Chapter 4

The Deﬁnite Integral
4.1

Determining distance traveled from velocity

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• If we know the velocity of a moving body at every point in a given interval, can
we determine the distance the object has traveled on the time interval?
• How is the problem of ﬁnding distance traveled related to ﬁnding the area under a
certain curve?
• What does it mean to antidiﬀerentiate a function and why is this process relevant
to ﬁnding distance traveled?
• If velocity is negative, how does this impact the problem of ﬁnding distance
traveled?

Introduction
In the very ﬁrst section of the text, we considered a situation where a moving object had
a known position at time t. In particular, we stipulated that a tennis ball tossed into the
air had its height s (in feet) at time t (in seconds) given by s(t) = 64 − 16(t − 1)2 . From
this starting point, we investigated the average velocity of the ball on a given interval
[a, b], computed by the diﬀerence quotient s(b)−s(a)
b−a , and eventually found that we could
determine the exact instantaneous velocity of the ball at time t by taking the derivative of
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the position function,

s(t + h) − s(t)
.
h→0
h
Thus, given a diﬀerentiable position function, we are able to know the exact velocity of
the moving object at any point in time.
s 0(t) = lim

Moreover, from this foundational problem involving position and velocity we have
learned a great deal. Given a diﬀerentiable function f , we are now able to ﬁnd its derivative
and use this derivative to determine the function’s instantaneous rate of change at any
point in the domain, as well as to ﬁnd where the function is increasing or decreasing, is
concave up or concave down, and has relative extremes. The vast majority of the problems
and applications we have considered have involved the situation where a particular function
is known and we seek information that relies on knowing the function’s instantaneous rate
of change. That is, we have typically proceeded from a function f to its derivative, f 0,
and then used the meaning of the derivative to help us answer important questions.
In a much smaller number of situations so far, we have encountered the reverse
situation where we instead know the derivative, f 0, and have tried to deduce information
about f . It is this particular problem that will be the focus of our attention in most of
Chapter 4: if we know the instantaneous rate of change of a function, are we able to
determine the function itself? To begin, we start with a more focused question: if we know
the instantaneous velocity of an object moving along a straight line path, can we determine
its corresponding position function?
Preview Activity 4.1. Suppose that a person is taking a walk along a long straight path
and walks at a constant rate of 3 miles per hour.
(a) On the left-hand axes provided in Figure 4.1, sketch a labeled graph of the velocity
function v(t) = 3. Note that while the scale on the two sets of axes is the same,
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Figure 4.1: At left, axes for plotting y = v(t); at right, for plotting y = s(t).
the units on the right-hand axes diﬀer from those on the left. The right-hand axes
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will be used in question (d).
(b) How far did the person travel during the two hours? How is this distance related
to the area of a certain region under the graph of y = v(t)?
(c) Find an algebraic formula, s(t), for the position of the person at time t, assuming
that s(0) = 0. Explain your thinking.
(d) On the right-hand axes provided in Figure 4.1, sketch a labeled graph of the
position function y = s(t).
(e) For what values of t is the position function s increasing? Explain why this is the
case using relevant information about the velocity function v.
./

Area under the graph of the velocity function
In Preview Activity 4.1, we encountered a fundamental fact: when a moving object’s velocity
is constant (and positive), the area under the velocity curve over a given interval tells us
the distance the object traveled. As seen at left in Figure 4.2, if we consider an object
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Figure 4.2: At left, a constant velocity function; at right, a non-constant velocity function.
moving at 2 miles per hour over the time interval [1, 1.5], then the area A1 of the shaded
region under y = v(t) on [1, 1.5] is
A1 = 2

miles 1
· hours = 1 mile.
hour 2

This principle holds in general simply due to the fact that distance equals rate times time,
provided the rate is constant. Thus, if v(t) is constant on the interval [a, b], then the
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distance traveled on [a, b] is the area A that is given by
A = v(a)(b − a) = v(a)4t,
where 4t is the change in t over the interval. Note, too, that we could use any value of
v(t) on the interval [a, b], since the velocity is constant; we simply chose v(a), the value at
the interval’s left endpoint. For several examples where the velocity function is piecewise
constant, see http://gvsu.edu/s/9T.1
The situation is obviously more complicated when the velocity function is not constant.
At the same time, on relatively small intervals on which v(t) does not vary much, the area
principle allows us to estimate the distance the moving object travels on that time interval.
For instance, for the non-constant velocity function shown at right in Figure 4.2, we see
that on the interval [1, 1.5], velocity varies from v(1) = 2.5 down to v(1.5) ≈ 2.1. Hence,
one estimate for distance traveled is the area of the pictured rectangle,
A2 = v(1)4t = 2.5

miles 1
· hours = 1.25 miles.
hour 2

Because v is decreasing on [1, 1.5] and the rectangle lies above the curve, clearly A2 = 1.25
is an over-estimate of the actual distance traveled.
If we want to estimate the area under the non-constant velocity function on a wider
interval, say [0, 3], it becomes apparent that one rectangle probably will not give a good
approximation. Instead, we could use the six rectangles pictured in Figure 4.3, ﬁnd the
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Figure 4.3: Using six rectangles to estimate the area under y = v(t) on [0, 3].
area of each rectangle, and add up the total. Obviously there are choices to make and
issues to understand: how many rectangles should we use? where should we evaluate the
function to decide the rectangle’s height? what happens if velocity is sometimes negative?
1 Marc

Renault, calculus applets.
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can we attain the exact area under any non-constant curve? These questions and more
are ones we will study in what follows; for now it suﬃces to realize that the simple idea of
the area of a rectangle gives us a powerful tool for estimating both distance traveled from
a velocity function as well as the area under an arbitrary curve. To explore the setting of
multiple rectangles to approximate area under a non-constant velocity function, see the
applet found at http://gvsu.edu/s/9U.2

Activity 4.1.
Suppose that a person is walking in such a way that her velocity varies slightly according
to the information given in the table below and graph given in Figure 4.4.
t
v(t)

0.00
1.500

0.25
1.789

0.50
1.938

1.00
2.000

0.75
1.992

3
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Figure 4.4: The graph of y = v(t).
(a) Using the grid, graph, and given data appropriately, estimate the distance
traveled by the walker during the two hour interval from t = 0 to t = 2. You
should use time intervals of width 4t = 0.5, choosing a way to use the function
consistently to determine the height of each rectangle in order to approximate
distance traveled.
(b) How could you get a better approximation of the distance traveled on [0, 2]?
Explain, and then ﬁnd this new estimate.
(c) Now suppose that you know that v is given by v(t) = 0.5t 3 − 1.5t 2 + 1.5t + 1.5.
Remember that v is the derivative of the walker’s position function, s. Find a
formula for s so that s 0 = v.
(d) Based on your work in (c), what is the value of s(2) − s(0)? What is the meaning
of this quantity?
C
2 Marc

Renault, calculus applets.
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Two approaches: area and antidiﬀerentiation
When the velocity of a moving object is positive, the object’s position is always increasing.
While we will soon consider situations where velocity is negative and think about the
ramiﬁcations of this condition on distance traveled, for now we continue to assume that
we are working with a positive velocity function. In that setting, we have established that
whenever v is actually constant, the exact distance traveled on an interval is the area
under the velocity curve; furthermore, we have observed that when v is not constant,
we can estimate the total distance traveled by ﬁnding the areas of rectangles that help
to approximate the area under the velocity curve on the given interval. Hence, we see
the importance of the problem of ﬁnding the area between a curve and the horizontal
axis: besides being an interesting geometric question, in the setting of the curve being the
(positive) velocity of a moving object, the area under the curve over an interval tells us
the exact distance traveled on the interval. We can estimate this area any time we have a
graph of the velocity function or a table of data that tells us some relevant values of the
function.
In Activity 4.1, we also encountered an alternate approach to ﬁnding the distance
traveled. In particular, if we know a formula for the instantaneous velocity, y = v(t), of the
moving body at time t, then we realize that v must be the derivative of some corresponding
position function s. If we can ﬁnd a formula for s from the formula for v, it follows that we
know the position of the object at time t. In addition, under the assumption that velocity
is positive, the change in position over a given interval then tells us the distance traveled
on that interval.
For a simple example, consider the situation from Preview Activity 4.1, where a person
is walking along a straight line and has velocity function v(t) = 3 mph. As pictured in
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Figure 4.5: The velocity function v(t) = 3 and corresponding position function s(t) = 3t.
Figure 4.5, we see the already noted relationship between area and distance traveled on
the left-hand graph of the velocity function. In addition, because the velocity is constant
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at 3, we know that if3 s(t) = 3t, then s 0(t) = 3, so s(t) = 3t is a function whose derivative
is v(t). Furthermore, we now observe that s(1.5) = 4.5 and s(0.25) = 0.75, which are the
respective locations of the person at times t = 0.25 and t = 1.5, and therefore
s(1.5) − s(0.25) = 4.5 − 0.75 = 3.75 miles.
This is not only the change in position on [0.25, 1.5], but also precisely the distance
traveled on [0.25, 1.5], which can also be computed by ﬁnding the area under the velocity
curve over the same interval. There are profound ideas and connections present in this
example that we will spend much of the remainder of Chapter 4 studying and exploring.
For now, it is most important to observe that if we are given a formula for a velocity
function v, it can be very helpful to ﬁnd a function s that satisﬁes s 0 = v. In this context, we
say that s is an antiderivative of v. More generally, just as we say that f 0 is the derivative of
f for a given function f , if we are given a function g and G is a function such that G 0 = g,
we say that G is an antiderivative of g. For example, if g(x) = 3x 2 + 2x, an antiderivative
of g is G(x) = x 3 + x 2 , since G 0(x) = g(x). Note that we say “an” antiderivative of g
rather than “the” antiderivative of g because H(x) = x 3 + x 2 + 5 is also a function whose
derivative is g, and thus H is another antiderivative of g.

Activity 4.2.
A ball is tossed vertically in such a way that its velocity function is given by v(t) =
32 − 32t, where t is measured in seconds and v in feet per second. Assume that this
function is valid for 0 ≤ t ≤ 2.
(a) For what values of t is the velocity of the ball positive? What does this tell you
about the motion of the ball on this interval of time values?
(b) Find an antiderivative, s, of v that satisﬁes s(0) = 0.
(c) Compute the value of s(1) − s( 12 ). What is the meaning of the value you ﬁnd?
(d) Using the graph of y = v(t) provided in Figure 4.6, ﬁnd the exact area of the
region under the velocity curve between t = 21 and t = 1. What is the meaning
of the value you ﬁnd?
(e) Answer the same questions as in (c) and (d) but instead using the interval [0, 1].
(f) What is the value of s(2) − s(0)? What does this result tell you about the ﬂight
of the ball? How is this value connected to the provided graph of y = v(t)?
Explain.
C
3 Here

we are making the implicit assumption that s(0) = 0; we will further discuss the diﬀerent possibilities
for values of s(0) in subsequent study.
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Figure 4.6: The graph of y = v(t).

When velocity is negative
Most of our work in this section has occurred under the assumption that velocity is positive.
This hypothesis guarantees that the movement of the object under consideration is always
in a single direction, and hence ensures that the moving body’s change in position is the
same as the distance it travels on a given interval. As we saw in Activity 4.2, there are
natural settings in which a moving object’s velocity is negative; we would like to understand
this scenario fully as well.
Consider a simple example where a person goes for a walk on a beach along a stretch
of very straight shoreline that runs east-west. We can naturally assume that their initial
position is s(0) = 0, and further stipulate that their position function increases as they
move east from their starting location. For instance, a position of s = 1 mile represents
being one mile east of the start location, while s = −1 tells us the person is one mile west
of where they began walking on the beach. Now suppose the person walks in the following
manner. From the outset at t = 0, the person walks due east at a constant rate of 3 mph
for 1.5 hours. After 1.5 hours, the person stops abruptly and begins walking due west at
the constant rate of 4 mph and does so for 0.5 hours. Then, after another abrupt stop and
start, the person resumes walking at a constant rate of 3 mph to the east for one more
hour. What is the total distance the person traveled on the time interval t = 0 to t = 3?
What is the person’s total change in position over that time?
On one hand, these are elementary questions to answer because the velocity involved
is constant on each interval. From t = 0 to t = 1.5, the person traveled
D[0,1.5] = 3 miles per hour · 1.5 hours = 4.5 miles.
Similarly, on t = 1.5 to t = 2, having a diﬀerent rate, the distance traveled is
D[1.5,2] = 4 miles per hour · 0.5 hours = 2 miles.
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Finally, similar calculations reveal that in the ﬁnal hour, the person walked
D[2,3] = 3 miles per hour · 1 hours = 3 miles,
so the total distance traveled is
D = D[0,1.5] + D[1.5,2] + D[2,3] = 4.5 + 2 + 3 = 9.5 miles.
Since the velocity on 1.5 < t < 2 is actually v = −4, being negative to indicate motion in
the westward direction, this tells us that the person ﬁrst walked 4.5 miles east, then 2 miles
west, followed by 3 more miles east. Thus, the walker’s total change in position is
change in position = 4.5 − 2 + 3 = 5.5 miles.
While we have been able to answer these questions fairly easily, it is also important to
think about this problem graphically in order that we can generalize our solution to the
more complicated setting when velocity is not constant, as well as to note the particular
impact that negative velocity has. In Figure 4.7, we see how the distances we computed
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Figure 4.7: At left, the velocity function of the person walking; at right, the corresponding
position function.

above can be viewed as areas: A1 = 4.5 comes from taking rate times time (3 · 1.5), as
do A2 and A3 for the second and third rectangles. The big new issue is that while A2
is an area (and is therefore positive), because this area involves an interval on which the
velocity function is negative, its area has a negative sign associated with it. This helps us
to distinguish between distance traveled and change in position.
The distance traveled is the sum of the areas,
D = A1 + A2 + A3 = 4.5 + 2 + 3 = 9.5 miles.

216

4.1. DETERMINING DISTANCE TRAVELED FROM VELOCITY

But the change in position has to account for the sign associated with the area, where
those above the t-axis are considered positive while those below the t-axis are viewed as
negative, so that
s(3) − s(0) = (+4.5) + (−2) + (+3) = 5.5 miles,
assigning the “−2” to the area in the interval [1.5, 2] because there velocity is negative and
the person is walking in the “negative” direction. In other words, the person walks 4.5
miles in the positive direction, followed by two miles in the negative direction, and then
3 more miles in the positive direction. This aﬀect of velocity being negative is also seen
in the graph of the function y = s(t), which has a negative slope (speciﬁcally, its slope is
−4) on the interval 1.5 < t < 2 since the velocity is −4 on that interval, which shows the
person’s position function is decreasing due to the fact that she is walking east, rather
than west. On the intervals where she is walking west, the velocity function is positive and
the slope of the position function s is therefore also positive.
To summarize, we see that if velocity is sometimes negative, this makes the moving
object’s change in position diﬀerent from its distance traveled. By viewing the intervals on
which velocity is positive and negative separately, we may compute the distance traveled
on each such interval, and then depending on whether we desire total distance traveled or
total change in position, we may account for negative velocities that account for negative
change in position, while still contributing positively to total distance traveled. We close
this section with one additional activity that further explores the eﬀects of negative velocity
on the problem of ﬁnding change in position and total distance traveled.

Activity 4.3.
Suppose that an object moving along a straight line path has its velocity v (in meters
per second) at time t (in seconds) given by the piecewise linear function whose graph is
pictured in Figure 4.8. We view movement to the right as being in the positive direction
(with positive velocity), while movement to the left is in the negative direction. Suppose
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Figure 4.8: The velocity function of a moving object.
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further that the object’s initial position at time t = 0 is s(0) = 1.
(a) Determine the total distance traveled and the total change in position on the
time interval 0 ≤ t ≤ 2. What is the object’s position at t = 2?
(b) On what time intervals is the moving object’s position function increasing?
Why? On what intervals is the object’s position decreasing? Why?
(c) What is the object’s position at t = 8? How many total meters has it traveled to
get to this point (including distance in both directions)? Is this diﬀerent from
the object’s total change in position on t = 0 to t = 8?
(d) Find the exact position of the object at t = 1, 2, 3, . . . , 8 and use this data to
sketch an accurate graph of y = s(t) on the axes provided at right. How can
you use the provided information about y = v(t) to determine the concavity of
s on each relevant interval?
C

Summary
In this section, we encountered the following important ideas:
• If we know the velocity of a moving body at every point in a given interval and the
velocity is positive throughout, we can estimate the object’s distance traveled and in
some circumstances determine this value exactly.
• In particular, when velocity is positive on an interval, we can ﬁnd the total distance
traveled by ﬁnding the area under the velocity curve and above the t-axis on the given
time interval. We may only be able to estimate this area, depending on the shape of
the velocity curve.
• An antiderivative of a function f is a new function F whose derivative is f . That
is, F is an antiderivative of f provided that F 0 = f . In the context of velocity and
position, if we know a velocity function v, an antiderivative of v is a position function s
that satisﬁes s 0 = v. If v is positive on a given interval, say [a, b], then the change in
position, s(b) − s(a), measures the distance the moving object traveled on [a, b].
• In the setting where velocity is sometimes negative, this means that the object is
sometimes traveling in the opposite direction (depending on whether velocity is positive
or negative), and thus involves the object backtracking. To determine distance traveled,
we have to think about the problem separately on intervals where velocity is positive
and negative and account for the change in position on each such interval.
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Exercises
1. Along the eastern shore of Lake Michigan from Lake Macatawa (near Holland) to Grand
Haven, there is a bike bath that runs almost directly north-south. For the purposes of
this problem, assume the road is completely straight, and that the function s(t) tracks
the position of the biker along this path in miles north of Pigeon Lake, which lies
roughly halfway between the ends of the bike path.
Suppose that the biker’s velocity function is given by the graph in Figure 4.9 on the
time interval 0 ≤ t ≤ 4 (where t is measured in hours), and that s(0) = 1.
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Figure 4.9: The graph of the biker’s velocity, y = v(t), at left. At right, axes to plot an
approximate sketch of y = s(t).
(a) Approximately how far north of Pigeon Lake was the cyclist when she was the
greatest distance away from Pigeon Lake? At what time did this occur?
(b) What is the cyclist’s total change in position on the time interval 0 ≤ t ≤ 2? At
t = 2, was she north or south of Pigeon Lake?
(c) What is the total distance the biker traveled on 0 ≤ t ≤ 4? At the end of the
ride, how close was she to the point at which she started?
(d) Sketch an approximate graph of y = s(t), the position function of the cyclist,
on the interval 0 ≤ t ≤ 4. Label at least four important points on the graph of
s.
2. A toy rocket is launched vertically from the ground on a day with no wind. The rocket’s
vertical velocity at time t (in seconds) is given by v(t) = 500 − 32t feet/sec.
(a) At what time after the rocket is launched does the rocket’s velocity equal zero?
Call this time value a. What happens to the rocket at t = a?
(b) Find the value of the total area enclosed by y = v(t) and the t-axis on the
interval 0 ≤ t ≤ a. What does this area represent in terms of the physical
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setting of the problem?
(c) Find an antiderivative s of the function v. That is, ﬁnd a function s such that
s 0(t) = v(t).
(d) Compute the value of s(a) − s(0). What does this number represent in terms of
the physical setting of the problem?
(e) Compute s(5) − s(1). What does this number tell you about the rocket’s ﬂight?
3. An object moving along a horizontal axis has its instantaneous velocity at time t in
seconds given by the function v pictured in Figure 4.10, where v is measured in feet/sec.
Assume that the curves that make up the parts of the graph of y = v(t) are either

y = v(t)
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Figure 4.10: The graph of y = v(t), the velocity function of a moving object.
portions of straight lines or portions of circles.
(a) Determine the exact total distance the object traveled on 0 ≤ t ≤ 2.
(b) What is the value and meaning of s(5) − s(2), where y = s(t) is the position
function of the moving object?
(c) On which time interval did the object travel the greatest distance: [0, 2], [2, 4],
or [5, 7]?
(d) On which time interval(s) is the position function s increasing? At which point(s)
does s achieve a relative maximum?
4. Filters at a water treatment plant become dirtier over time and thus become less
eﬀective; they are replaced every 30 days. During one 30-day period, the rate at which
pollution passes through the ﬁlters into a nearby lake (in units of particulate matter
per day) is measured every 6 days and is given in the following table. The time t is
measured in days since the ﬁlters were replaced.
Day, t
Rate of pollution in units per day, p(t)

0
7

6
8

12
10

18
13

24
18

30
35
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(a) Plot the given data on a set of axes with time on the horizontal axis and the
rate of pollution on the vertical axis.
(b) Explain why the amount of pollution that entered the lake during this 30-day
period would be given exactly by the area bounded by y = p(t) and the t-axis
on the time interval [0, 30].
(c) Estimate the total amount of pollution entering the lake during this 30-day
period. Carefully explain how you determined your estimate.
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Riemann Sums

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• How can we use a Riemann sum to estimate the area between a given curve and
the horizontal axis over a particular interval?
• What are the diﬀerences among left, right, middle, and random Riemann sums?
• How can we write Riemann sums in an abbreviated form??

Introduction
In Section 4.1, we learned that if we have a moving object with velocity function v, whenever
v(t) is positive, the area between y = v(t) and the t-axis over a given time interval tells us
the distance traveled by the object over that time period; in addition, if v(t) is sometimes
negative and we view the area of any region below the t-axis as having an associated
negative sign, then the sum of these signed areas over a given interval tells us the moving
object’s change in position over the time interval. For instance, for the velocity function

y = v(t)

A3

A1
a

A2

b

Figure 4.11: A velocity function that is sometimes negative.

given in Figure 4.11, if the areas of shaded regions are A1 , A2 , and A3 as labeled, then the
total distance D traveled by the moving object on [a, b] is
D = A1 + A2 + A3,
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while the total change in the object’s position on [a, b] is
s(b) − s(a) = A1 − A2 + A3 .
Because the motion is in the negative direction on the interval where v(t) < 0, we subtract
A2 when determining the object’s total change in position.
Of course, ﬁnding D and s(b) − s(a) for the situation given in Figure 4.11 presumes
that we can actually ﬁnd the areas represented by A1 , A2 , and A3 . In most of our work in
Section 4.1, such as in Activities 4.2 and 4.3, we worked with velocity functions that were
either constant or linear, so that by ﬁnding the areas of rectangles and triangles, we could
ﬁnd the area bounded by the velocity function and the horizontal axis exactly. But when
the curve that bounds a region is not one for which we have a known formula for area, we
are unable to ﬁnd this area exactly. Indeed, this is one of our biggest goals in Chapter 4:
to learn how to ﬁnd the exact area bounded between a curve and the horizontal axis for
as many diﬀerent types of functions as possible.
To begin, we expand on the ideas in Activity 4.1, where we encountered a nonlinear
velocity function and approximated the area under the curve using four and eight rectangles,
respectively. In the following preview activity, we focus on three diﬀerent options for
deciding how to ﬁnd the heights of the rectangles we will use.
Preview Activity 4.2. A person walking along a straight path has her velocity in miles
per hour at time t given by the function v(t) = 0.25t 3 − 1.5t 2 + 3t + 0.25, for times in the
interval 0 ≤ t ≤ 2. The graph of this function is also given in each of the three diagrams in
Figure 4.12. Note that in each diagram, we use four rectangles to estimate the area under
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3

y = v(t)

2
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3

y = v(t)

2

1
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1
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B3

B2

B4
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1
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1

2

Figure 4.12: Three approaches to estimating the area under y = v(t) on the interval [0, 2].
y = v(t) on the interval [0, 2], but the method by which the four rectangles’ respective
heights are decided varies among the three individual graphs.
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(a) How are the heights of rectangles in the left-most diagram being chosen? Explain,
and hence determine the value of
S = A1 + A2 + A3 + A4
by evaluating the function y = v(t) at appropriately chosen values and observing
the width of each rectangle. Note, for example, that
A3 = v(1) ·

1
1
= 2 · = 1.
2
2

(b) Explain how the heights of rectangles are being chosen in the middle diagram and
ﬁnd the value of
T = B1 + B2 + B3 + B4 .
(c) Likewise, determine the pattern of how heights of rectangles are chosen in the
right-most diagram and determine
U = C1 + C2 + C3 + C4 .
(d) Of the estimates S, T, and U, which do you think is the best approximation of D,
the total distance the person traveled on [0, 2]? Why?
./

Sigma Notation
It is apparent from several diﬀerent problems we have considered that sums of areas of
rectangles is one of the main ways to approximate the area under a curve over a given
interval. Intuitively, we expect that using a larger number of thinner rectangles will provide
a way to improve the estimates we are computing. As such, we anticipate dealing with
sums with a large number of terms. To do so, we introduce the use of so-called sigma
notation, named for the Greek letter Σ, which is the capital letter S in the Greek alphabet.
For example, say we are interested in the sum
1 + 2 + 3 + · · · + 100,
which is the sum of the ﬁrst 100 natural numbers. Sigma notation provides a shorthand
notation that recognizes the general pattern in the terms of the sum. It is equivalent to
write
100
X
k = 1 + 2 + 3 + · · · + 100.
k=1
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We read the symbol

100
X

k as “the sum from k equals 1 to 100 of k.” The variable k is

k=1

usually called the index of summation, and the letter that is used for this variable is
immaterial. Each sum in sigma notation involves a function of the index; for example,
10
X

(k 2 + 2k) = (12 + 2 · 1) + (22 + 2 · 2) + (32 + 2 · 3) + · · · + (102 + 2 · 10),

k=1

and more generally,

n
X

f (k) = f (1) + f (2) + · · · + f (n).

k=1

Sigma notation allows us the ﬂexibility to easily vary the function being used to track the
pattern in the sum, as well as to adjust the number of terms in the sum simply by changing
the value of n. We test our understanding of this new notation in the following activity.

Activity 4.4.
For each sum written in sigma notation, write the sum long-hand and evaluate the
sum to ﬁnd its value. For each sum written in expanded form, write the sum in sigma
notation.
5
X
(a)
(k 2 + 2)
k=1

(b)

6
X

(2i − 1)

i=3

(c) 3 + 7 + 11 + 15 + · · · + 27
(d) 4 + 8 + 16 + 32 + · · · + 256
6
X
1
(e)
i
2
i=1

C

Riemann Sums
When a moving body has a positive velocity function y = v(t) on a given interval [a, b],
we know that the area under the curve over the interval is the total distance the body
travels on [a, b]. While this is the fundamental motivating force behind our interest in
the area bounded by a function, we are also interested more generally in being able to
ﬁnd the exact area bounded by y = f (x) on an interval [a, b], regardless of the meaning
or context of the function f . For now, we continue to focus on determining an accurate
estimate of this area through the use of a sum of the areas of rectangles, doing so in the
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setting where f (x) ≥ 0 on [a, b]. Throughout, unless otherwise indicated, we also assume
that f is continuous on [a, b].
The ﬁrst choice we make in any such approximation is the number of rectangles. If we
a
x0

b
x1

x2

···

xi

xi+1

···

xn−1

xn

△x

Figure 4.13: Subdividing the interval [a, b] into n subintervals of equal length 4x.
say that the total number of rectangles is n, and we desire n rectangles of equal width to
subdivide the interval [a, b], then each rectangle must have width 4x = b−a
n . We observe
further that x 1 = x 0 + 4x, x 2 = x 0 + 24x, and thus in general x i = a + i4x, as pictured in
Figure 4.13.
We use each subinterval [x i, x i+1 ] as the base of a rectangle, and next must choose
how to decide the height of the rectangle that will be used to approximate the area under
y = f (x) on the subinterval. There are three standard choices: use the left endpoint of
each subinterval, the right endpoint of each subinterval, or the midpoint of each. These
are precisely the options encountered in Preview Activity 4.2 and seen in Figure 4.12. We
next explore how these choices can be reﬂected in sigma notation.
If we now consider an arbitrary positive function f on [a, b] with the interval subdivided as shown in Figure 4.13, and choose to use left endpoints, then on each interval of
the form [x i, x i+1 ], the area of the rectangle formed is given by
Ai+1 = f (x i ) · 4x,
as seen in Figure 4.14. If we let L n denote the sum of the areas of rectangles whose heights
are given by the function value at each respective left endpoint, then we see that
L n = A1 + A2 + · · · + Ai+1 + · · · + An
=

f (x 0 ) · 4x + f (x 1 ) · 4x + · · · + f (x i ) · 4x + · · · + f (x n−1 ) · 4x.

In the more compact sigma notation, we have
Ln =

n−1
X

f (x i )4x.

i=0

Note particularly that since the index of summation begins at 0 and ends at n − 1, there
are indeed n terms in this sum. We call L n the left Riemann sum for the function f on the
interval [a, b].
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y = f (x)

A1

x0

A2

x1

···
x2

Ai+1

xi

xi+1

···

An

xn−1 xn

Figure 4.14: Subdividing the interval [a, b] into n subintervals of equal length 4x and
approximating the area under y = f (x) over [a, b] using left rectangles.

There are now two fundamental issues to explore: the number of rectangles we
choose to use and the selection of the pattern by which we identify the height of each
rectangle. It is best to explore these choices dynamically, and the applet4 found at
http://gvsu.edu/s/a9 is a particularly useful one. There we see the image shown in

Figure 4.15: A snapshot of the applet found at http://gvsu.edu/s/a9.
Figure 4.15, but with the opportunity to adjust the slider bars for the left endpoint and
the number of subintervals. By moving the sliders, we can see how the heights of the
rectangles change as we consider left endpoints, midpoints, and right endpoints, as well as
the impact that a larger number of narrower rectangles has on the approximation of the
exact area bounded by the function and the horizontal axis.
To see how the Riemann sums for right endpoints and midpoints are constructed,
4 Marc

Renault, Geogebra Calculus Applets.
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we consider Figure 4.16. For the sum with right endpoints, we see that the area of the
y = f (x)

y = f (x)

B1

x0

B2

x1

···
x2

Bi+1

xi

xi+1

···

Bn

C1

xn−1 xn

x0

C2

x1

···
x2

Ci+1

xi

Cn

···

xi+1

xn−1 xn

Figure 4.16: Riemann sums using right endpoints and midpoints.
rectangle on an arbitrary interval [x i, x i+1 ] is given by Bi+1 = f (x i+1 ) · 4x, so that the sum
of all such areas of rectangles is given by
Rn = B1 + B2 + · · · + Bi+1 + · · · + Bn
=

f (x 1 ) · 4x + f (x 2 ) · 4x + · · · + f (x i+1 ) · 4x + · · · + f (x n ) · 4x
n
X
=
f (x i )4x.
i=1

We call Rn the right Riemann sum for the function f on the interval [a, b]. For the sum
that uses midpoints, we introduce the notation
x i+1 =

x i + x i+1
2

so that x i+1 is the midpoint of the interval [x i, x i+1 ]. For instance, for the rectangle with
area C1 in Figure 4.16, we now have
C1 = f (x 1 ) · 4x.
Hence, the sum of all the areas of rectangles that use midpoints is
Mn = C1 + C2 + · · · + Ci+1 + · · · + Cn
=

f (x 1 ) · 4x + f (x 2 ) · 4x + · · · + f (x i+1 ) · 4x + · · · + f (x n ) · 4x
n
X
=
f (x i )4x,
i=1

and we say that Mn is the middle Riemann sum for f on [a, b].
When f (x) ≥ 0 on [a, b], each of the Riemann sums L n , Rn , and Mn provides an
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estimate of the area under the curve y = f (x) over the interval [a, b]; momentarily, we will
discuss the meaning of Riemann sums in the setting when f is sometimes negative. We also
recall that in the context of a nonnegative velocity function y = v(t), the corresponding
Riemann sums are approximating the distance traveled on [a, b] by the moving object with
velocity function v.
There is a more general way to think of Riemann sums, and that is to not restrict the
choice of where the function is evaluated to determine the respective rectangle heights.
That is, rather than saying we’ll always choose left endpoints, or always choose midpoints,
we simply say that a point x ∗i+1 will be selected at random in the interval [x i, x i+1 ] (so that
x i ≤ x ∗i+1 ≤ x i+1 ), which makes the Riemann sum given by
f (x ∗1 ) · 4x + f (x ∗2 ) · 4x + · · · + f (x ∗i+1 ) · 4x + · · · + f (x ∗n ) · 4x =

n
X

f (x ∗i )4x.

i=1

At http://gvsu.edu/s/a9, the applet noted earlier and referenced in Figure 4.15, by
unchecking the “relative” box at the top left, and instead checking “random,” we can easily
explore the eﬀect of using random point locations in subintervals on a given Riemann sum.
In computational practice, we most often use L n , Rn , or Mn , while the random Riemann
sum is useful in theoretical discussions. In the following activity, we investigate several
diﬀerent Riemann sums for a particular velocity function.

Activity 4.5.
Suppose that an object moving along a straight line path has its velocity in feet per
second at time t in seconds given by v(t) = 92 (t − 3)2 + 2.
(a) Carefully sketch the region whose exact area will tell you the value of the
distance the object traveled on the time interval 2 ≤ t ≤ 5.
(b) Estimate the distance traveled on [2, 5] by computing L 4 , R4 , and M4 .
(c) Does averaging L 4 and R4 result in the same value as M4 ? If not, what do you
think the average of L 4 and R4 measures?
(d) For this question, think about an arbitrary function f , rather than the particular
function v given above. If f is positive and increasing on [a, b], will L n overestimate or under-estimate the exact area under f on [a, b]? Will Rn over- or
under-estimate the exact area under f on [a, b]? Explain.
C

When the function is sometimes negative
For a Riemann sum such as
Ln =

n−1
X
i=0

f (x i )4x,
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we can of course compute the sum even when f takes on negative values. We know
that when f is positive on [a, b], the corresponding left Riemann sum L n estimates the
area bounded by f and the horizontal axis over the interval. For a function such as the

y = f (x)

y = f (x)

y = f (x)

A3

A1
A2
a

b

c

d

a

b

c

d

a

b

c

d

Figure 4.17: At left and center, two left Riemann sums for a function f that is sometimes
negative; at right, the areas bounded by f on the interval [a, d].
one pictured in Figure 4.17, where in the ﬁrst ﬁgure a left Riemann sum is being taken
with 12 subintervals over [a, d], we observe that the function is negative on the interval
b ≤ x ≤ c, and so for the four left endpoints that fall in [b, c], the terms f (x i )4x have
negative function values. This means that those four terms in the Riemann sum produce
an estimate of the opposite of the area bounded by y = f (x) and the x-axis on [b, c].
In Figure 4.17, we also see evidence that by increasing the number of rectangles used
in a Riemann sum, it appears that the approximation of the area (or the opposite of the
area) bounded by a curve appears to improve. For instance, in the middle graph, we use
24 left rectangles, and from the shaded areas, it appears that we have decreased the error
from the approximation that uses 12. When we proceed to Section 4.3, we will discuss the
natural idea of letting the number of rectangles in the sum increase without bound.
For now, it is most important for us to observe that, in general, any Riemann sum of a
continuous function f on an interval [a, b] approximates the diﬀerence between the area
that lies above the horizontal axis on [a, b] and under f and the area that lies below the
horizontal axis on [a, b] and above f . In the notation of Figure 4.17, we may say that
L 24 ≈ A1 − A2 + A3,
where L 24 is the left Riemann sum using 24 subintervals shown in the middle graph, and
A1 and A3 are the areas of the regions where f is positive on the interval of interest, while
A2 is the area of the region where f is negative. We will also call the quantity A1 − A2 + A3
the net signed area bounded by f over the interval [a, d], where by the phrase “signed area”
we indicate that we are attaching a minus sign to the areas of regions that fall below the
horizontal axis.
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Finally, we recall from the introduction to this present section that in the context
where the function f represents the velocity of a moving object, the total sum of the areas
bounded by the curve tells us the total distance traveled over the relevant time interval,
while the total net signed area bounded by the curve computes the object’s change in
position on the interval.

Activity 4.6.
Suppose that an object moving along a straight line path has its velocity v (in feet per
second) at time t (in seconds) given by
1
7
v(t) = t 2 − 3t + .
2
2
(a) Compute M5 , the middle Riemann sum, for v on the time interval [1, 5]. Be
sure to clearly identify the value of 4t as well as the locations of t 0 , t 1 , · · · , t 5 .
In addition, provide a careful sketch of the function and the corresponding
rectangles that are being used in the sum.
(b) Building on your work in (a), estimate the total change in position of the object
on the interval [1, 5].
(c) Building on your work in (a) and (b), estimate the total distance traveled by the
object on [1, 5].
(d) Use appropriate computing technology5 to compute M10 and M20 . What exact
value do you think the middle sum eventually approaches as n increases without
bound? What does that number represent in the physical context of the overall
problem?
C

Summary
In this section, we encountered the following important ideas:
• A Riemann sum is simply a sum of products of the form f (x ∗i )4x that estimates the
area between a positive function and the horizontal axis over a given interval. If
the function is sometimes negative on the interval, the Riemann sum estimates the
diﬀerence between the areas that lie above the horizontal axis and those that lie below
the axis.
• The three most common types of Riemann sums are left, right, and middle sums, plus
we can also work with a more general, random Riemann sum. The only diﬀerence
5 For

instance, consider the applet at http://gvsu.edu/s/a9 and change the function and adjust the
locations of the blue points that represent the interval endpoints a and b.
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among these sums is the location of the point at which the function is evaluated to
determine the height of the rectangle whose area is being computed in the sum. For
a left Riemann sum, we evaluate the function at the left endpoint of each subinterval,
while for right and middle sums, we use right endpoints and midpoints, respectively.
• The left, right, and middle Riemann sums are denoted L n , Rn , and Mn , with formulas
L n = f (x 0 )4x + f (x 1 )4x + · · · + f (x n−1 )4x =

n−1
X

f (x i )4x,

i=0

Rn = f (x 1 )4x + f (x 2 )4x + · · · + f (x n )4x =

n
X

f (x i )4x,

i=1

Mn = f (x 1 )4x + f (x 2 )4x + · · · + f (x n )4x =

n
X

f (x i )4x,

i=1

where x 0 = a, x i = a + i4x, and x n = b, using 4x =
x i = (x i−1 + x i )/2.

b−a
n .

For the midpoint sum,

Exercises
1. Consider the function f (x) = 3x + 4.
(a) Compute M4 for y = f (x) on the interval [2, 5]. Be sure to clearly identify the
value of 4x, as well as the locations of x 0, x 1, . . . , x 4 . Include a careful sketch
of the function and the corresponding rectangles being used in the sum.
(b) Use a familiar geometric formula to determine the exact value of the area of
the region bounded by y = f (x) and the x-axis on [2, 5].
(c) Explain why the values you computed in (a) and (b) turn out to be the same.
Will this be true if we use a number diﬀerent than n = 4 and compute Mn ? Will
L 4 or R4 have the same value as the exact area of the region found in (b)?
(d) Describe the collection of functions g for which it will always be the case that
Mn , regardless of the value of n, gives the exact net signed area bounded
between the function g and the x-axis on the interval [a, b].
2. Let S be the sum given by
S = ((1.4)2 +1)·0.4+((1.8)2 +1)·0.4+((2.2)2 +1)·0.4+((2.6)2 +1)·0.4+((3.0)2 +1)·0.4.

(a) Assume that S is a right Riemann sum. For what function f and what interval
[a, b] is S an approximation of the area under f and above the x-axis on [a, b]?
Why?
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(b) How does your answer to (a) change if S is a left Riemann sum? a middle
Riemann sum?
(c) Suppose that S really is a right Riemann sum. What is geometric quantity does
S approximate?
(d) Use sigma notation to write a new sum R that is the right Riemann sum for the
same function, but that uses twice as many subintervals as S.

3. A car traveling along a straight road is braking and its velocity is measured at several
diﬀerent points in time, as given in the following table.
seconds, t
Velocity in ft/sec, v(t)

0
100

0.3
88

0.6
74

0.9
59

1.2
40

1.5
19

1.8
0

(a) Plot the given data on a set of axes with time on the horizontal axis and the
velocity on the vertical axis.
(b) Estimate the total distance traveled during the car the time brakes using a
middle Riemann sum with 3 subintervals.
(c) Estimate the total distance traveled on [0, 1.8] by computing L 6 , R6 , and
1
2 (L 6 + R6 ).
(d) Assuming that v(t) is always decreasing on [0, 1.8], what is the maximum
possible distance the car traveled before it stopped? Why?
4. The rate at which pollution escapes a scrubbing process at a manufacturing plant
increases over time as ﬁlters and other technologies become less eﬀective. For this
particular example, assume that the rate of pollution (in tons per week) is given by the
function r that is pictured in Figure 4.18.

4

tons/week
y = r(t)

3
2
1

weeks
1

2

3

4

Figure 4.18: The rate, r(t), of pollution in tons per week.
(a) Use the graph to estimate the value of M4 on the interval [0, 4].
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(b) What is the meaning of M4 in terms of the pollution discharged by the plant?
(c) Suppose that r(t) = 0.5e0.5t . Use this formula for r to compute L 5 on [0, 4].
(d) Determine an upper bound on the total amount of pollution that can escape
the plant during the pictured four week time period that is accurate within an
error of at most one ton of pollution.
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The Deﬁnite Integral

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• How does increasing the number of subintervals aﬀect the accuracy of the approximation generated by a Riemann sum?
• What is the deﬁnition of the deﬁnite integral of a function f over the interval
[a, b]?
• What does the deﬁnite integral measure exactly, and what are some of the key
properties of the deﬁnite integral?

Introduction
In Figure 4.17, which is repeated below as Figure 4.19, we see visual evidence that increasing
the number of rectangles in a Riemann sum improves the accuracy of the approximation
of the net signed area that is bounded by the given function on the interval under
consideration. We thus explore the natural idea of allowing the number of rectangles to

y = f (x)

y = f (x)

y = f (x)

A3

A1
A2
a

b

c

d

a

b

c

d

a

b

c

d

Figure 4.19: At left and center, two left Riemann sums for a function f that is sometimes
negative; at right, the exact areas bounded by f on the interval [a, d].
increase without bound in an eﬀort to compute the exact net signed area bounded by a
function on an interval. In addition, it is important to think about the diﬀerences among
left, right, and middle Riemann sums and the diﬀerent results they generate as the value
of n increases. As we have done throughout our investigations with area, we begin with
functions that are exclusively positive on the interval under consideration.
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Preview Activity 4.3. Consider the applet found at http://gvsu.edu/s/aw6 . There,
you will initially see the situation shown in Figure 4.20. Note that the value of the chosen

Figure 4.20: A right Riemann sum with 10 subintervals for the function f (x) = sin(2x) −
x2
10 + 3 on the interval [1, 7]. The value of the sum is R10 = 4.90595.
Riemann sum is displayed next to the word “relative,” and that you can change the type of
Riemann sum being computed by dragging the point on the slider bar below the phrase
“sample point placement.”
Explore to see how you can change the window in which the function is viewed, as well
as the function itself. You can set the minimum and maximum values of x by clicking and
dragging on the blue points that set the endpoints; you can change the function by typing
a new formula in the “f(x)” window at the bottom; and you can adjust the overall window
by “panning and zooming” by using the Shift key and the scrolling feature of your mouse.
More information on how to pan and zoom can be found at http://gvsu.edu/s/Fl.
Work accordingly to adjust the applet so that it uses a left Riemann sum with n = 5
subintervals for the function is f (x) = 2x + 1. You should see the updated ﬁgure shown in
Figure 4.21. Then, answer the following questions.
(a) Update the applet (and view window, as needed) so that the function being
considered is f (x) = 2x + 1 on [1, 4], as directed above. For this function on this
interval, compute L n , Mn , Rn for n = 5, n = 25, and n = 100. What appears to be
the exact area bounded by f (x) = 2x + 1 and the x-axis on [1, 4]?
(b) Use basic geometry to determine the exact area bounded by f (x) = 2x + 1 and
6 Marc

Renault, Shippensburg University, Geogebra Applets for Calclulus, http://gvsu.edu/s/5p.
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Figure 4.21: A left Riemann sum with 5 subintervals for the function f (x) = 2x + 1 on the
interval [1, 4]. The value of the sum is L 5 = 16.2.

the x-axis on [1, 4].
(c) Based on your work in (a) and (b), what do you observe occurs when we increase
the number of subintervals used in the Riemann sum?
(d) Update the applet to consider the function f (x) = x 2 + 1 on the interval [1, 4]
(note that you need to enter “x∧2 + 1” for the function formula). Use the applet
to compute L n , Mn , Rn for n = 5, n = 25, and n = 100. What do you conjecture is
the exact area bounded by f (x) = x 2 + 1 and the x-axis on [1, 4]?
(e) Why can we not compute the exact value of the area bounded by f (x) = x 2 + 1
and the x-axis on [1, 4] using a formula like we did in (b)?
./

The deﬁnition of the deﬁnite integral
In both examples in Preview Activity 4.3, we saw that as the number of rectangles got
larger and larger, the values of L n , Mn , and Rn all grew closer and closer to the same
value. It turns out that this occurs for any continuous function on an interval [a, b], and
even more generally for a Riemann sum using any point x ∗i+1 in the interval [x i, x i+1 ].
Said diﬀerently, as we let n → ∞, it doesn’t really matter where we choose to evaluate the
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function within a given subinterval, because
lim L n = lim Rn = lim Mn = lim

n→∞

n→∞

n→∞

n→∞

n
X

f (x ∗i )4x.

i=1

That these limits always exist (and share the same value) for a continuous7 function f
allows us to make the following deﬁnition.
Deﬁnition 4.1. The deﬁnite integral of a continuous function f on the interval [a, b],
Z b
denoted
f (x) dx, is the real number given by
a
b

Z

f (x) dx = lim

n→∞

a

where 4x =
i = 1, . . . , n).

b−a
n ,

n
X

f (x ∗i )4x,

i=1

x i = a + i4x (for i = 0, . . . , n), and x ∗i satisﬁes x i−1 ≤ x ∗i ≤ x i (for

We call the symbol

the integral sign, the values a and b the limits of integration, and
Rb
the function f the integrand. The process of determining the real number a f (x) dx is
called evaluating the deﬁnite integral. While we will come to understand that there are
several diﬀerent interpretations of the value of the deﬁnite integral, for now the most
Rb
important is that a f (x) dx measures the net signed area bounded by y = f (x) and the
x-axis on the interval [a, b]. For example, in the notation of the deﬁnite integral, if f is
the function pictured in Figure 4.22 and A1 , A2 , and A3 are the exact areas bounded by f
and the x-axis on the respective intervals [a, b], [b, c], and [c, d], then
b

Z

R

f (x) dx = A1,

a

and

c

Z

f (x) dx = −A2,

b
d

Z

d

Z

f (x) dx = A3,

c

f (x) dx = A1 − A2 + A3 .

a

We can also use deﬁnite integrals to express the change in position and distance traveled
by a moving object. In the setting of a velocity function v on an interval [a, b], it follows
from our work above and in preceding sections that the change in position, s(b) − s(a), is
given by
Z b
s(b) − s(a) =
v(t) dt.
a
7 It turns out that a function need not be continuous in order to have a deﬁnite integral. For our purposes,
we assume that the functions we consider are continuous on the interval(s) of interest. It is straightforward
to see that any function that is piecewise continuous on an interval of interest will also have a well-deﬁned
deﬁnite integral.
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y = f (x)

A3

A1
A2
a

b

c

d

Figure 4.22: A continuous function f on the interval [a, d].

Rb
If the velocity function is nonnegative on [a, b], then a v(t) dt tells us the distance the
object traveled. When velocity is sometimes negative on [a, b], the areas bounded by the
function on intervals where v does not change sign can be found using integrals, and the
sum of these values will tell us the distance the object traveled.
If we wish to compute the value of a deﬁnite integral using the deﬁnition, we have to
take the limit of a sum. While this is possible to do in select circumstances, it is also tedious
and time-consuming; moreover, computing these limits does not oﬀer much additional
insight into the meaning or interpretation of the deﬁnite integral. Instead, in Section 4.4,
we will learn the Fundamental Theorem of Calculus, a result that provides a shortcut for
evaluating a large class of deﬁnite integrals. This will enable us to determine the exact
net signed area bounded by a continuous function and the x-axis in many circumstances,
R4
including examples such as 1 (x 2 + 1) dx, which we approximated by Riemann sums in
Preview Activity 4.3.
For now, our goal is to understand the meaning and properties of the deﬁnite integral,
rather than how to actually compute its value using ideas in calculus. Thus, we temporarily
rely on the net signed area interpretation of the deﬁnite integral and observe that if a
given curve produces regions whose areas we can compute exactly through known area
formulas, we can thus compute the exact value of the integral. For instance, if we wish
R4
to evaluate the deﬁnite integral 1 (2x + 1) dx, we can observe that the region bounded
by this function and the x-axis is the trapezoid shown in Figure 4.23, and by the known
formula for the area of a trapezoid, its area is A = 12 (3 + 9) · 3 = 18, so
4

Z
1

(2x + 1) dx = 18.
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f (x) = 2x + 1

9

3

R4

1 (2x + 1) dx

1

4

Figure 4.23: The area bounded by f (x) = 2x + 1 and the x-axis on the interval [1, 4].

Activity 4.7.
Use known geometric formulas and the net signed area interpretation of the deﬁnite
integral to evaluate each of the deﬁnite integrals below.
Z 1
(a)
3x dx
0

(b)

Z

4

(2 − 2x) dx
−1

(c)

Z

1√

1 − x 2 dx

−1

(d)

Z

4

g(x) dx, where g is the function pictured in Figure 4.24. Assume that each

−3

portion of g is either part of a line or part of a circle.

y = g(x)

1

-3

-2

-1

1

2

3

4

-1

Figure 4.24: A function g that is piecewise deﬁned; each piece of the function is part of a
circle or part of a line.
C
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Some properties of the deﬁnite integral
With the perspective that the deﬁnite integral of a function f over an interval [a, b]
measures the net signed area bounded by f and the x-axis over the interval, we naturally
arrive at several diﬀerent standard properties of the deﬁnite integral. In addition, it is
helpful to remember that the deﬁnite integral is deﬁned in terms of Riemann sums that
fundamentally consist of the areas of rectangles.
Ra
If we consider the deﬁnite integral a f (x) dx for any real number a, it is evident
that no area is being bounded because the interval begins and ends with the same point.
Hence,
If f is a continuous function and a is a real number, then

a

Z

f (x) dx = 0.

a

y = f (x)

A1
a

A2
b

c

Figure 4.25: The area bounded by y = f (x) on the interval [a, c].
Next, we consider the results of subdividing a given interval. In Figure 4.25, we see
that
Z b
Z c
Z c
f (x) dx = A1,
f (x) dx = A2, and
f (x) dx = A1 + A2,
a

b

a

which is indicative of the following general rule.
If f is a continuous function and a, b, and c are real numbers, then
c

Z
a

f (x) dx =

b

Z
a

f (x) dx +

c

Z

f (x) dx.
b

While this rule is most apparent in the situation where a < b < c, it in fact holds in
general for any values of a, b, and c. This result is connected to another property of the
deﬁnite integral, which states that if we reverse the order of the limits of integration, we
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change the sign of the integral’s value.
If f is a continuous function and a and b are real numbers, then
a

Z

f (x) dx = −

b

b

Z

f (x) dx.
a

This result makes sense because if we integrate from a to b, then in the deﬁning Riemann
b−a
a−b
sum 4x = b−a
n , while if we integrate from b to a, 4x = n = − n , and this is the only
change in the sum used to deﬁne the integral.
There are two additional properties of the deﬁnite integral that we need to understand.
Recall that when we worked with derivative rules in Chapter 2, we found that both the
Constant Multiple Rule and the Sum Rule held. The Constant Multiple Rule tells us that
if f is a diﬀerentiable function and k is a constant, then
d
[k f (x)] = k f 0(x),
dx
and the Sum Rule states that if f and g are diﬀerentiable functions, then
d
[ f (x) + g(x)] = f 0(x) + g 0(x).
dx
These rules are useful because they enable us to deal individually with the simplest parts
of certain functions and take advantage of the elementary operations of addition and
multiplying by a constant. They also tell us that the process of taking the derivative
respects addition and multiplying by constants in the simplest possible way.
It turns out that similar rules hold for the deﬁnite integral. First, let’s consider the
situation pictured in Figure 4.26, where we examine the eﬀect of multiplying a function by

B = 2 f (xi )△x
y = 2 f (x)
A = f (xi )△x

y = f (x)

B

A
a

xi

xi+1

b

a

xi

xi+1

b

Figure 4.26: The areas bounded by y = f (x) and y = 2 f (x) on [a, b].
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a factor of 2 on the area it bounds with the x-axis. Because multiplying the function by
2 doubles its height at every x-value, we see that if we consider a typical rectangle from
a Riemann sum, the diﬀerence in area comes from the changed height of the rectangle:
f (x i ) for the original function, versus 2 f (x i ) in the doubled function, in the case of left
sum. Hence, in Figure 4.26, we see that for the pictured rectangles with areas A and B, it
follows B = 2A. As this will happen in every such rectangle, regardless of the value of n
and the type of sum we use, we see that in the limit, the area of the red region bounded
by y = 2 f (x) will be twice that of the area of the blue region bounded by y = f (x). As
there is nothing special about the value 2 compared to an arbitrary constant k, it turns
out that the following general principle holds.
Constant Multiple Rule: If f is a continuous function and k is any real number
then
Z b
Z b
k · f (x) dx = k
f (x) dx.
a

a

Finally, we see a similar situation geometrically with the sum of two functions f and g.
In particular, as shown in Figure 4.27, if we take the sum of two functions f and g, at every

C = ( f (xi ) + g(xi ))△x
f +g

A = f (xi )△x

f

B = g(xi )△x

a

xi

C
g

A

B
xi+1

b

a

xi

xi+1

b

a

xi

xi+1

b

Figure 4.27: The areas bounded by y = f (x) and y = g(x) on [a, b], as well as the area
bounded by y = f (x) + g(x).

point in the interval, the height of the function f + g is given by ( f + g)(x i ) = f (x i ) + g(x i ),
which is the sum of the individual function values of f and g (taken at left endpoints).
Hence, for the pictured rectangles with areas A, B, and C, it follows that C = A + B, and
because this will occur for every such rectangle, in the limit the area of the gray region will
be the sum of the areas of the blue and red regions. Stated in terms of deﬁnite integrals,
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we have the following general rule.
Sum Rule: If f and g are continuous functions, then
b

Z

[ f (x) + g(x)] dx =

b

Z

a

f (x) dx +

b

Z

a

g(x) dx.
a

More generally, the Constant Multiple and Sum Rules can be combined to make the
observation that for any continuous functions f and g and any constants c and k,
b

Z

[c f (x) ± kg(x)] dx = c

a

b

Z

b

Z
f (x) dx ± k

a

g(x) dx.
a

Activity 4.8.
Suppose that the following information is known about the functions f , g, x 2 , and x 3 :
R2
R5
• 0 f (x) dx = −3; 2 f (x) dx = 2
R2
R5
• 0 g(x) dx = 4; 2 g(x) dx = −1
R2
R5
• 0 x 2 dx = 38 ; 2 x 2 dx = 117
3
R5
R2
609
3
3
• 0 x dx = 4; 2 x dx = 4
Use the provided information and the rules discussed in the preceding section to
evaluate each of the following deﬁnite integrals.
R2
(a) 5 f (x) dx
R5
(b) 0 g(x) dx
R5
(c) 0 ( f (x) + g(x)) dx
R5
(d) 2 (3x 2 − 4x 3 ) dx
R0
(e) 5 (2x 3 − 7g(x)) dx
C

How the deﬁnite integral is connected to a function’s average value
One of the most valuable applications of the deﬁnite integral is that it provides a way to
meaningfully discuss the average value of a function, even for a function that takes on
inﬁnitely many values. Recall that if we wish to take the average of n numbers y1 , y2 , . . .,
yn , we do so by computing
Avg =

y1 + y2 + · · · + y n
.
n
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Since integrals arise from Riemann sums in which we add n values of a function, it
should not be surprising that evaluating an integral is something like averaging the output
values of a function. Consider, for instance, the right Riemann sum Rn of a function f ,
which is given by
Rn = f (x 1 )4x + f (x 2 )4x + · · · + f (x n )4x = ( f (x 1 ) + f (x 2 ) + · · · + f (x n ))4x.
Since 4x =

b−a
n ,

we can thus write

Rn = ( f (x 1 ) + f (x 2 ) + · · · + f (x n )) ·

b−a
f (x 1 ) + f (x 2 ) + · · · + f (x n )
= (b − a)
.
n
n

(4.1)

Here, we see that the right Riemann sum with n subintervals is the length of the interval
(b − a) times the average of the n function values found at the right endpoints. And just as
with our eﬀorts to compute area, we see that the larger the value of n we use, the more
accurate our average of the values of f will be. Indeed, we will deﬁne the average value of
f on [a, b] to be
f (x 1 ) + f (x 2 ) + · · · + f (x n )
f AVG[a,b] = lim
.
n→∞
n
But we also know that for any continuous function f on [a, b], taking the limit of a
Z b
Riemann sum leads precisely to the deﬁnite integral. That is, lim Rn =
f (x) dx, and
thus taking the limit as n → ∞ in Equation (4.1), we have that
b

Z
a

n→∞

a

f (x) dx = (b − a) · f AVG[a,b] .

(4.2)

Solving Equation (4.2) for f AVG[a,b] , we have the following general principle.
Average value of a function: If f is a continuous function on [a, b], then its average
value on [a, b] is given by the formula
f AVG[a,b]

1
·
=
b−a

b

Z

f (x) dx.
a

Observe that Equation (4.2) tells us another way to interpret the deﬁnite integral:
the deﬁnite integral of a function f from a to b is the length of the interval (b − a)
times the average value of the function on the interval. In addition, Equation (4.2) has
a natural visual interpretation when the function f is nonnegative on [a, b]. Consider
Rb
Figure 4.28, where we see at left the shaded region whose area is a f (x) dx, at center
the shaded rectangle whose dimensions are (b − a) by f AVG[a,b] , and at right these two
ﬁgures superimposed. Speciﬁcally, note that in dark green we show the horizontal line
y = f AVG[a,b] . Thus, the area of the green rectangle is given by (b − a) · f AVG[a,b] , which
Rb
is precisely the value of a f (x) dx. Said diﬀerently, the area of the blue region in the
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y = f (x)

y = f (x)

y = f (x)

A2

fAVG[a,b]
A1
Rb
a

a

(b − a) · fAVG[a,b]

f (x) dx
b

a

b

a

b

Figure 4.28: A function y = f (x), the area it bounds, and its average value on [a, b].

left ﬁgure is the same as that of the green rectangle in the center ﬁgure; this can also be
seen by observing that the areas A1 and A2 in the rightmost ﬁgure appear to be equal.
Ultimately, the average value of a function enables us to construct a rectangle whose area
is the same as the value of the deﬁnite integral of the function on the interval. The java
applet8 at http://gvsu.edu/s/az provides an opportunity to explore how the average
value of the function changes as the interval changes, through an image similar to that
found in Figure 4.28.

Activity 4.9.
p
Suppose that v(t) = 4 − (t − 2)2 tells us the instantaneous velocity of a moving object
on the interval 0 ≤ t ≤ 4, where t is measured in minutes and v is measured in meters
per minute.
p
(a) Sketch an accurate graph of y = v(t). What kind of curve is y = 4 − (t − 2)2 ?
R4
(b) Evaluate 0 v(t) dt exactly.
(c) In terms of the physical problem of the moving object with velocity v(t), what
R4
is the meaning of 0 v(t) dt? Include units on your answer.
(d) Determine the exact average value of v(t) on [0, 4]. Include units on your
answer.
(e) Sketch a rectangle whose base is the line segment from t = 0 to t = 4 on the
R4
t-axis such that the rectangle’s area is equal to the value of 0 v(t) dt. What is
the rectangle’s exact height?
(f) How can you use the average value you found in (d) to compute the total
distance traveled by the moving object over [0, 4]?
8 David

Austin, http://gvsu.edu/s/5r.
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C

Summary
In this section, we encountered the following important ideas:
• Any Riemann sum of a continuous function f on an interval [a, b] provides an estimate
of the net signed area bounded by the function and the horizontal axis on the interval.
Increasing the number of subintervals in the Riemann sum improves the accuracy of
this estimate, and letting the number of subintervals increase without bound results
in the values of the corresponding Riemann sums approaching the exact value of the
enclosed net signed area.
• When we take the just described limit of Riemann sums, we arrive at what we call
Rb
the deﬁnite integral of f over the interval [a, b]. In particular, the symbol a f (x) dx
denotes the deﬁnite integral of f over [a, b], and this quantity is deﬁned by the equation
b

Z
a

where 4x =
i = 1, . . . , n).

b−a
n ,

f (x) dx = lim

n→∞

n
X

f (x ∗i )4x,

i=1

x i = a + i4x (for i = 0, . . . , n), and x ∗i satisﬁes x i−1 ≤ x ∗i ≤ x i (for

Rb
• The deﬁnite integral a f (x) dx measures the exact net signed area bounded by f and
the horizontal axis on [a, b]; in addition, the value of the deﬁnite integral is related to
Rb
1
what we call the average value of the function on [a, b]: f AVG[a,b] = b−a
· a f (x) dx. In
Rb
the setting where we consider the integral of a velocity function v, a v(t) dt measures
the exact change in position of the moving object on [a, b]; when v is nonnegative,
Rb
v(t) dt is the object’s distance traveled on [a, b].
a
• The deﬁnite integral is a sophisticated sum, and thus has some of the same natural
properties that ﬁnite sums have. Perhaps most important of these is how the deﬁnite
integral respects sums and constant multiples of functions, which can be summarized
by the rule
b

Z
a

[c f (x) ± kg(x)] dx = c

b

Z

b

Z
f (x) dx ± k

a

g(x) dx
a

where f and g are continuous functions on [a, b] and c and k are arbitrary constants.

Exercises
1. The velocity of an object moving along an axis is given by the piecewise linear function
v that is pictured in Figure 4.29. Assume that the object is moving to the right when its
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velocity is positive, and moving to the left when its velocity is negative. Assume that
the given velocity function is valid for t = 0 to t = 4.

2

ft/sec

1
sec
1
-1

2

3

4

y = v(t)

-2

Figure 4.29: The velocity function of a moving object.
(a) Write an expression involving deﬁnite integrals whose value is the total change
in position of the object on the interval [0, 4].
(b) Use the provided graph of v to determine the value of the total change in
position on [0, 4].
(c) Write an expression involving deﬁnite integrals whose value is the total distance
traveled by the object on [0, 4]. What is the exact value of the total distance
traveled on [0, 4]?
(d) What is the object’s exact average velocity on [0, 4]?
(e) Find an algebraic formula for the object’s position function on [0, 1.5] that
satisﬁes s(0) = 0.
2. Suppose that the velocity of a moving object is given by v(t) = t(t − 1)(t − 3), measured
in feet per second, and that this function is valid for 0 ≤ t ≤ 4.
(a) Write an expression involving deﬁnite integrals whose value is the total change
in position of the object on the interval [0, 4].
(b) Use appropriate technology (such as http://gvsu.edu/s/a99 ) to compute
Riemann sums to estimate the object’s total change in position on [0, 4]. Work
to ensure that your estimate is accurate to two decimal places, and explain how
you know this to be the case.
(c) Write an expression involving deﬁnite integrals whose value is the total distance
traveled by the object on [0, 4].
9 Marc

Renault, Shippensburg University.
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(d) Use appropriate technology to compute Riemann sums to estimate the object’s
total distance travelled on [0, 4]. Work to ensure that your estimate is accurate
to two decimal places, and explain how you know this to be the case.
(e) What is the object’s average velocity on [0, 4], accurate to two decimal places?

3. Consider the graphs of two functions f and g that are provided in Figure 4.30. Each
piece of f and g is either part of a straight line or part of a circle.

2

y = g(x)

2

y = f (x)

1

1

1

2

3

4

1

-1

-1

-2

-2

2

3

4

Figure 4.30: Two functions f and g.
(a) Determine the exact value of

R

1
[ f (x)
0

(b) Determine the exact value of

R

4
[2 f (x)
1

+ g(x)] dx.
− 3g(x)] dx.

(c) Find the exact average value of h(x) = g(x) − f (x) on [0, 4].
(d) For what constant c does the following equation hold?
4

Z
0

c dx =

4

Z

[ f (x) + g(x)] dx

0

4. Let f (x) = 3 − x 2 and g(x) = 2x 2 .
(a) On the interval [−1, 1], sketch a labeled graph of y = f (x) and write a deﬁnite
integral whose value is the exact area bounded by y = f (x) on [−1, 1].
(b) On the interval [−1, 1], sketch a labeled graph of y = g(x) and write a deﬁnite
integral whose value is the exact area bounded by y = g(x) on [−1, 1].
(c) Write an expression involving a diﬀerence of deﬁnite integrals whose value is
the exact area that lies between y = f (x) and y = g(x) on [−1, 1].
(d) Explain why your expression in (c) has the same value as the single integral
R1
[ f (x) − g(x)] dx.
−1
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(e) Explain why, in general, if p(x) ≥ q(x) for all x in [a, b], the exact area between
y = p(x) and y = q(x) is given by
b

Z

[p(x) − q(x)] dx.
a
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The Fundamental Theorem of Calculus

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• How can we ﬁnd the exact value of a deﬁnite integral without taking the limit of a
Riemann sum?
• What is the statement of the Fundamental Theorem of Calculus, and how do
antiderivatives of functions play a key role in applying the theorem?
• What is the meaning of the deﬁnite integral of a rate of change in contexts other
than when the rate of change represents velocity?

Introduction
Much of our work in Chapter 4 has been motivated by the velocity-distance problem: if
we know the instantaneous velocity function, v(t), for a moving object on a given time
interval [a, b], can we determine its exact distance traveled on [a, b]? In the vast majority
of our discussion in Sections 4.1-4.3, we have focused on the fact that this distance traveled
is connected to the area bounded by y = v(t) and the t-axis on [a, b]. In particular, for
any nonnegative velocity function y = v(t) on [a, b], we know that the exact area bounded
by the velocity curve and the t-axis on the interval tells us the total distance traveled,
Rb
which is also the value of the deﬁnite integral a v(t) dt. In the situation where velocity is
sometimes negative, the total area bounded by the velocity function still tells us distance
traveled, while the net signed area that the function bounds tells us the object’s change in
position. Recall, for instance, the introduction to Section 4.2, where we observed that for
the velocity function in Figure 4.31, the total distance D traveled by the moving object on
[a, b] is
D = A1 + A2 + A3,
while the total change in the object’s position on [a, b] is
s(b) − s(a) = A1 − A2 + A3 .
While the areas A1 , A2 , and A3 , which are each given by deﬁnite integrals, may be
computed through limits of Riemann sums (and in select special circumstances through
familiar geometric formulas), in the present section we turn our attention to an alternate
approach, similar to the one we encountered in Activity 4.2. To explore these ideas further,
we consider the following preview activity.
Preview Activity 4.4. A student with a third ﬂoor dormitory window 32 feet oﬀ the
ground tosses a water balloon straight up in the air with an initial velocity of 16 feet
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y = v(t)

A3

A1
a

A2

b

Figure 4.31: A velocity function that is sometimes negative.

per second. It turns out that the instantaneous velocity of the water balloon is given by
the velocity function v(t) = −32t + 16, where v is measured in feet per second and t is
measured in seconds.
(a) Let s(t) represent the height of the water balloon above the ground at time t, and
note that s is an antiderivative of v. That is, v is the derivative of s: s 0(t) = v(t).
Find a formula for s(t) that satisﬁes the initial condition that the balloon is tossed
from 32 feet above ground. In other words, make your formula for s satisfy
s(0) = 32.
(b) At what time does the water balloon reach its maximum height? At what time
does the water balloon land?
(c) Compute the three diﬀerences s( 12 ) − s(0), s(2) − s( 12 ), and s(2) − s(0). What do
these diﬀerences represent?
(d) What is the total vertical distance traveled by the water balloon from the time it is
tossed until the time it lands?
(e) Sketch a graph of the velocity function y = v(t) on the time interval [0, 2]. What
is the total net signed area bounded by y = v(t) and the t-axis on [0, 2]? Answer
this question in two ways: ﬁrst by using your work above, and then by using a
familiar geometric formula to compute areas of certain relevant regions.
./

252

4.4. THE FUNDAMENTAL THEOREM OF CALCULUS

The Fundamental Theorem of Calculus
Consider the setting where we know the position function s(t) of an object moving along
an axis, as well as its corresponding velocity function v(t), and for the moment let us
assume that v(t) is positive on [a, b]. Then, as shown in Figure 4.32, we know two diﬀerent

y = v(t)

D=

Rb
a

v(t) dt

= s(b) − s(a)
a

b

Figure 4.32: Finding distance traveled when we know an object’s velocity function v.
perspectives on the distance, D, the object travels: one is that D = s(b) − s(a), which is
the object’s change in position. The other is that the distance traveled is the area under
Rb
the velocity curve, which is given by the deﬁnite integral, so D = a v(t) dt.
Of course, since both of these expressions tell us the distance traveled, it follows that
they are equal, so
Z b
s(b) − s(a) =
v(t) dt.
(4.3)
a

Furthermore, we know that Equation (4.3) holds even when velocity is sometimes negative,
since s(b) − s(a) is the object’s change in position over [a, b], which is simultaneously
Rb
measured by the total net signed area on [a, b] given by a v(t) dt.
Perhaps the most powerful part of Equation (4.3) lies in the fact that we can compute
the integral’s value if we can ﬁnd a formula for s. Remember, s and v are related by
the fact that v is the derivative of s, or equivalently that s is an antiderivative of v. For
example, if we have an object whose velocity is v(t) = 3t 2 + 40 feet per second (which is
always nonnegative), and wish to know the distance traveled on the interval [1, 5], we have
that
Z
Z
5

D=

1

5

v(t) dt =

(3t 2 + 40) dt = s(5) − s(1),

1

where s is an antiderivative of v. We know that the derivative of t 3 is 3t 2 and that the
derivative of 40t is 40, so it follows that if s(t) = t 3 + 40t, then s is a function whose
derivative is v(t) = s 0(t) = 3t 2 + 40, and thus we have found an antiderivative of v.

4.4. THE FUNDAMENTAL THEOREM OF CALCULUS

253

Therefore,
D =

Z

5

3t 2 + 40 dt = s(5) − s(1)

1
3

= (5 + 40 · 5) − (13 + 40 · 1) = 284 feet.
Note the key lesson of this example: to ﬁnd the distance traveled, we needed to compute
the area under a curve, which is given by the deﬁnite integral. But to evaluate the integral,
we found an antiderivative, s, of the velocity function, and then computed the total change
in s on the interval. In particular, observe that we have found the exact area of the
region shown in Figure 4.33, and done so without a familiar formula (such as those for
the area of a triangle or circle) and without directly computing the limit of a Riemann
sum. As we proceed to thinking about contexts other than just velocity and position, it is

140
y = v(t)

120
100
80
60
40

D=

20

R5
1

v(t) dt

= 284
1

3

5

Figure 4.33: The exact area of the region enclosed by v(t) = 3t 2 + 40 on [1, 5].

advantageous to have a shorthand symbol for a function’s antiderivative. In the general
setting of a continuous function f , we will often denote an antiderivative of f by F, so
that the relationship between F and f is that F 0(x) = f (x) for all relevant x. Using the
notation V in place of s (so that V is an antiderivative of v) in Equation (4.3), we ﬁnd it is
equivalent to write that
Z b
V (b) − V (a) =
v(t) dt.
(4.4)
a

Rb
Now, in the general setting of wanting to evaluate the deﬁnite integral a f (x) dx for an
arbitrary continuous function f , we could certainly think of f as representing the velocity of
some moving object, and x as the variable that represents time. And again, Equations (4.3)
and (4.4) hold for any continuous velocity function, even when v is sometimes negative.
This leads us to see that Equation (4.4) tells us something even more important than the
change in position of a moving object: it oﬀers a shortcut route to evaluating any deﬁnite
integral, provided that we can ﬁnd an antiderivative of the integrand. The Fundamental
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Theorem of Calculus (FTC) summarizes these observations.
The Fundamental Theorem of Calculus: If f is a continuous function on [a, b],
Rb
and F is any antiderivative of f , then a f (x) dx = F(b) − F(a).
A common alternate notation for F(b) − F(a) is
F(b) − F(a) = F(x)| ba ,
where we read the righthand side as “the function F evaluated from a to b.” In this
notation, the FTC says that
Z b
f (x) dx = F(x)| ba .
a

The FTC opens the door to evaluating exactly a wide range of integrals. In particular,
if we are interested in a deﬁnite integral for which we can ﬁnd an antiderivative F for the
d 1 3
integrand f , then we can evaluate the integral exactly. For instance since dx
[ 3 x ] = x2,
the FTC tells us that
Z 1
1 31
x 2 dx =
x
3 0
0
1 3 1 3
(1) − (0)
=
3
3
1
=
.
3
But ﬁnding an antiderivative can be far from simple; in fact, often ﬁnding a formula for
an antiderivative is very hard or even impossible. While we can diﬀerentiate just about
any function, even some relatively simple ones don’t have an elementary antiderivative. A
signiﬁcant portion of integral calculus (which is the main focus of second semester college
calculus) is devoted to understanding the problem of ﬁnding antiderivatives.

Activity 4.10.
Use the Fundamental Theorem of Calculus to evaluate each of the following integrals
exactly. For each, sketch a graph of the integrand on the relevant interval and write
one sentence that explains the meaning of the value of the integral in terms of the (net
signed) area bounded by the curve.
(a)

4

Z

(2 − 2x) dx
−1

(b)

π
2

Z

sin(x) dx

0

(c)

1

Z

e x dx
0
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1

Z

x 5 dx
−1

(e)

2

Z

(3x 3 − 2x 2 − e x ) dx
0

C

Basic antiderivatives
The general problem of ﬁnding an antiderivative is diﬃcult. In part, this is due to the
fact that we are trying to undo the process of diﬀerentiating, and the undoing is much
more diﬃcult than the doing. For example, while it is evident that an antiderivative of
f (x) = sin(x) is F(x) = − cos(x) and that an antiderivative of g(x) = x 2 is G(x) = 13 x 3 ,
combinations of f and g can be far more complicated. Consider such functions as
5 sin(x) − 4x 2, x 2 sin(x),

sin(x)
, and sin(x 2 ).
x2

What is involved in trying to ﬁnd an antiderivative for each? From our experience
with derivative rules, we know that while derivatives of sums and constant multiples
of basic functions are simple to execute, derivatives involving products, quotients, and
composites of familiar functions are much more complicated. Thus, it stands to reason
that antidiﬀerentiating products, quotients, and composites of basic functions may be even
more challenging. We defer our study of all but the most elementary antiderivatives to
later in the text.
We do note that each time we have a function for which we know its derivative, we
have a function-derivative pair, which also leads us to knowing the antiderivative of a
function. For instance, since we know that
d
[− cos(x)] = sin(x),
dx
it follows that F(x) = − cos(x) is an antiderivative of f (x) = sin(x). It is equivalent to
say that f (x) = sin(x) is the derivative of F(x) = − cos(x), and thus F and f together
form the function-derivative pair. Clearly, every basic derivative rule leads us to such a
pair, and thus to a known antiderivative. In Activity 4.11, we will construct a list of most
of the basic antiderivatives we know at this time. Furthermore, those rules will enable
us to antidiﬀerentiate sums and constant multiples of basic functions. For example, if
f (x) = 5 sin(x) − 4x 2 , note that since − cos(x) is an antiderivative of sin(x) and 13 x 3 is an
antiderivative of x 2 , it follows that
4
F(x) = −5 cos(x) − x 3
3
is an antiderivative of f , by the sum and constant multiple rules for diﬀerentiation.
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Finally, before proceeding to build a list of common functions whose antiderivatives
we know, we revisit the fact that each function has more than one antiderivative. Because
the derivative of any constant is zero, any time we seek an arbitrary antiderivative, we
may add a constant of our choice. For instance, if we want to determine an antiderivative
of g(x) = x 2 , we know that G(x) = 31 x 3 is one such function. But we could alternately
have chosen G(x) = 13 x 3 + 7, since in this case as well, G 0(x) = x 2 . In some contexts later
on in calculus, it is important to discuss the most general antiderivative of a function. If
g(x) = x 2 , we say that the general antiderivative of g is
G(x) =

1 3
x + C,
3

where C represents an arbitrary real number constant. Regardless of the formula for g,
including +C in the formula for its antiderivative G results in the most general possible
antiderivative.
Our primary current interest in antiderivatives is for use in evaluating deﬁnite integrals
by the Fundamental Theorem of Calculus. In that situation, the arbitrary constant C is
irrelevant, and thus we usually omit it. To see why, consider the deﬁnite integral
1

Z

x 2 dx.
0

For the integrand g(x) = x 2 , suppose we ﬁnd and use the general antiderivative G(x) =
1 3
3 x + C. Then, by the FTC,
1

Z
0

1
1 3
x +C
3
0
1
 1

=
(1)3 + C − (0)3 + C
3
3
1
=
+C −0−C
3
1
=
.
3

x 2 dx =

Speciﬁcally, we observe that the C-values appear as opposites in the evaluation of the
integral and thus do not aﬀect the deﬁnite integral’s value. In the same way, the potential
inclusion of +C with the antiderivative has no bearing on any deﬁnite integral, and thus
we generally choose to omit this possible constant whenever we evaluate an integral using
the Fundamental Theorem of Calculus.
In the following activity, we work to build a list of basic functions whose antiderivatives
we already know.
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given function, f (x)
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antiderivative, F(x)

k, (k is constant)
x n , n , −1
1
x,

x>0

sin(x)
cos(x)
sec(x) tan(x)
csc(x) cot(x)
sec2 (x)
csc2 (x)
ex
a x (a > 1)
1
1+x 2
√ 1
1−x 2

Table 4.1: Familiar basic functions and their antiderivatives.

Activity 4.11.
Use your knowledge of derivatives of basic functions to complete the above table of
antiderivatives. For each entry, your task is to ﬁnd a function F whose derivative is the
given function f . When ﬁnished, use the FTC and the results in the table to evaluate
the three given deﬁnite integrals.
Z 1

(a)
x 3 − x − e x + 2 dx
0

(b)

Z

(c)

Z

π/3

(2 sin(t) − 4 cos(t) + sec2 (t) − π) dt

0
1

√
( x − x 2 ) dx

0

C

The total change theorem
As we use the Fundamental Theorem of Calculus to evaluate deﬁnite integrals, it is
essential that we remember and understand the meaning of the numbers we ﬁnd. We
brieﬂy summarize three key interpretations to date.
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• For a moving object with instantaneous velocity v(t), the object’s change in position
Rb
on the time interval [a, b] is given by a v(t) dt, and whenever v(t) ≥ 0 on [a, b],
Rb
v(t) dt tells us the total distance traveled by the object on [a, b].
a
Rb
• For any continuous function f , its deﬁnite integral a f (x) dx represents the total
net signed area bounded by y = f (x) and the x-axis on [a, b], where regions that lie
below the x-axis have a minus sign associated with their area.
• The value of a deﬁnite integral is linked to the average value of a function: for a
continuous function f on [a, b], its average value f AVG[a,b] is given by
f AVG[a,b] =

1
b−a

b

Z

f (x) dx.
a

The Fundamental Theorem of Calculus now enables us to evaluate exactly (without taking a
limit of Riemann sums) any deﬁnite integral for which we are able to ﬁnd an antiderivative
of the integrand.
A slight change in notational perspective allows us to gain even more insight into
the meaning of the deﬁnite integral. To begin, recall Equation (4.4), where we wrote the
Fundamental Theorem of Calculus for a velocity function v with antiderivative V as
V (b) − V (a) =

b

Z

v(t) dt.
a

If we instead replace V with s (which represents position) and replace v with s 0 (since
velocity is the derivative of position), Equation (4.4) equivalently reads
s(b) − s(a) =

b

Z

s 0(t) dt.

(4.5)

a

In words, this version of the FTC tells us that the total change in the object’s position
function on a particular interval is given by the deﬁnite integral of the position function’s
derivative over that interval.
Of course, this result is not limited to only the setting of position and velocity. Writing
the result in terms of a more general function f , we have the Total Change Theorem.
The Total Change Theorem: If f is a continuously diﬀerentiable function on [a, b]
Rb
with derivative f 0, then f (b) − f (a) = a f 0(x) dx. That is, the deﬁnite integral of
the derivative of a function on [a, b] is the total change of the function itself on [a, b].
The Total Change Theorem tells us more about the relationship between the graph of
a function and that of its derivative. Recall Figure 1.18, which provided one of the ﬁrst
times we saw that heights on the graph of the derivative function come from slopes on the
graph of the function itself. That observation occurred in the context where we knew f
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and were seeking f 0; if now instead we think about knowing f 0 and seeking information
about f , we can instead say the following:
diﬀerences in heights on f correspond to net signed areas bounded by f 0.

4

4

3

3

2

2

1

3

1

-4

4

2 1

(1, 3)

y = f ′ (x)

(0, 0)

1

(4, 0)

2

3

4

-1
3

-2
-3

(3, 3)

1
3

1
-1

(2, 4)

-2
-3

y = f (x)

-4

Figure 4.34: The graphs of f 0(x) = 4 − 2x (at left) and an antiderivative f (x) = 4x − x 2 at
right. Diﬀerences in heights on f correspond to net signed areas bounded by f 0.
To see why this is so, say we consider the diﬀerence f (1) − f (0). Note that this value is
3, in part because f (1) = 3 and f (0) = 0, but also because the net signed area bounded
R1
by y = f 0(x) on [0, 1] is 3. That is, f (1) − f (0) = 0 f 0(x) dx. A similar pattern holds
throughout, including the fact that since the total net signed area bounded by f 0 on [0, 4]
R4
is 0, 0 f 0(x) dx = 0, so it must be that f (4) − f (0) = 0, so f (4) = f (0).
Beyond this general observation about area, the Total Change Theorem enables us
to consider interesting and important problems where we know the rate of change, and
answer key questions about the function whose rate of change we know.
Example 4.1. Suppose that pollutants are leaking out of an underground storage tank
at a rate of r(t) gallons/day, where t is measured in days. It is conjectured that r(t) is
given by the formula r(t) = 0.0069t 3 − 0.125t 2 + 11.079 over a certain 12-day period. The
R 10
graph of y = r(t) is given in Figure 4.35. What is the meaning of 4 r(t) dt and what is
its value? What is the average rate at which pollutants are leaving the tank on the time
interval 4 ≤ t ≤ 10?
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gal/day

12
10

y = r(t)

8
6
4
2

days
2

4

6

8

10 12

Figure 4.35: The rate r(t) of pollution leaking from a tank, measured in gallons per day.

R 10
We know that since r(t) ≥ 0, the value of 4 r(t) dt is the area under the curve on
the interval [4, 10]. If we think about this area from the perspective of a Riemann sum,
the rectangles will have heights measured in gallons per day and widths measured in days,
thus the area of each rectangle will have units of
gallons
· days = gallons.
day
Thus, the deﬁnite integral tells us the total number of gallons of pollutant that leak from
the tank from day 4 to day 10. The Total Change Theorem tells us the same thing: if we
let R(t) denote the function that measures the total number of gallons of pollutant that
have leaked from the tank up to day t, then R 0(t) = r(t), and
10

Z

r(t) dt = R(10) − R(4),

4

which is the total change in the function that measures total gallons leaked over time, thus
the number of gallons that have leaked from day 4 to day 10.
To compute the exact value, we use the Fundamental Theorem of Calculus. Antidiﬀerentiating r(t) = 0.0069t 3 − 0.125t 2 + 11.079, we ﬁnd that
10

Z

(0.0069t 3 − 0.125t 2 + 11.079) dt =



0.0069 ·

4


1 4
1
t − 0.125 · t 3 + 11.079t
4
3

10
4

≈ 44.282.
Thus, approximately 44.282 gallons of pollutant leaked over the six day time period.
To ﬁnd the average rate at which pollutant leaked from the tank over 4 ≤ t ≤ 10, we
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want to compute the average value of r on [4, 10]. Thus,
r AVG[4,10]

1
=
10 − 4

10

Z

r(t) dt ≈
4

44.282
= 7.380,
6

which has its units measured in gallons per day.

Activity 4.12.
During a 40-minute workout, a person riding an exercise machine burns calories at a
rate of c calories per minute, where the function y = c(t) is given in Figure 4.36. On the
interval 0 ≤ t ≤ 10, the formula for c is c(t) = −0.05t 2 + t + 10, while on 30 ≤ t ≤ 40,
its formula is c(t) = −0.05t 2 + 3t − 30.

15

cal/min

y = c(t)

10
5
min
10

20

30

40

Figure 4.36: The rate c(t) at which a person exercising burns calories, measured in calories
per minute.
(a) What is the exact total number of calories the person burns during the ﬁrst 10
minutes of her workout?
(b) Let C(t) be an antiderivative of c(t). What is the meaning of C(40) − C(0) in
the context of the person exercising? Include units on your answer.
(c) Determine the exact average rate at which the person burned calories during
the 40-minute workout.
(d) At what time(s), if any, is the instantaneous rate at which the person is burning
calories equal to the average rate at which she burns calories, on the time
interval 0 ≤ t ≤ 40?
C
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Summary
In this section, we encountered the following important ideas:

• We can ﬁnd the exact value of a deﬁnite integral without taking the limit of a Riemann
sum or using a familiar area formula by ﬁnding the antiderivative of the integrand, and
hence applying the Fundamental Theorem of Calculus.
• The Fundamental Theorem of Calculus says that if f is a continuous function on [a, b]
and F is an antiderivative of f , then
b

Z

f (x) dx = F(b) − F(a).

a

Hence, if we can ﬁnd an antiderivative for the integrand f , evaluating the deﬁnite
integral comes from simply computing the change in F on [a, b].
• A slightly diﬀerent perspective on the FTC allows us to restate it as the Total Change
Theorem, which says that
b

Z

f 0(x) dx = f (b) − f (a),

a

for any continuously diﬀerentiable function f . This means that the deﬁnite integral of
the instantaneous rate of change of a function f on an interval [a, b] is equal to the
total change in the function f on [a, b].

Exercises
1. The instantaneous velocity (in meters per minute) of a moving object is given by the
function v as pictured in Figure 4.37. Assume that on the interval 0 ≤ t ≤ 4, v(t) is
given by v(t) = − 41 t 3 + 32 t 2 + 1, and that on every other interval v is piecewise linear,
as shown.
(a) Determine the exact distance traveled by the object on the time interval
0 ≤ t ≤ 4.
(b) What is the object’s average velocity on [12, 24]?
(c) At what time is the object’s acceleration greatest?
(d) Suppose that the velocity of the object is increased by a constant value c for all
values of t. What value of c will make the object’s total distance traveled on
[12, 24] be 210 meters?
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y = v(t)

m/min

12
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6
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min
4

8

12 16 20 24

Figure 4.37: The velocity function of a moving body.
2. A function f is given piecewise by the formula
−x 2 + 2x + 1,



−x + 3,
f (x) = 

 2
 x − 8x + 15,

if 0 ≤ x < 2
if 2 ≤ x < 3
if 3 ≤ x ≤ 5

(a) Determine the exact value of the net signed area enclosed by f and the x-axis
on the interval [2, 5].
(b) Compute the exact average value of f on [0, 5].
(c) Find a formula for a function g on 5 ≤ x ≤ 7 so that if we extend the above
R7
deﬁnition of f so that f (x) = g(x) if 5 ≤ x ≤ 7, it follows that 0 f (x) dx = 0.
3. When an aircraft attempts to climb as rapidly as possible, its climb rate (in feet per
minute) decreases as altitude increases, because the air is less dense at higher altitudes.
Given below is a table showing performance data for a certain single engine aircraft,
giving its climb rate at various altitudes, where c(h) denotes the climb rate of the
airplane at an altitude h.
h (feet)
c (ft/min)

0
925

1000
875

2000
830

3000
780

4000
730

5000
685

6000
635

7000
585

8000
535

9000
490

10,000
440

Let a new function called m(h) measure the number of minutes required for a plane at
altitude h to climb the next foot of altitude.
(a) Determine a similar table of values for m(h) and explain how it is related to
the table above. Be sure to explain the units.
(b) Give a careful interpretation of a function whose derivative is m(h). Describe
what the input is and what the output is. Also, explain in plain English what
the function tells us.
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(c) Determine a deﬁnite integral whose value tells us exactly the number of minutes
required for the airplane to ascend to 10,000 feet of altitude. Clearly explain
why the value of this integral has the required meaning.
(d) Use the Riemann sum M5 to estimate the value of the integral you found in (c).
Include units on your result.

4. In Chapter 1, we showed that for an object moving along a straight line with position
function s(t), the object’s “average velocity on the interval [a, b]” is given by
AV[a,b] =

s(b) − s(a)
.
b−a

More recently in Chapter 4, we found that for an object moving along a straight line
with velocity function v(t), the object’s “average value of its velocity function on [a, b]”
is
Z b
1
v(t) dt.
vAVG[a,b] =
b−a a
Are the “average velocity on the interval [a, b]” and the “average value of the velocity
function on [a, b]” the same thing? Why or why not? Explain.

