may seem a bit strange since we are
not used to using fractions when we factor. For example, it is quite easy to
factor 3y C 12 as
3y C 12 D 3.y C 4/:

1
In order to “factor” three from , we basically use the fact that 3  D 1.
2
3
So we can write

1 
D3 
2
3 2

D3
6



by factoring a 3 and then rewrite y D 2 sin 3t C
2
2
in the form y D A sin.B.t C // C D.

Now rewrite 3t C

3. What is the
period, phase shift, and vertical shift for
 amplitude,

y D 2 sin 3t C
?
2
In Activity 2.19, we did a little factoring to show that

 

 
D 2 sin 3 t C
y D 2 sin 3t C
6
  2  
y D 2 sin 3 t
6

So we can see that we have a sinusoidal function and that the amplitude is 3, the
2

period is
, the phase shift is
, and the vertical shift is 0.
3
6
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In general, we can see that if b and c are real numbers, then


 c 
c
bt C c D b t C
Db t
:
b
b

This means that

 
y D a sin .bt C c/ C d D a sin b t

So we have the following result:

 c 
C d:
b

If y D a sin.bt C c/ C d or y D a cos.bt C c/ C d , then
 The amplitude of the sinusoid is jaj.
 The period of the sinusoid is

2
.
b

 The phase shift of the sinusoid is

c
.
b

 The vertical shift of the sinusoid is d .
Progress Check 2.20 (The Other Form of a Sinusoid)
1. Determine the amplitude, period, phase shift, and vertical shift for each of
the following sinusoids. Then use this information to graph one complete
period of the sinusoid and state the coordinates of a high point, a low point,
and a point where the sinusoid crosses the center line.


C 2.
(a) y D 2:5 cos 3x C
3


(b) y D 4 sin 100x
4
2. We determined two sinusoidal models for the number of hours of daylight in
Edinburgh, Scotland shown in Table 2.2. These were


y D 5:22 sin
.t 3:7/ C 12:28
6
y D 5:153 sin.0:511t 1:829/ C 12:174

The second equation was determined using a sine regression feature on a
graphing utility. Compare the amplitudes, periods, phase shifts, and vertical
shifts of these two sinusoidal functions.
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Supplement – Sine Regression Using Geogebra
Before giving written instructions for creating a sine regression equation in Geogebra, it should be noted that there is a Geogebra Playlist on the Grand Valley State
University Math Channel on YouTube. The web address is
http://gvsu.edu/s/QA
The video screencasts that are of most interest for now are:
 Geogebra – Basic Graphing

 Geogebra – Copying the Graphics
View

 Geogebra – Plotting Points

 Geogebra – Sine Regression

To illustrate the procedure for a sine regression equation using Geogebra, we
will use the data in Table 2.2 on page 115.
Step 1. Set a viewing window that is appropriate for the data that will be used.
Step 2. Enter the data points. There are three ways to do this.
 Perhaps the most efficient way to enter points is to use the spreadsheet
view. To do this, click on the View Menu and select Spreadsheet. A
small spreadsheet will open on the right. Although you can use any
sets of rows and columns, an easy way is to use cells A1 and B1 for the
first data point, cells A2 and B2 for the second data point, and so on.
So the first few rows in the spreadsheet would be:
1
2
3

A
1
2
3

B
7.08
8.6
10.73

Once all the data is entered, to plot the points, select the rows and
columns in the spreadsheet that contain the data, then click on the small
downward arrow on the bottom right of the button with the label f1; 2g
and select “Create List of Points.” A small pop-up screen will appear in
which the list of points can be given a name. The default name is “l1”
but that can be changed if desired. Now click on the Create button in
the lower right side of the pop-up screen. If a proper viewing window
has been set, the points should appear in the graphics view. Finally,
close the spreadsheet view.
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 Enter each point separately as an order pair. For example, for the first
point in Table 2.2, we would enter .1; 7:08/. In this case, each point
will be given a name such as A, B, C , etc.
 Enter all the points in a list. For example (for a smaller set of points),
we could enter something like
pt s D f. 3; 3/; . 2; 1/; .0; 1/; .1; 3/; .3; 0/g
Notice that the list of ordered pairs must be enclosed in braces.
Step 3. Use the FitSin command. How this is used depends on which option was
used to enter and plot the data points.
 If a list of points has been created (such as one named list1), simply
enter
f .x/ D FitSin[list1]
All that is needed is the name of the list inside the brackets.
 If separate data points have been enter, include the names of all the
points inside the brackets and separate them with commas. An abbreviated version of this is
f .x/ D FitSin[A, B, C]
The sine regression equation will now be shown in the Algebra view
and will be graphed in the graphics view.
Step 4. Select the rounding option to be used. (This step could be performed at
any time.) To do this, click on the Options menu and select Rounding.

Summary of Section 2.3
In this section, we studied the following important concepts and ideas:
 The frequency of a sinusoidal function is the number of periods (or cycles)
per unit time.
1
frequency D
:
period
 A mathematical model is a function that describes some phenomenon. For
objects that exhibit periodic behavior, a sinusoidal function can be used as a
model since these functions are periodic.
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 To determine a sinusoidal function that models a periodic phenomena, we
need to determine the amplitude, the period, and the vertical shift for the
periodic phenomena. In addition, we need to determine whether to use a
cosine function or a sine function and the resulting phase shift.
 A sine regression equation can be determined that is a mathematical “best
fit” for data from a periodic phenomena.

Exercises for Section 2.3
1. Determine the amplitude, period, phase shift, and vertical shift for each of
the following sinusoids. Then use this information to graph one complete
period of the sinusoid and state coordinates of a high point, a low point, and
a point where the sinusoid crosses the center line.




? (a) y D 4 sin x
.
(c) y D 3:2 cos 50x
.
8
2



1


?
(d) y D 4:8 sin
xC
.
(b) y D 5 cos 4x C
C 2.
4
8
2
2. Modeling a Heartbeat. For a given person at rest, suppose the heart pumps
blood at a regular rate of about 75 pulses per minute. Also, suppose that
the volume of this person’s heart is approximately 150 milliliters (ml), and
it pushes out about 54% its volume with each beat. We will model the volume, V .t / of blood (in milliliters) in the heart at any time t , as a sinusoidal
function of the form
V .t / D A cos.Bt / C D:
(a) If we choose time 0 to be a time when the heart is full of blood, why is
it reasonable to use a cosine function for our model?
?

(b) What is the maximum value of V .t /? What is the minimum value of
V .t /? What does this tell us about the values of A and D? Explain.

?

(c) The frequency of a simple harmonic motion is the number of periods
per unit time, or the number of pulses per minute in this example. How
is the frequency f related to the period? What should be the value of
B? Explain.
(d) Draw a graph (without a calculator) of your V .t / using your values of
A, B, and D, of two periods beginning at t D 0.
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(e) Clearly identify the maximum and minimum values of V .t / on the
graph. What do these numbers tell us about the heart at these times?
3. The electricity supplied to residential houses is called alternating current
(AC) because the current varies sinusoidally with time. The voltage which
causes the current to flow also varies sinusoidally with time. In an alternating (AC) current circuit, the voltage V (in volts) as a function of time is a
sinusoidal function of the form
V D V0 sin.2f t /;

(1)

where V0 is a positive constant and f is the frequency. The frequency is the
number of complete oscillations (cycles) per second. In the United States, f
is 60 hertz (Hz), which means that the frequency is 60 cycles per second.
(a) What is the amplitude and what is the period of the sinusoidal function
in (1)?
The power (in watts) delivered to a resistance R (in ohms) at any time t is
given by
V2
:
(2)
P D
R
V02 2
sin .2f t /.
R
(c) The graph of P as a function of time is shown below.

(b) Show that P D

P

t

Assuming that this shows that P is a sinusoidal function of t , write
P as a sinusoidal function of time t by using the negative of a cosine
function with no phase shift.
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V2
(d) So we know that P D 0 sin2 .2f t / and that P is equal to the sinuR
soidal function in part (c). Set the two expressions for P equal to each
other and use the resulting equation to conclude that
1
sin2 .2f t / D Œ1
2

cos.4f t /:

4. The electricity supplied to residential houses is called alternating current
(AC) because the current varies sinusoidally with time. The voltage which
causes the current to flow also varies sinusoidally with time. Both current
and voltage have a frequency of 60 cycles per second, but they have different
phase shifts. (Note: A frequency of 60 cycles per second corresponds to a
1
period of
of a second.)
60
Let C be the current (in amperes), let V be the voltage (in volts), and let t be
time (in seconds). The following list gives information that is known about
C and V .
 The current C is a sinusoidal function of time with a frequency of 60
cycles per second, and it reaches its maximum of 5 amperes when t D
0 seconds.
 The voltage V is a sinusoidal function of time with a frequency of
60 cycles per second. As shown in the graphs on the next page, V
“leads” the current in the sense that it reaches its maximum before the
current reaches its maximum. (“Leading” corresponds to a negative
phase shift, and “lagging” corresponds to a positive phase shift.) In
this case, the voltage V leads the current by 0.003 seconds, meaning
that it reaches its maximum 0.003 seconds before the current reaches
its maximum.
 The peak voltage is 180 volts.
 There is no vertical shift on either the current or the voltage graph.
(a) Determine sinusoidal functions for both C and V .
(b) What is the voltage when the current is a maximum?
(c) What is the current when the voltage is a minimum?
(d) What is the current when the voltage is equal to zero?
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C

t

V

t

Figure 2.24: Current C and Voltage V As Functions of Time

5. We will let t be the number of the day of the year. The following table
shows sunrise times (in minutes since midnight) for certain days of the year
at Houghton, Michigan.

day
time

1
521

31
501

61
453

91
394

121
339

151
304

day
time

211
330

241
369

271
408

301
451

331
494

361
520

The points for this table are plotted on the following graph.

181
302
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500
400
300
200
100

100

200

300

(a) Let t be the number of the day of the year and let y be the sunrise time
in minutes since midnight at Houghton, MI. Determine a sinusoidal
model for y as a function of t .
(b) To check the work in Part (a), use a graphing utility or Geogebra to plot
the points in the table and superimpose the graph of the function from
Part (a).
(c) Use Geogebra to determine a sinusoidal model for y as a function of t .
This model will be in the form y D a sin.bt C c/ C d , where a, b, c,
and d are real numbers.
(d) Determine the amplitude, period, phase shift, and vertical shift for the
sinusoidal model in Part (c).
6. Modeling the Distance from the Earth to the Sun. The Earth’s orbit
around the sun is not a perfect circle. In 1609 Johannes Kepler published
two of his famous laws of planetary motion, one of which states that planetary orbits are actually ellipses. So the distance from the Earth to the sun is
not a constant, but varies over the course of its orbit (we will assume a 365
day year). According to the 1996 US Ephemeris1 , the distances from the sun
to the Earth on the 21st of each month are given in Table 2.3. The distances
are measured in Astronomical Units (AU), where 1 AU is approximately
149,597,900 kilometers.
1 http://image.gsfc.nasa.gov/poetry/venus/q638.html
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Month
January
February
March
April
May
June
July
August
September
October
November
December

Day of the year
21
52
80
111
141
172
202
233
264
294
325
355
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Distance
0.9840
0.9888
0.9962
1.0050
1.0122
1.0163
1.0161
1.0116
1.0039
0.9954
0.9878
0.9837

Table 2.3: Distances from the Earth to the sun on the 21st of each month

A plot of this data with the day of the year along the horizontal axis and the
distance from the Earth to the sun on the vertical axis is given in Figure 2.25.
We will use a sinusoidal function to model this data. That is, we will let f .t /
be the distance from the Earth to the Sun on day t of the year and that
f .t / D A sin.B.t

C / C D:

(a) What are the maximum and minimum distances from the Earth to the
sun given by the data? What does this tell us about the amplitude of
f .t /? Use this to approximate the values of A and D in the model
function f ? What is the center line for this sinusoidal model?
(b) The period of this sinusoidal function is 365 days. What is the value of
B for this sinusoidal function?
(c) Draw the center line you found in part (a) on the plot of the data in
Figure 2.25. At approximately what value of t will the graph of f
intersect this center line? How is this number related to the phase shift
of the data? What is the value of C for this sinusoidal function?
(d) Use Geogebra to plot the points from the data in Table 2.3 and then use
Geogebra to draw the graph of the sinusoidal model f .t / D A sin.B.t
C / C D. Does this function model the data reasonably well?
(e) Use the sinusoidal model f .t / D A sin.B.t C / C D to estimate the
distance from the Earth to the Sun on July 4.
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Figure 2.25: Distance from the Earth to the sun as a function of the day of the year

7. Continuation of Exercise (6). Use Geogebra to plot the points from the
data in Table 2.3. Then use the “FitSin” command in Geogebra to find a
sinusoidal model for this data of the form g.t / D a sin.bt C c/ C d .
What is the amplitude of this sinusoidal model? What is the period? What is
the horizontal shift? What is the phase shift?
How do these values compare with the corresponding values for the sinusoid
f .t / D A sin.B.t C // C D obtained in Exercise (6)?
8. As the moon orbits the earth, the appearance of the moon changes. We see
various lunar disks at different times of the month. These changes reappear
during each lunar month. However, a lunar month is not exactly the same
as the twelve months we use in our calendar today. A lunar month is the
number of days it takes the moon to go through one complete cycle from a
full moon (100% illumination) to the next full moon.
The following data were gathered from the web site for the U.S. Naval Observatory. The data are geocentric values of the percent of the moon that is
illuminated. That is, the percent of illumination is computed for a fictitious
observer located at the center of the Earth.
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Date
3/1/2013
3/3/2013
3/5/2017
3/7/2017
3/9/2017
3/12/2013
3/13/2013
3/15/2017

Percent
Illumintated
87%
69%
47%
25%
9%
0%
2%
12%

Date
3/17/2013
3/19/2013
3/21/2013
3/23/2013
3/25/2013
3/27/2013
3/29/2013
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Percent
Illumintated
27%
45%
64%
81%
94%
100%
96%

(a) Determine a sinusoidal function of the form y D A cos.B.x C //CD
to model this data. For this function, let x be the number of days since
the beginning of March 2013 and let y be the percent of the moon that
is illuminated. What is the amplitude, period, phase shift, and vertical
shift of this sinusoidal function?
(b) Use Geogebra to draw a scatterplot of this data and superimpose the
graph of the function from part (a).
(c) Use Geogebra to determine a sinusoidal function of the form y D
A sin.Bx C K/ C D to model this data and superimpose its graph on
the scatterplot. What is the amplitude, period, phase shift, and vertical
shift of this sinusoidal function?
9. Each of the following web links is to an applet on Geogebratube. For each
one, data is plotted and in some cases, the actual data is shown in a spreadsheet on the right. The goal is to determine a function of the form
f .x/ D A sin.B.x

C // C D or f .x/ D A cos.B.x

C // C D

that fits the data as closely as possible. Each applet will state which type of
function to use. There are boxes that must be used to enter the values of A,
B, C , and D.
(a) http://gvsu.edu/s/09l

(c) http://gvsu.edu/s/09n

(b) http://gvsu.edu/s/09m

(d) http://gvsu.edu/s/09o
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Graphs of the Other Trigonometric Functions

Focus Questions
The following questions are meant to guide our study of the material in this
section. After studying this section, we should understand the concepts motivated by these questions and be able to write precise, coherent answers to
these questions.
 What are the important properties of the graph of y D tan.t /. That is,
what is the domain and what is the range of the tangent function, and
what happens to the values of the tangent function at the points that are
near points not in the domain of the tangent function?
 What are the important properties of the graph of y D sec.t /. That is,
what is the domain and what is the range of the secant function, and
what happens to the values of the secant function at the points that are
near points not in the domain of the secant function?
 What are the important properties of the graph of y D cot.t /. That is,
what is the domain and what is the range of the cotangent function, and
what happens to the values of the cotangent function at the points that
are near points not in the domain of the cotangent function?
 What are the important properties of the graph of y D csc.t /. That is,
what is the domain and what is the range of the cosecant function, and
what happens to the values of the cosecant function at the points that are
near points not in the domain of the cosecant function?
We have seen how the graphs of the cosine and sine functions are determined by
the definition of these functions. We also investigated the effects of the constants
A, B, C , and D on the graph of y D A sin.B.x C // C D and the graph of
y D A cos.B.x C // C D.
In the following beginning activity, we will explore the graph of the tangent
function. Later in this section, we will discuss the graph of the secant function,
and the graphs of the cotangent and cosecant functions will be explored in the
exercises. One of the key features of these graphs is the fact that they all have
vertical asymptotes. Important information about all four functions is summarized
at the end of this section.
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Beginning Activity
1
using
.x C 1/.x 1/
2  x  2 and 10  y  10. If possible, use the graphing utility to draw
the graphs of the vertical lines x D 1 and x D 1.

1. Use a graphing utility to draw the graph of f .x/ D

The graph of the function f has vertical asymptotes x D 1 and x D 1.
The reason for this is that at these values of x, the numerator of the function
is not zero and the denominator is 0. So x D 1 and x D 1 are not in
the domain of this function. In general, if a function is a quotient of two
functions, then there will be a vertical asymptote for those values of x for
which the numerator is not zero and the denominator is zero. We will see
this for the tangent, cotangent, secant, and cosecant functions.
2. How is the tangent function defined? Complete the following: For each real
.
number x with cos.t / ¤ 0, tan.t / D
3. Use a graphing utility to draw the graph of y D tan.t / using   t  
and 10  y  10.
4. What are some of the vertical asymptotes of the graph of the function y D
tan.t /? What appears to be the range of the tangent function?

The Graph of the Tangent Function
The graph of the tangent function is very different than the graphs of the sine and
sin.t /
, there are values of t
cosine functions. One reason is that because tan.t / D
cos.t /
for which tan.t / is not defined. We have seen that
The domain of the tangent function is the set of all real numbers t for which

t ¤ C k for every integer k.
2


In particular, the real numbers
and
are not in the domain of the tangent
2
2
function. So the graph of the tangent function will have vertical asymptotes at


t D and t D
(as well as at other values). We should have observed this in
2
2
the beginning activity.
So to draw an accurate graph of the tangent function, it will be necessary to
understand the behavior of the tangent near the points that are not in its domain.
We now investigate the behavior of the tangent for points whose values of t that

132

Chapter 2. Graphs of the Trigonometric Functions


are slightly less than
and for points whose values of t that are slightly greater
2

than
. Using a calculator, we can obtain the values shown in Table 2.4.
2

t

0:1
2

0:01
2

0:001
2

0:0001
2

tan.t /
9.966644423
99.99666664
999.9996667
9999.999967

t

C 0:1
2

C 0:01
2

C 0:001
2

C 0:0001
2

tan.t /
9:966644423
99:99666664
999:9996667
9999:999967

Table 2.4: Table of Values for the Tangent Function


So as the input t gets close to
but stays less than , the values of tan.t / are
2
2
getting larger and larger, seemingly without bound. Similarly, as the input t gets


close to
but stays greater than
, the values of tan.t / are getting farther and
2
2
farther away from 0 in the negative direction, seemingly without bound. We can

from the left, cos.t /
see this in the definition of the tangent: as t gets close to
2
sin.t /
gets close to 0 and sin.t / gets close to 1. Now tan.t / D
and fractions
cos.t /
where the numerator is close to 1 and the denominator close to 0 have very large

values. Similarly, as t gets close to
from the right, cos.t / gets close to 0 (but
2
is negative) and sin.t / gets close to 1. Fractions where the numerator is close to 1
and the denominator close to 0, but negative, are very large (in magnitude) negative
numbers.
Progress Check 2.21 (The Graph of the Tangent Function)
1. Use a graphing utility to draw the graph of y D tan.t / using
and 10  y  10.
2. Use a graphing utility to draw the graph of y D tan.t / using
and 10  y  10.



t 
2
2
3
3
t 
2
2
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3. Are these graphs consistent with the information we have discussed about
vertical asymptotes for the tangent function?
4. What appears to be the range of the tangent function?
5. What appears to be the period of the tangent function?
Activity 2.22 (The Tangent Function and the Unit Circle)
The diagram in Figure 2.26 can be used to show how tan.t / is related to the unit
circle definitions of cos.t / and sin.t /.

m

(cos (t), sin (t))
t
y
(0, 0)
x

(1, 0)

Figure 2.26: Illustrating tan.t / with the Unit Circle

cos.t /
y
D . This
sin.t /
x
gives the slope of the line that goes through the points .0; 0/ and .cos.t /; sin.t //.
The vertical line through the point .1; 0/ intersects this line at the point .1; m/. This
m
means that the slope of this line is also
and hence, we see that
1
In the diagram, an arc of length t is drawn and tan.t / D

tan t D

cos t
D m:
sin t

Now use the Geogebra applet Tangent Graph Generator to see how this information can be used to help see how the graph of the tangent function can be generated
using the ideas in Figure 2.26. The web address is
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Effects of Constants on the Graphs of the Tangent Function
There are similarities and some differences in the methods of drawing the graph
of a function of the form y D A tan.B.t C // C D and drawing the graph of a
function of the form y D A sin.B.t C // C D. See page 101 for a summary of
the effects of the parameters A, B, C , and D on the graph of a sinusoidal function.
One of the differences in dealing with a tangent (secant, cotangent, or cosecant) function is that we do not use the terminology that is specific to sinusoidal
waves. In particular, we will not use the terms amplitude and phase shift. Instead of
amplitude, we use the more general term vertical stretch (or vertical compression),
and instead of phase shift, we use the more general term horizontal shift. We will
explore this is the following progress check.
Progress Check 2.23 Effects of Parameters on a Tangent
Function
 
 
Consider the function whose equation is y D 3 tan 2 x
C 1. Even if we
8
use a graphing utility to draw the graph, we should answer the following questions
first in order to get a reasonable viewing window for the graphing utility. It might
be a good idea
a method similar to what we would use if we were graphing
 to use
 
y D 3 sin 2 x
C 1.
8

2
. However, the period of the
2
 
 
tangent function is . So what will be the period of y D 3 tan 2 x
C
8
1?

1. We know that for the sinusoid, the period is

2. For the sinusoid, the amplitude is 3. However, we do not use the term “amplitude” for the
So what is the effect of the parameter 3 on the graph
 tangent.

 
of y D 3 tan 2 x
C 1?
8

3. For the sinusoid, the phase shift is . However, we do not use the term
8

“phase shift” for the tangent. So what is the effect of the parameter on the
8
 
 
graph of y D 3 tan 2 x
C 1?
8
4. Use a graphing utility to draw the graph of this function for one complete
period. Use the period of the function that contains the number 0.
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The Graph of the Secant Function
To understand the graph of the secant function, we need to recall the definition of
the secant and the restrictions on its domain. If necessary, refer to Section 1.6 to
complete the following progress check.
Progress Check 2.24 (The Secant Function)
1. How is the secant function defined?
2. What is the domain of the secant function?
3. Where will the graph of the secant function have vertical asymptotes?
4. What is the period of the secant function?
Activity 2.25 (The Graph of the Secant Function)
1. We will use the Geogebra Applet with the following web address:
http://gvsu.edu/s/Zn
This applet will show how the graph of the secant function is related to the
graph of the cosine function. In the applet, the graph of y D cos.t / is shown
and is left fixed. We generate points on the graph of y D sec.t / by using
the slider for t . For each value of t , a vertical line is drawn from the point
.t; cos.t // to the point .t; sec.t //. Notice how these points indicate that the

3
, and
graph of the secant function has vertical asymptotes at t D , t D
2
2
5
tD
.
2


2. Use a graphing utility to draw the graph of y D sec.x/ using
x
2
2
1
and 10  y  10. Note: It may be necessary to use sec.x/ D
.
cos.x/
3. Use a graphing utility to draw the graph of y D sec.x/ using
3
and 10  y  10.
2

3
x
2

The work in Activity 2.25 and Figure 2.27 can be used to help answer the
questions in Progress Check 2.26.
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Figure 2.27: Graph of One Period of y D sec.x/ with 0  x  2

Progress Check 2.26 (The Graph of the Secant Function)
1. Is the graph in Figure 2.27 consistent with the graphs from Activity 2.25?
2. Why is the graph of y D sec.x/ above the x-axis when



<x< ?
2
2

3. Why is the graph of y D sec.x/ below the x-axis when


3
<x<
?
2
2

4. What is the range of the secant function?

Summary of Section 2.4
In this section, we studied the following important concepts and ideas:
 The Tangent Function. Table 2.5 shows some of the important characteristics of the tangent function. We have already discussed most of these items,
but the last two items in this table will be explored in Exercise (1) and Exercise (2).
A graph of three periods of the tangent function is shown in Figure 2.28.
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y D tan.t /


period

y D sec.t /
2


C k for every integer k
2
.0; 0/
.0; 1/
t D k, where k is some integer
none
with respect to the origin
with respect to the y-axis
real numbers t with t ¤

domain
y-intercept
x-intercepts
symmetry

Table 2.5: Properties of the Tangent and Secant Functions
y

y

t

t

Figure 2.28: Graph of y D tan.t /

Figure 2.29: Graph of y D sec.t /

 The Secant Function. Table 2.5 shows some of the important characteristics
of the secant function. The symmetry of the secant function is explored in
Exercise (3). Figure 2.29 shows a graph of the secant function.
 The Cosecant Function. The graph of the cosecant function is studied in a
way that is similar to how we studied the graph of the secant function. This
is done in Exercises (4), (5), and (6). Table 2.6 shows some of the important
characteristics of the cosecant function. The symmetry of the cosecant function is explored in Exercise (3). Figure 2.30 shows a graph of the cosecant
function.
 The Cotangent Function. The graph of the cosecant function is studied in
a way that is similar to how we studied the graph of the tangent function.
This is done in Exercises (7), (8), and (9). Table 2.6 shows some of the
important characteristics of the cotangent function. The symmetry of the
cotangent function is explored in Exercise (3). Figure 2.31 shows a graph of
the cotangent function.
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y D csc.t /
2

period

y D cot.t /


real numbers t with t ¤ k for all integers k

domain
range
y-intercept

jyj  1
none

x-intercepts

none

all real numbers
none

C k, where k is an integer
2
with respect to the origin
tD

symmetry

Table 2.6: Properties of the Cosecant and Cotangent Functions
y

y

t

Figure 2.30: Graph of y D csc.t /

t

Figure 2.31: Graph of y D cot.t /
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Exercises for Section 2.4
1. In this exercise, we will explore the period of the tangent function.
?

(a) Use the definition of the tangent function and the fact that the period of
both the sine and cosine functions is equal to 2 to prove that for any
real number t in the domain of the tangent function,
tan.t C 2/ D tan.t /:

However, this does not prove that
the period of the tangent function
is equal to 2. We will now show
that the period is equal to . The
key to the proof is the diagram to
the right.

Suppose that P is the terminal point of the arc t . So cos.t / D a and sin.t / D
b. The diagram shows a point Q that is the terminal point of the arc t C .
By the symmetry of the circle, we know that the point Q has coordinates
. a; b/.
(b) Explain why cos.t C / D

a and sin.t C / D

b.

(c) Use the information in part (a) and the definition of the tangent function
to prove that tan.t C / D tan.t /.

The diagram also indicates that the smallest positive value of p for which
tan.t C p/ D tan.t / must be p D . Hence, the period the tangent function
is equal to .
2. We have seen that cos. t / D cos.t / and sin. t / D sin.t / for every real
number t . Now assume that t is a real number for which tan.t / is defined.
(a) Use the definition of the tangent function to write a formula for tan. t /
in terms of sin. t / and cos. t /.
(b) Now use the negative arc identities for the cosine and sine functions
to help prove that tan. t / D tan.t /. This is called the negative arc
identity for the tangent function.
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(c) Use the negative arc identity for the tangent function to explain why
the graph of y D tan.t / is symmetric about the origin.

3. Use the negative arc identities for sine, cosine, and tangent to help prove the
following negative arc identities for cosecant, secant, and cotangent.
?

(a) For every real number t for which t ¤ k for every integer k,
csc. t / D csc.t /.

(b) For every real number t for which t ¤
C k for every integer k,
2
sec. t / D sec.t /.
(c) For every real number t for which t ¤ k for every integer k,
cot. t / D cot.t /.

4. The Cosecant Function. If necessary, refer to Section 1.6 to answer the
following questions.
(a) How is the cosecant function defined?
(b) What is the domain of the cosecant function?
(c) Where will the graph of the cosecant function have vertical asymptotes?
(d) What is the period of the cosecant function?
5. Exploring the Graph of the Cosecant Function.
(a) Use the Geogebra Applet with the following web address to explore
the relationship between the graph of the cosecant function and the
sine function.
http://gvsu.edu/s/0bH
In the applet, the graph of y D sin.t / is shown and is left fixed. Points
on the graph of y D csc.t / are generated by using the slider for t . For
each value of t , a vertical line is drawn from the point .t; sin.t // to the
point .t; csc.t //. Notice how these points indicate that the graph of the
cosecant function has vertical asymptotes at t D 0, t D , and t D 2.

(b) Use a graphing utility to draw the graph of y D csc.x/ using

2

x  and 10  y  10. Note: It may be necessary to use csc.x/ D
2
1
.
sin.x/
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(c) Use a graphing utility to draw the graph of y D csc.x/ using
3
x
and 10  y  10.
2
6. The Graph of the Cosecant Function.
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(a) Why does the graph of y D csc.x/ have vertical asymptotes at x D 0,
x D , and x D 2? What is the domain of the cosecant function?
(b) Why is the graph of y D csc.x/ above the x-axis when 0 < x < ?
(c) Why is the graph of y D csc.x/ below the x-axis when  < x < 2?
(d) What is the range of the cosecant function?
7. The Cotangent Function. If necessary, refer to Section 1.6 to answer the
following questions.
(a) How is the cotangent function defined?
(b) What is the domain of the cotangent function?
(c) Where will the graph of the cotangent function have vertical asymptotes?
(d) What is the period of the cotangent function?
8. Exploring the Graph of the Cotangent Function.
(a) Use a graphing utility to draw the graph of y D cot.x/ using  
x   and 10  y  10. Note: It may be necessary to use cot.x/ D
1
.
tan.x/
(b) Use a graphing utility to draw the graph of y D cot.x/ using 2 
x  2 and 10  y  10.
9. The Graph of the Cotangent Function.
(a) Why does the graph of y D cot.x/ have vertical asymptotes at x D 0,
x D , and x D 2? What is the domain of the cotangent function?

(b) Why is the graph of y D cot.x/ above the x-axis when 0 < x <
2
3
and when  < x <
?
2

(c) Why is the graph of y D cot.x/ below the x-axis when
<x <
2
3
and when
< x < 2?
2
(d) What is the range of the cotangent function?
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Inverse Trigonometric Functions

Focus Questions
The following questions are meant to guide our study of the material in this
section. After studying this section, we should understand the concepts motivated by these questions and be able to write precise, coherent answers to
these questions.
 Why doesn’t the sine function really have an inverse? What do we mean,
then, by the inverse sine function? In other words, how is the inverse
sine function defined?
 How is the inverse cosine function defined?
 How is the inverse tangent function defined?

Beginning Activity
1. If y D 5x C 7 and y D 4, what is the value of x?
p
2. If y D x and y D 2:5, what is the value of x?
3. If y D x 2 and y D 25, what are the possible values of x?
1
4. If y D sin.x/ and y D , find two values for x with 0  x  2.
2

Introduction
The work in the beginning activity illustrates the general problem that if we are
given a function f and y D f .x/, can we find the values of x if we know the
value of y. In effect, this means that if we know the value of y, can we solve for
the value of x? For the first problem, we can substitute y D 4 into y D 5x C 7 and
solve for x. This gives
4 D 5x C 7

3 D 5x
3
xD
5

2.5. Inverse Trigonometric Functions
For the second and third problems, we have
p
2:5 D x
p 2
2:52 D
x
x D 6:25
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25 D x 2
p
x D ˙ 25
x D ˙5

The work with the equation x 2 D 25 shows that we can have more than one solution for this type of problem. With trigonometric functions, we can even have
1
more solutions. For example, if y D sin.x/ and y D , we have
2
1
sin.x/ D :
2
If we restrict the values of x to 0  x  2, there will be two solutions as shown
in Figure 2.32
1

−1

Figure 2.32: Graph Showing sin.x/ D

1
2

From our knowledge of the common arcs and reference arcs, these two solu
5
tions are x D and x D
. In addition, the periodic nature of the sine function
6
6
tells us that if there are no restrictions on x, there will be infinitely many solutions
1
of the equation sin.x/ D . What we want to develop is a method to indicate
2
exactly one of these solutions. But which one do we choose?
We have done something like this when we solve an equation such as x 2 D 25.
There are two solutions to this equation, but we have a function (the square root
function) that gives us exactly one of these two functions. So when we write x D
p
25 D 5, we are specifying only the positive
psolution of the equation. If we want
the other solution, we have to write x D
25 D 5. Notice that we used the
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square root function to designate the “simpler” of the two functions, namely the
positive solution.
For the sine function, what we want is an inverse sine function that does just
what the name suggests – uniquely reverses what the sine function does. That is,
the inverse sine function takes a value from the range of the sine function and gives
us exactly one arc whose sine has that value. We will try to do this in as simple of
a manner as possible. (It may sometimes be hard to believe, but mathematicians
generally do try to keep things simple.) To be more specific, if we have y D sin.x/,
we want to be able to specify any value for y with 1  y  1 and obtain one
value for x. We will choose the value for x that is as close to 0 as possible. (Keep
it simple.)
So to ensure that there is only one solution, we will restrict the graph of y D


 x  . This also guarantees that 1  y  1 as
sin.x/ to the interval
2
2
shown in Figure 2.33.

y

x

Figure 2.33: Graph of y D sin.x/ restricted to



x
2
2

As is illustrated in Figure 2.33, for each value of y with 1  y  1, there is


exactly one value of x with sin.x/ D y and
x .
2
2

2.5. Inverse Trigonometric Functions
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Definition. The inverse sine function (denoted by arcsin or sin
as follows:
For 1  y  1,
t D arcsin.y/ or
means that
y D sin.t / and

t D sin

1

1

), is defined

.y/



t  :
2
2

Caution. Either notation may be used for the arcsine function. That is, arcsin.y/
and sin 1 .y/ mean the same thing. However, the notation sin 1 does not mean the
reciprocal of the sine but rather the inverse of the sine with a restricted domain. It
is very important to remember the facts that the domain of theh inverse isine is the
 
interval Œ 1; 1 and the range of the inverse sine is the interval
;
.
2 2
Note: Some people prefer using t D arcsin.y/ instead of t D sin 1 .y/ since it
can be a reminder of what the notation means. The equation t D arcsin.y/ is an
abbreviation for
t is the arc with sine value y and



t  .
2
2



 t  since it is important to
2
2
realize that arcsin.y/ function gives only one arc whose sine value is y and t must
be in this interval.
It is important to keep writing the restriction

Example 2.27 (Inverse Sine Function)

p !
p !
3
3
We will determine the exact value of arcsin
. So we let t D arcsin
.
2
2
This means that
p
3


sin.t / D
and
t  :
2
2
2
p
3


That is, we are trying to find the arc t whose sine is
and
 y  . Using
2
2
2p
 
3
our knowledge of sine values for common arcs, we notice that sin
D
and
3
2
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so we conclude that t D


or that
3
p !

3
arcsin
D :
2
3

This is illustrated graphically in Figure 2.34.

( 0, 23 )

( π3 , 0 )
y = sin(t)

p !

3
D
Figure 2.34: Graphical Version of arcsin
2
3
Note: Most calculators and graphing utilities can calculate approximate values for
the inverse sine function. On calculators, it is often the sin 1 key and for many
computer programs,
it is necessary to type “arcsin.” Using a calculator, we see that
p !
3

arcsin
 1:04720, which is a decimal approximation for .
2
3
Progress Check 2.28 (Calculating Values for the Inverse Sine Function)
Determine the exact value of each of the following. You may check your results
with a calculator.
p !
3. arcsin . 1/
3
1. arcsin
2
p !
2
 
4. arcsin
1 1
2
2. sin
2

2.5. Inverse Trigonometric Functions
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In the next progress check, we will use the inverse sine function in two-step
calculations. Please pay attention to the results that are obtained.
Progress Check 2.29 (Calculations Involving the Inverse Sine Function)
Determine the exact value of each of the following. You may check your results
with a calculator.

 

 
1 2
1 1
1. sin sin
3. sin sin
2
5
  
   
3
4. arcsin sin
2. arcsin sin
4
4
The work in Progress Check 2.29 illustrates some important properties of the
inverse since function when it is composed with the sine function. This property is
that in some sense, the inverse sine and the sine functions “undo” each other. To


see what this means, we let y D sin.t / with
 t  . Then
2
2
sin

1

.sin.t // D sin

1

.y/ D t

by definition. This means that if we apply the sine, then the inverse sine to an arc


between
and , we get back the arc. This is what we mean when we say the
2
2
inverse sine undoes the sine.
Similarly, if t D sin

1

.y/ for some y with 1  y  1, then
sin.sin

1

.y// D sin.t / D y

by definition. So the sine also undoes the inverse sine as well. We summarize these
two results as follows:
Properties of the Inverse Sine Function
h  i
 For each t in the closed interval
;
,
2 2
sin

1

.sin.t // D t or arcsin.sin.t // D t:

 For each y in the closed interval Œ 1; 1,

sin sin 1 .y/ D y or sin.arcsin.y// D y:
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The Inverse Cosine and Inverse Tangent Functions
In a manner similar to how we defined the inverse sine function, we can define the
inverse cosine and the inverse tangent functions. The key is to restrict the domain
of the corresponding circular function so that we obtain the graph of a one-to-one
function. So we will use y D cos.t / with 0  t   and y D tan.t / with


< t < as is illustrated in Figure 2.35.
2
2

y

x

Figure 2.35: Graph of y D cos.t / for 0  t   and Graph of y D tan.t / for


<t < .
2
2



Note: We do not use the interval
t 
for the cosine function since
2
2
the cosine function is not one-to-one on that interval. In addition, the interval for
the tangent function does not contain the endpoints since the tangent function is


not defined at
and .
2
2
Using these domains, we now define the inverse functions for cosine and tangent.
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Definition. We define the inverse cosine function, arccos or cos
lows:
For 1  y  1,
t D arccos.y/ or

t D cos

1

1

, as fol-

.y/

means that
y D cos.t / and 0  t  :
We define the inverse tangent function, arctan or tan 1 , as follows:
For t 2 R,
t D arctan.y/ or y D tan 1 .y/
means that



<t < :
2
2

y D tan.t / and

Example 2.30 (An Example
 
 ofInverse Cosine)
1
1
1
The equation y D arccos
D cos
means that
2
2

cos.y/ D

1
2

and 0  y  :

1
and 0  y  . Using
2
 
1
our knowledge of cosine values for common arcs, we notice that cos
D .
3
2

So we conclude that the reference angle yO for y is yO D . Since y must be in the
3

2
second quadrant, we conclude that y D 
or y D
. So
3
3
That is, we are trying to find the arc y whose cosine is

arccos



1
2



D

2
:
3

This can be checked using a calculator and is illustrated in Figure 2.36.
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Figure 2.36: Diagram Used for the Inverse Cosine of

1
.
2

Progress Check 2.31 (Inverse Cosine and Inverse Tangent Functions)
Determine the exact value of each of the following. You may check your results
with a calculator.

 

  
1
3. arccos cos
1. cos cos 1
4
2
  

  
5
4. tan 1 tan
2. arccos cos
4
4
The work in Progress Check 2.31 illustrates some important properties of the
inverse cosine and inverse tangent functions similar to the properties of the inverse
sine function on page 147.
Properties of the Inverse Cosine Function
 For each t in the closed interval Œ0; ,
cos

1

.cos.t // D t or arccos.cos.t // D t:

 For each y in the closed interval Œ 1; 1,

cos cos 1 .y/ D y or cos.arccos.y// D y:
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Properties of the Inverse Tangent Function
  
;
,
 For each t in the open interval
2 2
tan

1

.tan.t // D t or arctan.tan.t // D t:

 For each real number y,
tan tan

1


.y/ D y or tan.arctan.y// D y:

The justification for these properties is included in the exercises.
Progress Check 2.32 (Inverse Trigonometric Functions)
Determine the exact value of each of the following and check them using a calculator.

 
1
1. y D arccos.1/
5. sin arccos
2
p 
2. y D tan 1
3
p !!
3
6. tan arcsin
3. y D arctan . 1/
2
p !
2
   
4. y D cos 1
7.
arccos
sin
2
6

 
1
When we evaluate an expression such as sin arccos
in Progress Check 2.32,
2
 
1
we can use the fact that it is possible to determine the exact value of arccos
2
to complete the problem. If we are given a similar problem but do not know the
exact value of an inverse trigonometric function, we can often use the Pythagorean
Identity to help. We will do this in the next progress check.
Progress Check 2.33 (Using the Pythagorean Identity)


 
1
1. Determine the exact value of sin arccos
. Following is a suggested
3
 
1
way to start this. Since we do not know the exact value of arccos
, we
3
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1
start by letting t D arccos
. We then know that
3
cos.t / D

1
3

and 0  t  :


 
1
Notice that sin.t / D sin arccos
. So to complete the problem, de3
termine the exact value of sin.t / using the Pythagorean Identity keeping in
mind that 0  t  .

 
4
2. Determine the exact value of cos arcsin
.
7

Summary of Section 2.5
In this section, we studied the following important concepts and ideas:
 The Inverse Sine Function uniquely reverses what the sine function does.
The inverse sine function takes a value y from the range of the sine function
and gives us exactly one real number t whose sine is equal to y. That is, if y
is a real number and 1  y  1, then
sin

1

.y/ D t means that sin.t / D y and



t  .
2
2

In addition, the inverse sine function satisfies the following important properties:
h  i
* For each t in the closed interval
;
,
2 2
sin

1

.sin.t // D t:

* For each y in the closed interval Œ 1; 1,
sin sin

1


.y/ D y:

 The Inverse cosine Function uniquely reverses what the cosine function
does. The inverse cosine function takes a value y from the range of the
cosine function and gives us exactly one real number t whose cosine is equal
to y. That is, if y is a real number and 1  y  1, then
cos

1

.y/ D t means that cos.t / D y and 0  t  .
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In addition, the inverse cosine function satisfies the following important
properties:
* For each t in the closed interval Œ0; ,
cos

1

.cos.t // D t:

* For each y in the closed interval Œ 1; 1,
cos cos

1


.y/ D y:

 The Inverse Tangent Function uniquely reverses what the tangent function
does. The inverse tangent function takes a value y from the range of the
tangent function and gives us exactly one real number t whose tangent is
equal to y. That is, if y is a real number, then
tan

1

.y/ D t means that tan.t / D y and



<t < .
2
2

In addition, the inverse tangent function satisfies the following important
properties:
  
* For each t in the open interval
;
,
2 2
tan

1

.tan.t // D t:

* For each real number y,
tan tan

1


.y/ D y:

Exercises for Section 2.5
1. Rewrite each of the following using the corresponding trigonometric function for the inverse trigonometric function. Then determine the exact value
of the inverse trigonometric function.
p !
p !
2
2
?
?
(a) t D arcsin
(b) t D arcsin
2
2
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p !
2
(c) t D arccos
2
?

(d) t D arccos

(e) y D tan

1

?

p !
2
2

?

(f) y D tan

1

(g) y D cos

1

p !
3
3
.0/

(h) t D arctan.0/
 
1
1
(i) y D sin
2
 
1
?
(j) y D cos 1
2

p !
3
3

2. Determine the exact value of each of the following expressions.
  

?
2
(a) sin sin 1 .1/
?
(f) arcsin sin
   
3
?
(b) sin 1 sin
  3 
(g) tan .arctan.1//
1
(c) cos
sin
   
  3 
(h) arctan tan
4
(d) sin 1 sin
  
3

  
? (i) arctan tan 3
? (e) cos 1 cos
4
3
3. Determine the exact value of each of the following expressions.

 

 
2
? (a) cos arcsin 2
(d) cos arcsin
5
5

 

 
2
2
?
(b) sin arccos
(e) tan arccos
3
9

 
1
? (c) tan arcsin
3
4. This exercise provides a justifiction for the properties of the inverse cosine
function on page 150. Let t be a real number in the closed interval Œ0;  and
let
y D cos.t /:
(1)
We then see that 1  y  1 and
cos

1

.y/ D t:

(a) Use equations (1) and (2) to rewrite the expression cos

(2)
1

.cos.t //.
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(b) Use equations (1) and (2) to rewrite the expression cos cos

1 .y/


.

5. This exercise provides a justifiction for the properties of the inverse
 tangent
 
function on page 151. Let t be a real number in the open interval
;
2 2
and let
y D tan.t /:
(3)
We then see that y is a real number and
tan

1

.y/ D t:

(a) Use equations (3) and (4) to rewrite the expression tan

(4)
1 .tan.t //.

(b) Use equations (3) and (4) to rewrite the expression tan tan

1 .y/


.
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Solving Trigonometric Equations

Focus Questions
The following questions are meant to guide our study of the material in this
section. After studying this section, we should understand the concepts motivated by these questions and be able to write precise, coherent answers to
these questions.
For these questions, we let q be a real number with 1  q  1 and let r be a
real number.
 How can an inverse trigonometric function be used to determine one
solution of an equation of the form sin.x/ D q, cos.x/ D q, or tan.x/ D
r?
 How can properties of the trigonometric functions be used to determine
all solutions of an equation of the form sin.x/ D q, cos.x/ D q, or
tan.x/ D r within one complete period of the trigonometric function?
 How can we use the period of a trigonometric function to determine
a formula for the solutions of an equation of the form sin.x/ D q,
cos.x/ D q, or tan.x/ D r?
Recall that a mathematical equation like x 2 D 1 is a relation between two
expressions that may be true for some values of the variable while an identity like
cos. x/ D cos.x/ is an equation that is true for all allowable values of the variable.
So an identity is a special type of equation. Equations that are not identities are also
called conditional equations because they are not valid for all allowable values of
the variable. To solve an equation means to find all of the values for the variables
that make the two expressions on either side of the equation equal to each other.
We solved algebraic equations in algebra and now we will solve trigonometric
equations.
A trigonometric equation is an equation that involves trigonometric functions. We have already used graphical methods to approximate solutions of trigonometric equations. In Example 2.17 on page 112, we used the function


5
V .t / D 35 cos
t C 105
3
as a model for the amount of blood in the heart. For this function, t is measured in
seconds since the heart was full and V .t / is measured in milliliters. To determine
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the times when there are 100 milliliters of blood in the heart, we needed to solve
the equation


5
t C 105 D 100:
35 cos
3
At that time, we used the “intersect” capability of a graphing utility to determine
some solutions of this equation. In this section, we will learn how to use the inverse
cosine function and properties of the cosine function to determine the solutions of
this equation. We begin by first studying simpler equations.

Beginning Activity
Use a graphing utility to draw the graphs of y D cos.x/ and y D 0:7 on the same
axes using   x   and 1:2  y  1:2. Use the graphing utility to find
the points of intersection of these two graphs and to determine the solutions of the
equation cos.x/ D 0:7 with   x  .
In the beginning activity, we should have determined the following approximations for solutions of the equation cos.x/ D 0:7.
x1  0:79540; x2 

0:79540:

These approximations have been rounded to five decimal places.
The graph to the right shows the
two graphs using 3  x 
3. The solutions x1 and x2 are
shown on the graph. As can be
seen, the graph shows x1 and x2
and four other solutions to the
equation cos.x/ D 0:7. In fact,
if we imagine the graph extended
indefinitely to the left and to the
right, we can see that there are
infinitely many solutions for this
equation.
This is where we can use the fact that the period of the cosine function is 2.
The other solutions differ from x1 or x2 by an integer multiple of the period of 2.
We can represent an integer multiple of 2 by k.2/ for some integer k. So we
say that any solution of the equation cos.x/ D 0:7 can be approximated by
x  0:79540 C k.2/

or x 

0:79540 C k.2/:
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For example, if we use k D 4, we see that
x  25:92814 or

x  24:33734:

We can use a calculator to check that for both values, cos.x/ D 0:7.

A Strategy for Solving a Trigonometric Equation
The example using the equation cos.x/ D 0:7 was designed to illustrate the fact
that if there are no restrictions placed on the unknown x, then there can be infinitely
many solutions for an equation of the form
“some trigonometric function of x” = a number.
A general strategy to solve such equations is:
 Find all solutions of the equation within one period of the function. This is
often done by using properties of the trigonometric function. Quite often,
there will be two solutions within a single period.
 Use the period of the function to express formulas for all solutions by adding
integer multiples of the period to each solution found in the first step. For
example, if the function has a period of 2 and x1 and x2 are the only two
solutions in a complete period, then we would write the solutions for the
equation as
x D x1 C k.2/;

x D x2 C k.2/; where k is an integer:

Note: Instead of writing “k is an integer,” we could write
k 2 f: : : ; 2; 1; 0; 1; 2; : : :g.
Progress Check 2.34 (Solving a Trigonometric Equation)
Use a graph to approximate the solutions (rounded to four decimal places) of the
equation sin.x/ D 0:6 on the interval   x  . Then use the period of the
sine function to write formulas that can be used to approximate any solution of this
equation.

Using Inverse Functions to Solve Trigonometric Equations
Although we can use a graphing utility to determine approximations for solutions
to many equations, we often need to have some notation to indicate specific numbers (that are often solutions of equations). We have already seen this in previous
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p
mathematics courses. For example, we use the notation 20 to represent the positive real number whose square is equal to 20. We can use this to say that the two
solutions of the equation x 2 D 20 are
p
p
20:
x D 20 and x D
p
Notice that there are two solutions of the equation but 20 represents only one of
those solutions. We will now learn how to use the inverse trigonometric functions
to do something similar for trigonometric equations. One big difference is that
most trigonometric equations will have infinitely many solutions instead of just
two. We will use the inverse trigonometric functions to represent one solution of
an equation and then learn how to represent all of the solutions in terms of this one
solution. We will first show how this is done with the equation cos.x/ D 0:7 from
the beginning activity for this section.
Example 2.35 (Solving an Equation Involving the Cosine Function)
For the equation cos.x/ D 0:7, we first use the result about the inverse cosine
function on page 150, which states that for t in the closed interval Œ0; ,
cos

1

.cos.t // D t:

So we “apply the inverse cosine function” to both sides of the equation cos.x/ D
0:7. This gives:

cos

1

cos.x/ D 0:7

.cos.x/ D cos

x D cos

1

.0:7/

1

.0:7/

Another thing we must remember is that this gives the one solution for the equation
that is in interval Œ0; . Before we use the periodic property, we need to determine
the other solutions for the equation in one complete period of the cosine function.
We can use the interval Œ0; 2 but it is easier to use the interval Œ ; . One
reason for this is the following so-called “negative arc identity” stated on page 82.
cos. x/ D cos.x/ for every real number x:
Hence, since one solution for the equation is x D cos 1 .0:7/, another solution is
x D cos 1 .0:7/. This means that the two solutions of the equation x D cos.x/
on the interval Œ ;  are
x D cos

1

.0:7/ and x D

cos

1

.0:7/:
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It can be verified that the equation cos.x/ D 0:7 has two solutions on the interval
Œ ;  by drawing the graphs of y D cos.x/ and y D 0:7 on the interval Œ ; .
So if we restrict ourselves to this interval, we have something very much like solving the equation x 2 D 20 in that there are two solutions that are negatives of each
other. The main difference now is that the trigonometric equation has infinitely
many solutions and as before, we now use the periodic property of the cosine function. Since the period is 2, just like with the numerical approximations from the
beginning activity, we can say that any solution of the equation cos.x/ D 0:7 will
be of the form
x D cos

1

.0:7/ C k.2/

or x D

cos

1

.0:7/ C k.2/;

where k is some integer.
Progress Check 2.36 (Solving an Equation)
Determine all solutions of the equation 4 cos.x/ C 3 D 2 in the interval Œ ; .
Then use the periodic property of the cosine function to write formulas that can be
used to generate all the solutions of this equation. Hint: First use algebra to rewrite
the equation in the form cos.x/ D “some number”.
The previous examples have shown that when using the inverse cosine function
to solve equations of the form cos.x/ D a number, it is easier to use the interval
Œ ;  rather than the interval Œ0; 2. This is not necessarily true when using the
inverse
h  sine
i function since the inverse sine function gives a value in the interval
;
. However, to keep things similar, we will continue to use the interval
2 2
Œ ;  as the complete period for the sine (or cosine) function. For the inverse
sine, we use the following property stated on page 147.
h  i
For each t in the closed interval
;
,
2 2
sin

1

.sin.t // D t:

When solving equations involving the cosine function, we also used a negative arc
identity. We do the same and will use the following negative arc identity stated on
page 82.
sin. x/ D sin.x/ for every real number x:
Example 2.37 (Solving an Equation Involving the Sine Function)
We will illustrate the general process using the equation sin.x/ D 0:6 from
Progress Check 2.34. Because of the negative arc identity for the sine function,
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it is actually easier to work with the equation sin.x/ D 0:6. This is because if
x D a is a solution of the equation sin.x/ D 0:6, then
sin. a/ D

sin.a/ D

0:6;

and so, x D a is a solution of the equation sin.x/ D 0:6. For the equation
sin.x/ D 0:6, we start by “applying the inverse sine function” to both sides of the
equation.

sin

1

sin.x/ D 0:6

.sin.x// D sin

x D sin

1

.0:6/

1

.0:6/

We need to remember that this is only one solution of the equation. Since we know
that the sine function is positive in the first and second quadrants, this solution is
in the first quadrant and there is another solution in the second quadrant. Using
x D sin 1 .0:6/ as a reference arc (angle), the solution in the second quadrant is
x D  sin 1 .0:6/. We now use the result that if x D a is a solution of the
equation sin.x/ D 0:6, then x D a is a solution of the equation sin.x/ D 0:6.
Please note that
. sin 1 .0:6// D  C sin 1 .0:6/:
Our work so far is summarized in the following table.
Solutions for sin.x/ D 0:6 in Œ0; 
x D sin 1 .0:6/
x D  sin 1 .0:6/

Solutions for sin.x/ D
x D sin 1 .0:6/
x D  C sin 1 .0:6/

0:6 in Œ ; 0

At this point, we should use a calculator to verify that the two values in the right
column are actually solutions of the equation sin.x/ D 0:6. Now that we have
the solutions for sin.x/ D 0:6 in one complete cycle, we can use the fact that
the period of the sine function is 2 and say that the solutions of the equation
sin.x/ D 0:6 have the form
xD

sin

1

.0:6/ C k.2/

or x D .  C sin

1

.0:6// C k.2/;

where k is some integer.
Progress Check 2.38 (Solving an Equation Involving the Sine Function)
Determine all solutions of the equation 2 sin.x/C1:2 D 2:5 in the interval Œ ; .
Then use the periodic property of the sine function to write formulas that can be
used to generate all the solutions of this equation. Hint: First use algebra to rewrite
the equation in the form sin.x/ D “some number”.
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Solving More Complicated Trigonometric Equations
We have now learned to solve equations of the form cos.x/ D q and sin.x/ D q,
where q is a real number and 1  q  1. We can use our ability to solve
these types of equations to help solve more complicated equations of the form
cos.f .x// D q or sin.f .x// D q where f is some function. The idea (which is
typical in mathematics) is to convert this more complicated problem to two simpler
problems. The idea is to:
1. Make the substitution t D f .x/ to get an equation of the form cos.t / D q
or sin.t / D q.
2. Solve the equation in (1) for t .
3. For each solution t of the equation in (1), solve the equation f .x/ D t for
x. This step may be easy, difficult, or perhaps impossible depending on the
equation f .x/ D t .
This process will be illustrated in the next progress check, which will be a guided
investigation for solving the equation 3 cos.2x C 1/ C 6 D 5.
Progress Check 2.39 (Solving an Equation)
We will solve the equation 3 cos.2x C 1/ C 6 D 5.
1. First, use algebra to rewrite the equation in the form cos.2x C 1/ D
Then, make the substitution t D 2x C 1.
2. Determine all solutions of the equation cos.t / D

1
.
3

1
with   t  .
3

3. For each of these two solutions, use t D 2x C 1 to find corresponding
solutions for x. In addition, use the substitution t D 2x C 1 to write
  2x C 1   and solve this inequality for x. This will give all of
1
the solutions of the equation cos.2x C 1/ D
in one complete cycle of
3
the function given by y D cos.2x C 1/.
4. What is the period of the function y D cos.2x C 1/. Use the results in (3)
and this period to write formulas that will generate all of the solutions of
1
the equation cos.2x C 1/ D
. These will be the solutions of the original
3
equation 3 cos.2x C 1/ C 6 D 5.
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Solving Equations Involving the Tangent Function
Solving an equation of the form tan.x/ D q is very similar to solving equations
of the form cos.x/ D q or sin.x/ D q. The main differences are the tangent
function has a period of  (instead of 2), and the equation tan.x/ D q has only
one solution in a complete period. We, of course, use the inverse tangent function
for the equation tan.x/ D q.
Progress Check 2.40 (Solving an Equation Involving the Tangent Function)
Use the inverse tangent function to determine one solution of the equation


4 tan.x/ C 1 D 10 in the interval
 x  . Then determine a formula that
2
2
can be used to generate all solutions of this equation.

Summary of Section 2.6
In this section, we studied the following important concepts and ideas:
A trigonometric equation is an equation that involves trigonometric functions. If
we can write the trigonometric equation in the form
“some trigonometric function of x” D a number;
then we can use the following strategy to solve the equation.
 Find one solution of the equation using the appropriate inverse trigonometric
function.
 Determine all solutions of the equation within one complete period of the
trigonometric function. (This often involves the use of a reference arc based
on the solution obtained in the first step.)
 Use the period of the function to write formulas for all of the solutions of the
trigonometric equation.

Exercises for Section 2.6
1. For each of the following equations, use a graph to approximate the solutions
(to three decimal places) of the equation on the indicated interval. Then use
the periodic property of the trigonometric function to write formulas that can
be used to approximate any solution of the given equation.
?

(a) sin.x/ D 0:75 with   x  .
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(b) cos.x/ D 0:75 with   x  .


(c) tan.x/ D 0:75 with
<x< .
2
2
? (d) sin.x/ D 0:75 with   x  .
(e) cos.x/ D
(f) tan.x/ D

?

0:75 with   x  .


0:75 with
<x< .
2
2

2. For each of the equations in Exercise (1), use an inverse trigonometric function to write the exact values of all the solutions of the equation on the indicated interval. Then use the periodic property of the trigonometric function
to write formulas that can be used to generate all of the solutions of the given
equation.
3. For each of the following equations, use an inverse trigonometric function
to write the exact values of all the solutions of the equation on the indicated
interval. Then use the periodic property of the trigonometric function to
write formulas that can be used to generate all of the solutions of the given
equation.
?
?

(a) sin.x/ C 2 D 2:4 with   x  .

(b) 5 cos.x/ C 3 D 7 with   x  .


<x< .
(c) 2 tan.x/ C 4 D 10 with
2
2
(d) 3:8 sin.x/ C 7 D 10 with   x  .
(e) 8 cos.x/ C 7 D 2 with   x  .

4. Determine the exact values of the solutions of the given equation on one
complete period of the trigonometric function that is used in the equation.
Then use the periodic property of the trigonometric function to write formulas that can be used to generate all of the solutions of the given equation.


? (a) 4 sin.2x/ D 3.
? (d) sin x
D 0:2.
4
(b) 4 cos.2x/ D 3.


(e) cos x
D 0:2.
(c) cos.x/ D 0:6.
4
5. In Example 2.17 on page 2.17, we used graphical methods to find two solutions of the equation


5
35 cos
t C 105 D 100:
3
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We found that two solutions were t  0:3274 and t  0:8726. Rewrite
this equation and then use the inverse cosine function to determine the exact
values of these
 two solutions. Then use the period of the function y D
5
35 cos
t C 105 to write formulas that can be used to generate all of the
3
solutions of the given equation.

