Chapter 9

Multivariable and Vector Functions
9.1 Functions of Several Variables and Three Dimensional Space
Motivating Questions
• What is a function of several variables? What do we mean by the domain
of a function of several variables?
• How do we find the distance between two points in R3 ? What is the
equation of a sphere in R3 ?
• What is a trace of a function of two variables? What does a trace tell us
about a function?
• What is a level curve of a function of two variables? What does a level
curve tell us about a function?
Throughout our mathematical careers we have studied functions of a single
variable. We define a function of one variable as a rule that assigns exactly one
output to each input. We analyze these functions by looking at their graphs,
calculating limits, differentiating, integrating, and more. Functions of several
variables will be the main focus of Chapters 10 and 11, where we will analyze
these functions by looking at their graphs, calculating limits, differentiating,
integrating, and more. We will see that many of the ideas from single variable calculus translate well to functions of several variables, but we will have
to make some adjustments as well. In this chapter we introduce functions
of several variables and then discuss some of the tools (vectors and vectorvalued functions) that will help us understand and analyze functions of several
variables.
Preview Activity 9.1.1 Suppose you invest money in an account that pays
5% interest compounded continuously. If you invest P dollars in the account,
the amount A of money in the account after t years is given by
A = P e0.05t .
The variables P and t are independent of each other, so using functional
notation we write
A(P, t) = P e0.05t .
1
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a. Find the amount of money in the account after 7 years if you originally
invest 1000 dollars.
b. Evaluate A(5000, 8). Explain in words what this calculation represents.
c. Now consider only the situation where the amount invested is fixed at
1000 dollars. Calculate the amount of money in the account after t years
as indicated in Table 9.1.1. Round payments to the nearest penny.
Table 9.1.1 Amount of money in an account with an initial investment of 1000 dollars.
Duration (in years)
Amount (dollars)

2

3

4

5

6

d. Now consider the situation where we want to know the amount of money
in the account after 10 years given various initial investments. Calculate
the amount of money in the account as indicated in Table 9.1.2. Round
payments to the nearest penny.
Table 9.1.2 Amount of money in an account after 10 years.
Initial investment (dollars)
Amount (dollars)

500

1000

5000

7500

e. Describe as best you can the combinations of initial investments and time
that result in an account containing $10,000.

9.1.1 Functions of Several Variables
Up to this point we have been concerned with functions of a single variable.
What defined such a function is that every input in the domain produced a
unique output in the range. We saw similar behavior in Preview Activity 9.1.1,
where each pair (P, t) of inputs produces a unique output A(P, t). Additionally,
the two variables P and t had no real relation to each other. That is, we could
choose any value of P without condsidering what value t might have, and we
could select any value of t to use without regard to what value P might have.
For that reason we say that the variables t and P are independent of each other.
Thus, we call A = A(P, t) a function of the two independent variables P and
t. This is the key idea in defining a function of two independent variables.
Definition 9.1.3 A function f of two independent variables is a rule
that assigns to each ordered pair (x, y) in some set D exactly one real number
f (x, y).
♦
There is, of course, no reason to restrict ourselves to functions of only two
variables—we can use any number of variables we like. For example,
f (x, y, z) = x2 − 2xz + cos(y)
defines f as a function of the three variables x, y, and z. In general, a function of n independent variables is a rule that assigns to an ordered n-tuple
(x1 , x2 , . . . , xn ) in some set D exactly one real number.
As with functions of a single variable, it is important to understand the set
of inputs for which the function is defined.
Definition 9.1.4 The domain of a function f is the set of all inputs at which
the function is defined.
♦

10000
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Activity 9.1.2 Identify the domain of each of the following functions. Draw
a picture of each domain in the xy-plane.
a. f (x, y) = x2 + y 2
p
b. f (x, y) = x2 + y 2
c. Q(x, y) =

x+y
x2 −y 2

d. s(x, y) = √

1
1−xy 2

9.1.2 Representing Functions of Two Variables
One of the techniques we use to study functions of one variable is to create
a table of values. We can do the same for functions of two variables, except
that our tables will have to allow us to keep track of both input variables. We
can do this with a 2-dimensional table, where we list the x-values down the
first column and the y-values across the first row. As an example, suppose we
launch a projectile, using a golf club, a cannon, or some other device, from
ground level. Under ideal conditions (ignoring wind resistance, spin, or any
other forces except the force of gravity) the horizontal distance the object will
travel depends on the initial velocity x the object is given, and the angle y at
which it is launched. If we let f represent the horizontal distance the object
travels, then f is a function of the two variables x and y, and we represent f
in functional notation by
f (x, y) =

x2 sin(2y)
,
g

where g is the acceleration due to gravity. (Note that g is constant, 32 feet per
second squared. We will derive this equation in a later section.) To create a
table of values for f , we list the x-values down the first column and the y-values
across the first row. The value f (x, y) is then displayed in the location where
the x row intersects the y column, as shown in Table 9.1.5 (where we measure
x in feet per second and y in radians).
Table 9.1.5 Values of f (x, y) =
x\y
25
50
75
100
125
150
175
200
225
250

0.2
7.6
30.4
68.4
121.7
190.1
273.8
372.7
486.8
616.2
760.6

0.4
14.0
56.0
224.2
350.3
504.4
686.5
896.7
1134.9
1401.1

x2 sin(2y)
.
g

0.6
18.2
72.8
163.8
291.3
455.1
655.3
892.0
1165.0
1474.5

0.8
19.5
78.1
175.7
312.4
702.8
956.6
1249.5
1581.4
1952.3

1.0
17.8
71.0
159.8
284.2
444.0
639.3
870.2
1136.6
1438.5
1776.0

1.2
13.2
118.7
211.1
329.8
474.9
646.4
844.3
1068.6
1319.3

1.4
6.5
26.2
58.9
104.7
163.6
235.5
418.7
530.0
654.3

Activity 9.1.3 Complete Table 9.1.5 by filling in the missing values of the
function f . Round entries to the nearest tenth.
If f is a function of a single variable x, then we define the graph of f to be
the set of points of the form (x, f (x)), where x is in the domain of f . We then
plot these points using the coordinate axes in order to visualize the graph. We

CHAPTER 9. MULTIVARIABLE AND VECTOR FUNCTIONS

4

can do a similar thing with functions of several variables. Table 9.1.5 identifies
points of the form (x, y, f (x, y)), and we define the graph of f to be the set of
these points.
Definition 9.1.6 The graph of a function f = f (x, y) is the set of points of
the form (x, y, f (x, y)), where the point (x, y) is in the domain of f .
♦
We also often refer to the graph of a function f of two variables as the surface generated by f . Points in the form (x, y, f (x, y)) are in three dimensions,
so plotting these points takes a bit more work than graphs of functions in two
dimensions. To plot these three-dimensional points, we need to set up a coordinate system with three mutually perpendicular axes — the x-axis, the y-axis,
and the z-axis (called the coordinate axes). There are essentially two different
ways we could set up a 3D coordinate system, as shown in Figure 9.1.7; thus,
before we can proceed, we need to establish a convention.

z

z

y

x

y

x

Figure 9.1.7 Left: A left hand system. Right: A right hand system
The distinction between these two figures is subtle, but important. In
the coordinate system shown at left in Figure 9.1.7, imagine that you are
sitting on the positive z-axis next to the label “z.” Looking down at the xand y-axes, you see that the y-axis is obtained by rotating the x-axis by 90◦
in the counterclockwise direction. Again sitting on the positive z-axis in the
coordinate system at right in Figure 9.1.7, you see that the y-axis is obtained
by rotating the x-axis by 90◦ in the clockwise direction.
We call the coordinate system at right in Figure 9.1.7 a right-hand system;
if we point the index finger of our right hand along the positive x-axis and our
middle finger along the positive y-axis, then our thumb points in the direction
of the positive z-axis. Following mathematical conventions, we choose to use
a right-hand system throughout this book.
Now that we have established a convention for a right-hand system, we can
2
draw a graph of the distance function defined by f (x, y) = x sin(2y)
. Note that
g
the function f is continuous in both variables, so when we plot these points in
the right hand coordinate system, we can connect them all to form a surface
in 3-space. The graph of the distance function f is shown in Figure 9.1.8.
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Figure 9.1.8 The distance surface.
There are many graphing tools available for drawing three-dimensional surfaces as indicated in the Preface (see Links to interactive graphics in Features
of the Text). Since we will be able to visualize graphs of functions of two
independent variables, but not functions of more than two variables, we will
primarily deal with functions of two variables in this text. It is important
to note, however, that the techniques we develop apply to functions of any
number of variables.
Notation: We let R2 denote the set of all ordered pairs of real numbers in
the plane (two copies of the real number system) and let R3 represent the set
of all ordered triples of real numbers (which constitutes three-space).

9.1.3 Some Standard Equations in Three-Space
In addition to graphing functions, we will also want to understand graphs of
some simple equations in three dimensions. For example, in R2 , the graphs of
the equations x = a and y = b, where a and b are constants, are lines parallel to
the coordinate axes. In the next activity we consider their three-dimensional
analogs.
Activity 9.1.4
a. Consider the set of points (x, y, z) that satisfy the equation x = 2. Describe this set as best you can.
b. Consider the set of points (x, y, z) that satisfy the equation y = −1.
Describe this set as best you can.
c. Consider the set of points (x, y, z) that satisfy the equation z = 0. Describe this set as best you can.
Activity 9.1.4 shows that the equations where one independent variable is
constant lead to planes parallel to ones that result from a pair of the coordinate
axes. When we make the constant 0, we get the coordinate planes. The xyplane satisfies z = 0, the xz-plane satisfies y = 0, and the yz-plane satisfies
x = 0 (see Figure 9.1.9).
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Figure 9.1.9 The coordinate planes.
On a related note, we define a circle in R2 as the set of all points equidistant
from a fixed point. In R3 , we call the set of all points equidistant from a fixed
point a sphere. To find the equation of a sphere, we need to understand how to
calculate the distance between two points in three-space, and we explore this
idea in the next activity.
Activity 9.1.5
Let P = (x0 , y0 , z0 ) and Q =
(x1 , y1 , z1 ) be two points in R3 .
These two points form opposite vertices of a rectangular box whose sides
are planes parallel to the coordinate
planes as illustrated in Figure 9.1.10,
and the distance between P and Q is
the length of the blue diagonal shown
in Figure 9.1.10.

Q = (x1 , y1 , z1 )

R

P = (x0 , y0 , z0 )

S

Figure 9.1.10 The distance formula in
R3 .
a. Consider the right triangle P RS in the base of the box whose hypotenuse
is shown as the red line in Figure 9.1.10. What are the coordinates of
the vertices of this triangle? Since this right triangle lies in a plane, we
can use the Pythagorean Theorem to find a formula for the length of the
hypotenuse of this triangle. Find such a formula, which will be in terms
of x0 , y0 , x1 , and y1 .
b. Now notice that the triangle P RQ whose hypotenuse is the blue segment
connecting the points P and Q with a leg as the hypotenuse P R of the
triangle found in part (a) lies entirely in a plane, so we can again use the
Pythagorean Theorem to find the length of its hypotenuse. Explain why
the length of this hypotenuse, which is the distance between the points
P and Q, is
p
(x1 − x0 )2 + (y1 − y0 )2 + (z1 − z0 )2 .
The formula developed in Activity 9.1.5 is important to remember.
The distance between points.
The distance between points P = (x0 , y0 , z0 ) and Q = (x1 , y1 , z1 ) (de-
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(9.1.1)

Equation (9.1.1) can be used to derive the formula for a sphere centered at
a point (x0 , y0 , z0 ) with radius r. Since the distance from any point (x, y, z)
on such a sphere to the point (x0 , y0 , z0 ) is r, the point (x, y, z) will satisfy the
equation
p
(x − x0 )2 + (y − y0 )2 + (z − z0 )2 = r
Squaring both sides, we come to the standard equation for a sphere.
The equation of a sphere.
The equation of a sphere with center (x0 , y0 , z0 ) and radius r is
(x − x0 )2 + (y − y0 )2 + (z − z0 )2 = r2 .
This makes sense if we compare this equation to its two-dimensional analogue, the equation of a circle of radius r in the plane centered at (x0 , y0 ):
(x − x0 )2 + (y − y0 )2 = r2 .

9.1.4 Traces
When we study functions of several variables we are often interested in how
each individual variable affects the function in and of itself. In Preview Activity 9.1.1, we saw that the amount of money in an account depends on the
interest rate and the duration of the investment. However, if we fix the interest
rate, the amount of money in the account depends only on the duration of the
investment, and if we set the duration of the investment constant, then the
amount of money in the account depends only on the interest rate. This idea
of keeping one variable constant while we allow the other to change will be an
important tool for us when studying functions of several variables.
As another example, consider again the distance function f defined by
f (x, y) =

x2 sin(2y)
g

where x is the initial velocity of an object in feet per second, y is the launch
angle in radians, and g is the acceleration due to gravity (32 feet per second
squared). If we hold the launch angle constant at y = 0.6 radians, we can
consider f a function of the initial velocity alone. In this case we have
f (x) =

x2
sin(2 · 0.6).
32

We can plot this curve on the surface by tracing out the points on the
surface when y = 0.6, as shown at left in Figure 9.1.11. The formula clearly
shows that f is quadratic in the x-direction. More descriptively, as we increase
the launch velocity while keeping the launch angle constant, the horizontal
distance the object travels increases proportional to the square of the initial
velocity.
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Similarly, if we fix the initial velocity at 150 feet per second, we can consider
the distance as a function of the launch angle only. In this case we have
f (y) =

1502 sin(2y)
.
32

We can again plot this curve on the surface by tracing out the points on
the surface when x = 150, as shown at right in Figure 9.1.11. The formula
clearly show that f is sinusoidal in the y-direction. More descriptively, as
we increase the launch angle while keeping the initial velocity constant, the
horizontal distance traveled by the object is proportional to the sine of twice
the launch angle.
z
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Figure 9.1.11 Left: The trace with y = 0.6. Right: The trace with x = 150.
The curves we define when we fix one of the independent variables in our
two variable function are called traces.
Definition 9.1.12 A trace of a function f of two independent variables x and
y in the x direction is a curve of the form z = f (x, c), where c is a constant.
Similarly, a trace of a function f of two independent variables x and y in the
y direction is a curve of the form z = f (c, y), where c is a constant.
♦
Understanding trends in the behavior of functions of two variables can be
challenging, as can sketching their graphs; traces help us with each of these
tasks.
Activity 9.1.6 In the following questions, we investigate the use of traces to
better understand a function through both tables and graphs.
a. Identify the y = 0.6 trace for the distance function f defined by f (x, y) =
x2 sin(2y)
by highlighting or circling the appropriate cells in Table 9.1.5.
g
Write a sentence to describe the behavior of the function along this trace.
b. Identify the x = 150 trace for the distance function by highlighting or
circling the appropriate cells in Table 9.1.5. Write a sentence to describe
the behavior of the function along this trace.
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Figure 9.1.13 Coordinate axes to sketch traces.
c. For the function g defined by g(x, y) = x2 + y 2 + 1, explain the type of
function that each trace in the x direction will be (keeping y constant).
Plot the y = −4, y = −2, y = 0, y = 2, and y = 4 traces in 3-dimensional
coordinate system provided in Figure 9.1.13.
d. For the function g defined by g(x, y) = x2 + y 2 + 1, explain the type of
function that each trace in the y direction will be (keeping x constant).
Plot the x = −4, x = −2, x = 0, x = 2, and x = 4 traces in 3-dimensional
coordinate system in Figure 9.1.13.
e. Describe the surface generated by the function g.

9.1.5 Contour Maps and Level Curves
We have all seen topographic maps such as the one of the Porcupine Mountains
in the upper peninsula of Michigan shown in Figure 9.1.14.1 The curves on
these maps show the regions of constant altitude. The contours also depict
changes in altitude: contours that are close together signify steep ascents or
descents, while contours that are far apart indicate only slight changes in elevation. Thus, contour maps tell us a lot about three-dimensional surfaces.
Mathematically, if f (x, y) represents the altitude at the point (x, y), then each
contour is the graph of an equation of the form f (x, y) = k, for some constant
k.
1 Map source: Michigan Department of Natural Resources, with permission of the Michigan DNR and Bob Wild.
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Figure 9.1.14 Contour map of the Porcupine Mountains.
Activity 9.1.7 On the topographical map of the Porcupine Mountains in
Figure 9.1.14,
a. identify the highest and lowest points you can find;
b. from a point of your choice, determine a path of steepest ascent that
leads to the highest point;
c. from that same initial point, determine the least steep path that leads to
the highest point.
Curves on a surface that describe points at the same height or level are
called level curves.
Definition 9.1.15 A level curve (or contour) of a function f of two independent variables x and y is a curve of the form k = f (x, y), where k is a
constant.
♦
Topographical maps can be used to create a three-dimensional surface from
the two-dimensional contours or level curves. For example, level curves of the
2
distance function defined by f (x, y) = x sin(2y)
plotted in the xy-plane are
32
shown at left in Figure 9.1.16. If we lift these contours and plot them at their
respective heights, then we get a picture of the surface itself, as illustrated at
right in Figure 9.1.16.

CHAPTER 9. MULTIVARIABLE AND VECTOR FUNCTIONS

11
z

1.5 y

500
250

1.0

x

0.5

200
150

y

x 1.5
50

100

150

200

100
1.0

0.5

50
0

Figure 9.1.16 Left: Level curves. Right: Level curves at appropriate heights.
The use of level curves and traces can help us construct the graph of a
function of two variables.
Activity 9.1.8

y

y

x

x

2
2
Figure 9.1.17
p Left: Level curves for f (x, y) = x + y . Right: Level curves
for g(x, y) = x2 + y 2 .

a. Let f (x, y) = x2 + y 2 . Draw the level curves f (x, y) = k for k = 1, k = 2,
k = 3, and k = 4 on the left set of axes given in Figure 9.1.17. (You
decide on the scale of the axes.) Explain what the surface defined by f
looks like.
p
b. Let g(x, y) = x2 + y 2 . Draw the level curves g(x, y) = k for k = 1,
k = 2, k = 3, and k = 4 on the right set of axes given in Figure 9.1.17.
(You decide on the scale of the axes.) Explain what the surface defined
by g looks like.
c. Compare and contrast the graphs of f and g. How are they alike? How
are they different? Use traces for each function to help answer these
questions.
The traces and level curves of a function of two variables are curves in space.
In order to understand these traces and level curves better, we will first spend
some time learning about vectors and vector-valued functions in the next few
sections and return to our study of functions of several variables once we have
those more mathematical tools to support their study.
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9.1.6 A gallery of functions
We end this section by considering a collection of functions and illustrating
their graphs and some level curves.

Figure 9.1.18 z = x2 + y 2

Figure 9.1.19 z = 4 − (x2 + y 2 )

Figure 9.1.20 z =

p
x2 + y 2
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Figure 9.1.21 z = x2 − y 2

Figure 9.1.22 z = sin(x) + sin(y)
z

y
x

Figure 9.1.23 z = y 2 − x3 + x
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Figure 9.1.24 z = xye−x
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9.1.7 Summary
• A function f of several variables is a rule that assigns a unique number to
an ordered collection of independent inputs. The domain of a function of
several variables is the set of all inputs for which the function is defined.
• In R3 , the distance between points P = (x0 , y0 , z0 ) and Q = (x1 , y1 , z1 )
(denoted as |P Q|) is given by the formula
p
|P Q| = (x1 − x0 )2 + (y1 − y0 )2 + (z1 − z0 )2 .
and thus the equation of a sphere with center (x0 , y0 , z0 ) and radius r is
(x − x0 )2 + (y − y0 )2 + (z − z0 )2 = r2 .
• A trace of a function f of two independent variables x and y is a curve
of the form z = f (c, y) or z = f (x, c), where c is a constant. A trace tells
us how the function depends on a single independent variable if we treat
the other independent variable as a constant.
• A level curve of a function f of two independent variables x and y is
a curve of the form k = f (x, y), where k is a constant. A level curve
describes the set of inputs that lead to a specific output of the function.

9.1.8 Exercises
1.

Evaluate a function. Evaluate the function at the specified points.
f (x, y) = x + yx4 , (−1, 3) , (−4, 2) , (−1, −3)
At (−1, 3):
At (−4, 2):
At (−1, −3):
Answer 1. 2
Answer 2. 508

2.

Answer 3. −4
Sketch a contour diagram of each function. Then, decide whether its
contours are predominantly lines, parabolas, ellipses, or hyperbolas.
(a) z = y − 2x2
(b) z = x2 + 3y 2
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(c) z = x2 − 4y 2
(d) z = −4x2
3.

Match the surfaces with the verbal description of the level curves by placing the letter of the verbal description to the left of the number of the
surface.
p
(a) z = (x2 + y 2 )
(b) z = 2x + 3y
(c) z = 2x2 + 3y 2
(d) z = x2 + y 2
(e) z = xy
(f) z =

1
x−1

(g) z =

p
(25 − x2 − y 2 )

A. a collection of equally spaced concentric circles
B. a collection of unequally spaced concentric circles
C. two straight lines and a collection of hyperbolas
D. a collection of unequally spaced parallel lines
E. a collection of concentric ellipses

4.
5.

F. a collection of equally spaced parallel lines
√
√
x + y is

The domain of the function f (x, y) =

Answer. C
Find the equation of the sphere centered at (10, 10, 4) with radius 9. Normalize your equations so that the coefficient of x2 is 1.
= 0.
Give an equation which describes the intersection of this sphere with
the plane z = 5.
= 0.
2

2

2

2

2

Answer 1. (x − 10) + (y − 10) + (z − 4) − 81
Answer 2. (x − 10) + (y − 10) + 1 − 81
6.

(A) If the positive z-axis points upward, an equation for a horizontal plane
through the point (−4, 1, 5) is
.
(B) An equation for the plane perpendicular to the x-axis and passing
through the point (−4, 1, 5) is
.
(C) An equation for the plane parallel to the xz-plane and passing
through the point (−4, 1, 5) is
.
Answer 1. z = 5
Answer 2. x = −4
Answer 3. y = 1
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7.

A car rental company charges a one-time application fee of 25 dollars, 45
dollars per day, and 12 cents per mile for its cars.
(a) Write a formula for the cost, C, of renting a car as a function of
the number of days, d, and the number of miles driven, m.
C=
(b) If C = f (d, m), then f (3, 880) =
Answer 1. 25 + 45d +

8.
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12m
100

Answer 2. 265.6
(a) Describe the set of points whose distance from the x-axis equals the
distance from the yz-plane.
A cylinder opening along the x-axis
A cone opening along the x-axis
A cone opening along the z-axis
A cylinder opening along the z-axis
A cone opening along the y-axis
A cylinder opening along the y-axis
(b) Find the equation for the set of points whose distance from the
x-axis equals the distance from the yz-plane.
x2 + y 2 = r 2
x2 + z 2 = r 2
y 2 = x2 + z 2
y2 + z 2 = r2
z 2 = x2 + y 2

9.

x2 = y 2 + z 2
For each surface, decide whether it could be a bowl, a plate, or neither.
Consider a plate to be any fairly flat surface and a bowl to be anything
that could hold water, assuming the positive z-axis is up.
(a) x + y + z = 3
(b) z = 1 − x2 − y 2
(c) z = x2 + y 2
p
(d) z = − 3 − x2 − y 2
(e) z = 1

10. Consider the concentration, C, (in mg/liter) of a drug in the blood as a
function of the amount of drug given, x, and the time since injection, t.
For 0 ≤ x ≤ 5 mg and t ≥ 0 hours, we have
C = f (x, t) = 22te−(5−x)t
f (1, 4) =
Give a practical interpretation of your answer: f (1, 4) is
the change in concentration of a 4 mg dose in the blood 1 hours
after injection.
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the concentration of a 4 mg dose in the blood 1 hours after injection.
the amount of a 1 mg dose in the blood 4 hours after injection.
the change in concentration of a 1 mg dose in the blood 4 hours
after injection.
the concentration of a 1 mg dose in the blood 4 hours after injection.
the amount of a 4 mg dose in the blood 1 hours after injection.
Answer. 9.9031 × 10−6
11. A manufacturer sells aardvark masks at a price of $280 per mask and butterfly masks at a price of $400 per mask. A quantity of a aardvark masks
and b butterfly masks is sold at a total cost of $500 to the manufacturer.
(a) Express the manufacturer’s profit, P, as a function of a and b.
P (a, b) =
dollars.
(b) The curves of constant profit in the ab-plane are
circles
ellipses
parabolas
lines
hyperbolas
Answer. 280a + 400b − 500
12. Consider the concentration, C, in mg per liter (L), of a drug in the blood
as a function of x, the amount, in mg, of the drug given and t, the time in
hours since the injection. For 0 ≤ x ≤ 4 and t ≥ 0, we have C = f (x, t) =
te−t(5−x) .
Graph the following two single variable functions on a separate page,
being sure that you can explain their significance in terms of drug concentration.
(a) f (2, t)
(b) f (x, 2.5)
Using your graph in (a), where is f (2, t)
a maximum? t =
a minimum? t =
Using your graph in (b), where is f (x, 2.5)
a maximum? x =
a minimum? x =
Answer 1.

1
5−2

Answer 2. 0
Answer 3. 4
Answer 4. 0
13. By setting one variable constant, find a plane that intersects the graph of
z = 6x2 − 3y 2 + 3 in a:
(a) Parabola opening upward: the plane
=
(Give your answer by specifying the variable in the first answer blank
and a value for it in the second.)
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(b) Parabola opening downward: the plane
=
(Give your answer by specifying the variable in the first answer blank
and a value for it in the second.)
(c) Pair of intersecting straight lines: the plane
=
(Give your answer by specifying the variable in the first answer blank
and a value for it in the second.)
Answer 1. y
Answer 2. 0
Answer 3. x
Answer 4. 0
Answer 5. z
Answer 6. 3
14. Find the equation of each of the following geometric objects.
a. The plane parallel to the xy-plane that passes through the point
(−4, 5, −12).
b. The plane parallel to the yz-plane that passes through the point
(7, −2, −3).
c. The sphere centered at the point (2, 1, 3) and has the point (−1, 0, −1)
on its surface.
d. The sphere whose diameter has endpoints (−3, 1, −5) and (7, 9, −1).
15. The Ideal Gas Law, P V = RT , relates the pressure (P , in pascals), temperature (T , in Kelvin), and volume (V , in cubic meters) of 1 mole of a
gas (R = 8.314 molJ K is the universal gas constant), and describes the
behavior of gases that do not liquefy easily, such as oxygen and hydrogen.
We can solve the ideal gas law for the volume and hence treat the volume
as a function of the pressure and temperature:
V (P, T ) =

8.314T
.
P

a. Explain in detail what the trace of V with P = 1000 tells us about
a key relationship between two quantities.
b. Explain in detail what the trace of V with T = 5 tells us.
c. Explain in detail what the level curve V = 0.5 tells us.
d. Use 2 or three additional traces in each direction to make a rough
sketch of the surface over the domain of V where P and T are each
nonnegative. Write at least one sentence that describes the way the
surface looks.
e. Based on all your work above, write a couple of sentences that describe the effects that temperature and pressure have on volume.
16. When people buy a large ticket item like a car or a house, they often
take out a loan to make the purchase. The loan is paid back in monthly
installments until the entire amount of the loan, plus interest, is paid. The
monthly payment that the borrower has to make depends on the amount
P of money borrowed (called the principal), the duration t of the loan in
years, and the interest rate r. For example, if we borrow $18,000 to buy
a car, the monthly payment M that we need to make to pay off the loan
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is given by the formula
M (r, t) =

1500r
1−

.

1
r
)
(1+ 12

12t

a. Find the monthly payments on this loan if the interest rate is 6%
and the duration of the loan is 5 years.
b. Create a table of values that illustrates the trace of M with r fixed
at 5%. Use yearly values of t from 2 to 6. Round payments to the
nearest penny. Explain in detail in words what this trace tells us
about M .
c. Create a table of values that illustrates the trace of M with t fixed
at 3 years. Use rates from 3% to 11% in increments of 2%. Round
payments to the nearest penny. Explain in detail what this trace
tells us about M .
d. Consider the combinations of interest rates and durations of loans
that result in a monthly payment of $200. Solve the equation
M (r, t) = 200 for t to write the duration of the loan in terms of
the interest rate. Graph this level curve and explain as best you can
the relationship between t and r.
p
17. Consider the function h defined by h(x, y) = 8 − 4 − x2 − y 2 .
a. What is the domain of h? (Hint: describe a set of ordered pairs in
the plane by explaining their relationship relative to a key circle.)
b. The range of a function is the set of all outputs the function gen√
erates. Given that the range of the square root function g(t) = t
is the set of all nonnegative real numbers, what do you think is the
range of h? Why?
c. Choose 4 different values from the range of h and plot the corresponding level curves in the plane. What is the shape of a typical
level curve?
d. Choose 5 different values of x (including at least one negative value
and zero), and sketch the corresponding traces of the function h.
e. Choose 5 different values of y (including at least one negative value
and zero), and sketch the corresponding traces of the function h.
f. Sketch an overall picture of the surface generated by h and write at
least one sentence to describe how the surface appears visually. Does
the surface remind you of a familiar physical structure in nature?

9.2 Vectors
Motivating Questions
• What is a vector?
• What does it mean for two vectors to be equal?
• How do we add two vectors together and multiply a vector by a scalar?
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• How do we determine the magnitude of a vector? What is a unit vector,
and how do we find a unit vector in the direction of a given vector?
Quantities like length, speed, area, and mass are all measured by numbers
(called scalars). Other quantities, like velocity, force, and displacement, have
two attributes: magnitude and direction. These quantities are represented by
vectors and are the study of this section. For example, we will use vectors to
calculate work done by a constant force, calculate torque, determine direction
vectors for lines and normal vectors for planes, define curvature, and determine
the direction of greatest increase on a surface. For most of these applications,
we will interested in using vectors to measure direction and/or speed. Vectors
will be a major tool for us in determining the behavior of functions of several
variables.
If we are at a point x in the domain of a function of one variable, there
are only two directions in which we can move: in the positive or negative xdirection. If, however, we are at a point (x, y) in the domain of a function
of two variables, there are many directions in which we can move. Thus, it
is important for us to have a means to indicate direction, and we will do so
using vectors. This notion of direction in space will be critical for us to find
direction vectors for lines, tangent lines to curves, normal vectors to planes,
and to determine direction of motion.
Preview Activity 9.2.1 Postscript is a programming language whose primary
purpose is to describe the appearance of text or graphics. A simple set of
Postscript commands that produces the triangle in the plane with vertices
(0, 0), (1, 1), and (1, −1) is the following:
(0,0) moveto
(1,1) lineto stroke
(1,-1) lineto stroke
(0,0) lineto stroke
The key idea in these commands is that we start at the origin, then tell
Postscript that we want to start at the point (0, 0), draw a line from the
point (0, 0) to the point (1, 1) (this is what the lineto and stroke commands
do), then draw lines from (1, 1) to (1, −1) and (1, −1) back to the origin. Each
of these commands encodes two important pieces of information: a direction
in which to move and a distance to move. Mathematically, we can capture this
information succinctly in a vector. To do so, we record the movement on the
map in a pair hx, yi (this pair hx, yi is a vector), where x is the horizontal
displacement and y the vertical displacement from one point to another. So,
for example, the vector from the origin to the point (1, 1) is represented by the
vector h1, 1i.
a. What is the vector v1 = hx, yi that describes the displacement from the
point (1, 1) to the point (1, −1)? How can we use this vector to determine
the distance from the point (1, 1) to the point (1, −1)?
b. Suppose we want to draw the triangle with vertices A = (2, 3), B =
(−3, 1), and C = (4, −2). As a shorthand notation, we will denote the
−−→
vector from the point A to the point B as AB
−−→ −−→
−→
i. Determine the vectors AB, BC, and AC.
−−→ −−→
−→
ii. What relationship do you see among the vectors AB, BC, and AC?
Explain why this relationship should hold.
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9.2.1 Representations of Vectors
Preview Activity 9.2.1 shows how we can record the magnitude and direction
of a change in position using an ordered pair of numbers hx, yi. There are
many other quantities, such as force and velocity, that possess the attributes
of magnitude and direction, and we will call each such quantity a vector.
Definition 9.2.1 A vector is a quantity that possesses the attributes of magnitude and direction.
♦
We can represent a vector geometrically as a directed line segment, with the
magnitude as the length of the segment and an arrowhead indicating direction,
as shown at left in Figure 9.2.2.

Figure 9.2.2 Left: A vector. Right: Representations of the same vector.
According to the definition, a vector possesses the attributes of length (magnitude) and direction; the vector’s position, however, is not mentioned. Consequently, we regard as equal any two vectors having the same magnitude and
direction, as shown at right in Figure 9.2.2. In other words, two vectors are
equal provided they have the same magnitude and direction.
This means that the same vector may be drawn in the plane in many
different ways. For instance, suppose that we would like to draw the vector
h3, 4i, which represents a horizontal change of three units and a vertical change
of four units. We may place the tail of the vector (the point from which the
vector originates) at the origin and the tip (the terminal point of the vector) at
(3, 4), as illustrated at left in Figure 9.2.3. A vector with its tail at the origin
is said to be in standard position.
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y
R(4, 5)

5
4

1
x
3

Q(1, 1)
1

x
4

Figure 9.2.3 Left: Standard position. Right: A vector between two points.
Alternatively, we may place the tail of the vector h3, 4i at another point,
such as Q(1, 1). After a displacement of three units to the right and four units
up, the tip of the vector is at the point R(4, 5) (see the vector at right in
Figure 9.2.3).
In this example, the vector led to the directed line segment from Q to R,
−−→
which we denote as QR. We may also turn the situation around: given the two
points Q and R, we obtain the vector h3, 4i because we move horizontally three
−−→
units and vertically four units to get from Q to R. In other words, QR = h3, 4i.
−−→
In general, the vector QR from the point Q = (q1 , q2 ) to R = (r1 , r2 ) is found
by taking the difference of coordinates, so that
−−→
QR = hr1 − q1 , r2 − q2 i.
We will use boldface letters to represent vectors, such as v = h3, 4i, to
distinguish them from scalars. The entries of a vector are called its components;
in the vector h3, 4i, the x component is 3 and the y component is 4. We use
pointed brackets h , i and the term components to distinguish a vector from a
point ( , ) and its coordinates. There is, however, a close connection between
vectors and points. Given a point P , we will frequently consider the vector
−−→
−−→
OP from the origin O to P . For instance, if P = (3, 4), then OP = h3, 4i as
−−→
in Figure 9.2.4. In this way, we think of a point P as defining a vector OP
−−→
whose components agree with the coordinates of P . The vector OP is called
the position vector of P .
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y
P (3, 4)

−−→
OP = h3, 4i
x
Figure 9.2.4 A point defines a vector
While we often illustrate vectors in the plane since it is easier to draw
pictures, different situations call for the use of vectors in three or more dimensions. For instance, a vector v in n-dimensional space, Rn , has n components
and may be represented as
v = hv1 , v2 , v3 , . . . , vn i.
The next activity will help us to become accustomed to vectors and operations on vectors in three dimensions.
Activity 9.2.2 An article by C.Kenneth Tanner of the University of Georgia
argues that, due to the concept of social distance, a secondary school classroom
for 20 students should have 1344 square feet of floor space. Suppose a classroom
is 32 feet by 42 feet by 8 feet. Set the origin O of the classroom to be its center.
In this classroom, a student is sitting on a chair whose seat is at location
A = (9, −6, −1.5), an overhead projector is located at position B = (0, 1, 7),
and the teacher is standing at point C = (−2, 20, −4), all distances measured
in feet. Determine the components of the indicated vectors and explain in
context what each represents.
−→
−−→
−−→
−−→
−→
−−→
a. OA b. OB c. OC d. AB e. AC f. BC

9.2.2 Equality of Vectors
Because location is not mentioned in the definition of a vector, any two vectors
that have the same magnitude and direction are equal. It is helpful to have
an algebraic way to determine when this occurs. That is, if we know the
components of two vectors u and v, we will want to be able to determine
algebraically when u and v are equal. There is an obvious set of conditions
that we use.
Equality of Vectors.
Two vectors u = hu1 , u2 i and v = hv1 , v2 i in R2 are equal if and only if
their corresponding components are equal: u1 = v1 and u2 = v2 . More
generally, two vectors u = hu1 , u2 , . . . , un i and v = hv1 , v2 , . . . , vn i in
Rn are equal if and only if ui = vi for each possible value of i.
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9.2.3 Operations on Vectors
Vectors are not numbers, but we can now represent them with components
that are real numbers. As such, we naturally wonder if it is possible to add
two vectors together, multiply two vectors, or combine vectors in any other
ways. In this section, we will study two operations on vectors: vector addition
and scalar multiplication. To begin, we investigate a natural way to add two
vectors together, as well as to multiply a vector by a scalar.
Activity 9.2.3 Let u = h2, 3i, v = h−1, 4i.
a. Using the two specific vectors above, what is the natural way to define
the vector sum u + v?
b. In general, how do you think the vector sum a + b of vectors a = ha1 , a2 i
and b = hb1 , b2 i in R2 should be defined? Write a formal definition of a
vector sum based on your intuition.
c. In general, how do you think the vector sum a + b of vectors a =
ha1 , a2 , a3 i and b = hb1 , b2 , b3 i in R3 should be defined? Write a formal definition of a vector sum based on your intuition.
d. Returning to the specific vector v = h−1, 4i given above, what is the
natural way to define the scalar multiple 21 v?
e. In general, how do you think a scalar multiple of a vector a = ha1 , a2 i in
R2 by a scalar c should be defined? how about for a scalar multiple of a
vector a = ha1 , a2 , a3 i in R3 by a scalar c? Write a formal definition of a
scalar multiple of a vector based on your intuition.
We can now add vectors and multiply vectors by scalars, and thus we
can add together scalar multiples of vectors. This allows us to define vector
subtraction, v − u, as the sum of v and −1 times u, so that
v − u = v + (−1)u.
Using vector addition and scalar multiplication, we will often represent
vectors in terms of the special vectors i = h1, 0i and j = h0, 1i. For instance,
we can write the vector ha, bi in R2 as
ha, bi = ah1, 0i + bh0, 1i = ai + bj,
which means that
h2, −3i = 2i − 3j.
In the context of R3 , we let i = h1, 0, 0i, j = h0, 1, 0i, and k = h0, 0, 1i, and
we can write the vector ha, b, ci in R3 as
ha, b, ci = ah1, 0, 0i + bh0, 1, 0i + ch0, 0, 1i = ai + bj + ck.
The vectors i, j, and k are called the standard unit vectors (as we will learn
momentarily, unit vectors have length 1), and are important in the physical
sciences.

9.2.4 Properties of Vector Operations
We know that the scalar sum 1 + 2 is equal to the scalar sum 2 + 1. This
is called the commutative property of scalar addition. Any time we define
operations on objects (like addition of vectors) we usually want to know what
kinds of properties the operations have. For example, is addition of vectors a
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commutative operation? To answer this question we take two arbitrary vectors
v and u and add them together and see what happens. Let v = hv1 , v2 i and
u = hu1 , u2 i. Now we use the fact that v1 , v2 , u1 , and u2 are scalars, and that
the addition of scalars is commutative to see that
v + u = hv1 , v2 i + hu1 , u2 i
= hv1 + u1 , v2 + u2 i
= hu1 + v1 , u2 + v2 i
= hu1 , u2 i + hv1 , v2 i
= u + v.
So the vector sum is a commutative operation. Similar arguments can be
used to show the following properties of vector addition and scalar multiplication.
Properties of vector operations.
Let v, u, and w be vectors in Rn and let a and b be scalars. Then
1. v + u = u + v
2. (v + u) + w = v + (u + w)
3. The vector 0 = h0, 0, . . . , 0i has the property that v + 0 = v. The
vector 0 is called the zero vector.
4. (−1)v + v = 0. The vector (−1)v = −v is called the additive
inverse of the vector v.
5. (a + b)v = av + bv
6. a(v + u) = av + au
7. (ab)v = a(bv)
8. 1v = v.
We verified the first property for vectors in R2 ; it is straightforward to
verify that the rest of the eight properties just noted hold for all vectors in
Rn .

9.2.5 Geometric Interpretation of Vector Operations
Next, we explore a geometric interpretation of vector addition and scalar multiplication that allows us to visualize these operations. Let u = h4, 6i and
v = h3, −2i. Then w = u + v = h7, 4i, as shown on the left in Figure 9.2.5.
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v
u

u

u
u+v

u+v

u+v

v

v

Figure 9.2.5 A vector sum (left), summing displacements (center), the parallelogram law (right).
If we think of these vectors as displacements in the plane, we find a geometric way to envision vector addition. For instance, the vector u + v will
represent the displacement obtained by following the displacement u with the
displacement v. We may picture this by placing the tail of v at the tip of u,
as seen in the center of Figure 9.2.5.
Of course, vector addition is commutative so we obtain the same sum if
we place the tail of u at the tip of v. We therefore see that u + v appears as
the diagonal of the parallelogram determined by u and v, as shown at right in
Figure 9.2.5.
Vector subtraction has a similar interpretation. At left in Figure 9.2.6
we see vectors u, v, and w = u + v. If we rewrite v = w − u, we have
the arrangement shown at right in Figure 9.2.6. In other words, to form the
difference w − u, we draw a vector from the tip of u to the tip of w.

w−u

v
u

u
w =u+v

w

Figure 9.2.6 Left: Vector addition. Right: Vector subtraction.
In a similar way, we may geometrically represent a scalar multiple of a
vector. For instance, if v = h2, 3i, then 2v = h4, 6i. As shown in Figure 9.2.7,
multiplying v by 2 leaves the direction unchanged, but stretches v by 2. Also,
−2v = h−4, −6i, which shows that multiplying by a negative scalar gives a
vector pointing in the opposite direction of v.
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2v
v

− 2v

Figure 9.2.7 Scalar multiplication
Activity 9.2.4

u

u
v

v

Figure 9.2.8 Left: Sketch sums. Right: Sketch multiples.
Suppose that u and v are the vectors shown in Figure 9.2.8.
a. On the axes at left in Figure 9.2.8, sketch the vectors u + v, v − u, 2u,
−2u, and −3v.
b. What is 0v?
c. On the axes at right in Figure 9.2.8, sketch the vectors −3v, −2v, −1v,
2v, and 3v.
d. Give a geometric description of the set of terminal points of the vectors
tv where t is any scalar.
e. On the set of axes at right in Figure 9.2.8, sketch the vectors u − 3v,
u − 2v, u − v, u + v, and u + 2v.
f. Give a geometric description of the set of terminal points of the vectors
u + tv where t is any scalar.
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9.2.6 The Magnitude of a Vector
By definition, vectors have both direction and magnitude (or length). We now
investigate how to calculate the magnitude of a vector. Since a vector v can
be represented by a directed line segment, we can use the distance formula to
calculate the length of the segment. This length is the magnitude of the vector
v and is denoted |v|.
Activity 9.2.5

y

y
B

7

3

(v1 , v2 )

v
A

x

x
2

4

v2

v1

−−→
Figure 9.2.9 Left: AB. Right: An arbitrary vector, v.
a. Let A = (2, 3) and B = (4, 7), as shown at left in Figure 9.2.9. Compute
−−→
|AB|.
b. Let v = hv1 , v2 i be the vector in R2 with components v1 and v2 as shown
at right in Figure 9.2.9. Use the distance formula to find a general formula
for |v|.
c. Let v = hv1 , v2 , v3 i be a vector in R3 . Use the distance formula to find a
general formula for |v|.
d. Suppose that u = h2, 3i and v = h−1, 2i. Find |u|, |v|, and |u + v|. Is it
true that |u + v| = |u| + |v|?
e. Under what conditions will |u + v| = |u| + |v|? (Hint: Think about how
u, v, and u + v form the sides of a triangle.)
f. With the vector u = h2, 3i, find the lengths of 2u, 3u, and −2u, respectively, and use proper notation to label your results.
g. If t is any scalar, how is |tu| related to |u|?
h. A unit vector is a vector whose magnitude is 1. Of the vectors i, j, and
i + j, which are unit vectors?
i. Find a unit vector v whose direction is the same as u = h2, 3i. (Hint:
Consider the result of part (g).)
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9.2.7 Summary
• A vector is an object that possesses the attributes of magnitude and direction. Examples of vector quantities are position, velocity, acceleration,
and force.
• Two vectors are equal if they have the same direction and magnitude.
Notice that position is not considered, so a vector is independent of its
location.
• If u = hu1 , u2 , . . . , un i and v = hv1 , v2 , . . . , vn i are two vectors in Rn ,
then their vector sum is the vector
u + v = hu1 + v1 , u2 + v2 , . . . , un + vn i.
If u = hu1 , u2 , . . . , un i is a vector in Rn and c is a scalar, then the scalar
multiple cu is the vector
cu = hcu1 , cu2 , . . . , cun i.
• The magnitude of the vector v = hv1 , v2 , . . . , vn i in Rn is the scalar
q
|v| = v12 + v22 + · · · + vn2 .
A vector u is a unit vector provided that |u| = 1. If v is a nonzero vector,
v
then the vector |v|
is a unit vector with the same direction as v.

9.2.8 Exercises
1.

For each of the following, perform the indicated computation.
(a) (10 ĩ + 7 j̃ − 5 k̃) − (−6 ĩ + 4 j̃ + 7 k̃) =
(b) (10 ĩ + 6 j̃ − 3 k̃) − 2(−3 ĩ + 10 j̃ + 8 k̃) =
Answer 1. 16 ĩ + 3 j̃ − 12 k̃
Answer 2. 16 ĩ − 14 j̃ − 19 k̃

2.

Find a vector a that has the same direction as h−6, 7, 6i but has length 5.
Answer: a =
Answer. h−2.72728, 3.18182, 2.72728i

3.

Let a =< −3, −4, −4 > and b =< 2, 2, 4 >.
Show that there are scalars s and t so that sa + tb =< 20, 24, 32 >.
You might want to sketch the vectors to get some intuition.
s=
t=
Answer 1. −4

4.

Answer 2. 4
Resolve the following vectors into components:
(a) The vector ~v in 2-space of length 5 pointing up at an angle of π/4
measured from the positive x-axis.
~i +
~j
~v =
(b) The vector w
~ in 3-space of length 3 lying in the xz-plane pointing
upward at an angle of 2π/3 measured from the positive x-axis.
~k
~i +
~j +
~v =
Answer 1. 5 · 0.707107
Answer 2. 5 · 0.707107
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Answer 3. 3 · (−0.5)
Answer 4. 0
5.

Answer 5. 3 · 0.866025
Find all vectors ~v in 2 dimensions having ||~v || = 13 where the ĩ-component
of ~v is 5 ĩ.
vectors:
(If you find more than one vector, enter them in a comma-separated
list.)
Answer. 5 ĩ + 12 j̃, 5 ĩ − 12 j̃

6.

Which is traveling faster, a car whose velocity vector is 26~i + 31~j, or a
car whose velocity vector is 40~i, assuming that the units are the same for
both directions?
( the first car  the second car) is the faster car.
At what speed is the faster car traveling?
speed =
Answer 1.

7.

the first car

Answer 2. 40.4599
Let a = h2, 3, 3i and b = h0, 1, 4i.
Compute:
a+b = (
,
a−b = (
,
2a = (
,
3a + 4b = (
,
|a| =

,
,
,
,

)
)
)
)

Answer 1. 2
Answer 2. 4
Answer 3. 7
Answer 4. 2
Answer 5. 2
Answer 6. −1
Answer 7. 4
Answer 8. 6
Answer 9. 6
Answer 10. 6
Answer 11. 13
Answer 12. 25
8.

Answer 13. 4.69041575982343
Find the length of the vectors
(a) 3 ĩ − j̃ − 3 k̃: length =
(b) −1.6 ĩ + 0.4 j̃ − 1.2 k̃: length =
Answer 1. 4.3589

9.

Answer 2. 2.03961
For each of the following, perform the indicated operations on the vectors
~a = 5 j̃ + k̃, ~b = ĩ + 5 j̃ + k̃, ~z = ĩ + 4 j̃.
(a) 5~a + 4~b =
(b) 4~a + 5~b − 5~z =
Answer 1. 4 ĩ + 45 j̃ + 9 k̃
Answer 2. 25 j̃ + 9 k̃
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10. Find the value(s) of a making ~v = 7a~i − 3 ~j parallel to w
~ = a2 ~i + 9 ~j.
a=
(If there is more than one value of a, enter the values as a commaseparated list.)
Answer. 0, −21
11. (a) Find a unit vector from the point P = (1, 2) and toward the point
Q = (6, 14).
~u =
(b) Find a vector of length 26 pointing in the same direction.
~v =
Answer 1. 0.384615 ĩ + 0.923077 j̃
Answer 2. 10 ĩ + 24 j̃
12. A truck is traveling due north at 40 km/hr approaching a crossroad. On
a perpendicular road a police car is traveling west toward the intersection
at 35 km/hr. Both vehicles will reach the crossroad in exactly one hour.
Find the vector currently representing the displacement of the truck with
respect to the police car.
displacement d~ =
Answer. −35 ĩ − 40 j̃
13. Let v = h1, −2i, u = h0, 4i, and w = h−5, 7i.
a. Determine the components of the vector u − v.
b. Determine the components of the vector 2v − 3u.
c. Determine the components of the vector v + 2u − 7w.
d. Determine scalars a and b such that av + bu = w. Show all of your
work in finding a and b.
14. Let u = h2, 1i and v = h1, 2i.
a. Determine the components and draw geometric representations of
the vectors 2u, 21 u, (−1)u, and (−3)u on the same set of axes.
b. Determine the components and draw geometric representations of
the vectors u + v, u + 2v, and u + 3v on the same set of axes.
c. Determine the components and draw geometric representations of
the vectors u − v, u − 2v, and u − 3v on the same set of axes.
d. Recall that u − v = u + (−1)v. Sketch the vectors u, v, u + v, and
u − v on the same set of axes. Use the “tip to tail” perspective for
vector addition to explain the geometric relationship between u, v,
and u − v.
15. Recall that given any vector v, we can calculate its length, |v|. Also, we
say that two vectors that are scalar multiples of one another are parallel.
a. Let v = h3, 4i in R2 . Compute |v|, and determine the components
1
v. What is the magnitude of the vector u?
of the vector u = |v|
How does its direction compare to v?
b. Let w = 3i − 3j in R2 . Determine a unit vector u in the same
direction as w.
c. Let v = h2, 3, 5i in R3 . Compute |v|, and determine the components
1
of the vector u = |v|
v. What is the magnitude of the vector u? How
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does its direction compare to v?
d. Let v be an arbitrary nonzero vector in R3 . Write a general formula
for a unit vector that is parallel to v.
16.

A force (like gravity) has both a magnitude and a direction. If two forces u and
v are applied to an object at the same
point, the resultant force on the object is
the vector sum of the two forces. When
a force is applied by a rope or a cable,
we call that force tension. Vectors can
be used to determine tension.

v

u
60◦

◦

45
O

w
Figure 9.2.10 Forces acting on
an object.
As an example, suppose a painting weighing 50 pounds is to be hung
from wires attached to the frame as illustrated in Figure 9.2.10. We need
to know how much tension will be on the wires to know what kind of wire
to use to hang the picture. Assume the wires are attached to the frame
at point O. Let u be the vector emanating from point O to the left and
v the vector emanating from point O to the right. Assume u makes a 60◦
angle with the horizontal at point O and v makes a 45◦ angle with the
horizontal at point O. Our goal is to determine the vectors u and v in
order to calculate their magnitudes.
a. Treat point O as the origin. Use trigonometry to find the components u1 and u2 so that u = u1 i + u2 j. Since we don’t know the
magnitude of u, your components will be in terms of |u| and the
cosine and sine of some angle. Then find the components v1 and v2
so that v = v1 i + v2 j. Again, your components will be in terms of
|v| and the cosine and sine of some angle.
b. The total force holding the picture up is given by u + v. The force
acting to pull the picture down is given by the weight of the picture.
Find the force vector w acting to pull the picture down.
c. The picture will hang in equilibrium when the force acting to hold
it up is equal in magnitude and opposite in direction to the force
acting to pull it down. Equate these forces to find the components
of the vectors u and v.
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9.3 The Dot Product
Motivating Questions
• How is the dot product of two vectors defined and what geometric information does it tell us?
• How can we tell if two vectors in Rn are perpendicular?
• How do we find the projection of one vector onto another?
In the last section, we considered vector addition and scalar multiplication
and found that each operation had a natural geometric interpretation. In this
section, we will introduce a means of multiplying vectors.
Preview Activity 9.3.1 For two-dimensional vectors u = hu1 , u2 i and v =
hv1 , v2 i, the dot product is simply the scalar obtained by
u · v = u1 v1 + u2 v2 .
a. If u = h3, 4i and v = h−2, 1i, find the dot product u · v.
b. Find i · i and i · j.
c. If u = h3, 4i, find u · u. How is this related to |u|?
d. On the axes in Figure 9.3.1, plot the vectors u = h1, 3i and v = h−3, 1i.
Then, find u · v. What is the angle between these vectors?

4 y
2
x
-4

-2

2

4

-2
-4
Figure 9.3.1 For part (d)
e. On the axes in Figure 9.3.2, plot the vector u = h1, 3i.
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4 y
2
x
-4

-2

2

4

-2
-4
Figure 9.3.2 For part (e)
For each of the following vectors v, plot the vector on Figure 9.3.2 and
then compute the dot product u · v.
• v = h3, 2i.
• v = h3, 0i.
• v = h3, −1i.
• v = h3, −2i.
• v = h3, −4i.
f. Based upon the previous part of this activity, what do you think is the
sign of the dot product in the following three cases shown in Figure 9.3.3?

v

v

v
u

u

u

Figure 9.3.3 For part (f)

9.3.1 The Dot Product
The definition of the dot product for vectors in R2 given in Preview Activity 9.3.1 can be extended to vectors in Rn .
Definition 9.3.4 The dot product of vectors u = hu1 , u2 , . . . , un i and v =
hv1 , v2 , . . . , vn i in Rn is the scalar
u · v = u1 v1 + u2 v2 + . . . + un vn .
♦
(As we will see shortly, the dot product arises in physics to calculate the
work done by a vector force in a given direction. It might be more natural
to define the dot product in this context, but it is more convenient from a

CHAPTER 9. MULTIVARIABLE AND VECTOR FUNCTIONS

35

mathematical perspective to define the dot product algebraically and then
view work as an application of this definition.)
For instance, we find that
h3, 0, 1i · h−2, 1, 4i = 3 · (−2) + 0 · 1 + 1 · 4 = −6 + 0 + 4 = −2.
Notice that the resulting quantity is a scalar. Our work in Preview Activity 9.3.1 examined dot products of two-dimensional vectors.
Activity 9.3.2 Determine each of the following.
a. h1, 2, −3i · h4, −2, 0i.
b. h0, 3, −2, 1i · h5, −6, 0, 4i
The dot product is a natural way to define a product of two vectors. In addition, it behaves in ways that are similar to the product of, say, real numbers.
Properties of the dot product.
Let u, v, and w be vectors in Rn . Then
1. u · v = v · u (the dot product is commutative), and
2. (u + v) · w = (u · w) + (v · w).
3. if c is a scalar, then (cu) · w = c(u · w).
Moreover, the dot product gives us valuable geometric information about
the vectors and their relative orientation. For instance, let’s consider what
happens when we dot a vector with itself:
u · u = hu1 , u2 , . . . , un i · hu1 , u2 , . . . , un i = u21 + u22 + . . . + u2n = |u|2 .
In other words, the dot product of a vector with itself gives the square of
the length of the vector: u · u = |u|2 .

9.3.2 The angle between vectors
The dot product can help us understand the angle between two vectors. For
instance, if we are given two vectors u and v, there are two angles that these
vectors create, as depicted at left in Figure 9.3.5. We will call θ, the smaller
of these angles, the angle between these vectors. Notice that θ lies between 0
and π.

v

θ
2π − θ

u

u

u−v

θ
v

Figure 9.3.5 Left: The angle between u and v. Right: The triangle formed
by u, v, and u − v.
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To determine this angle, we may apply the Law of Cosines to the triangle
shown at right in Figure 9.3.5.
Using the fact that the dot product of a vector with itself gives us the
square of its length, together with the properties of the dot product, we find:
|u − v|2 = |u|2 + |v|2 − 2|u||v| cos(θ)
(u − v) · (u − v) = u · u + v · v − 2|u||v| cos(θ)
u · (u − v) − v · (u − v) = u · u + v · v − 2|u||v| cos(θ)
u · u − 2u · v + v · v = u · u + v · v − 2|u||v| cos(θ)
−2u · v = − 2|u||v| cos(θ)
u · v = |u||v| cos(θ).
To summarize, we have the important relationship
u · v = u1 v1 + u2 v2 + . . . + un vn = |u||v| cos(θ).

(9.3.1)

It is sometimes useful to think of Equation (9.3.1) as giving us an expression
for the angle between two vectors:


u·v
−1
.
θ = cos
|u||v|
The real beauty of this expression is this: the dot product is a very simple
algebraic operation to perform yet it provides us with important geometric
information — namely the angle between the vectors — that would be difficult
to determine otherwise.
Activity 9.3.3 Determine each of the following.
a. The length of the vector u = h1, 2, −3i using the dot product.
b. The angle between the vectors u = h1, 2i and v = h4, −1i to the nearest
tenth of a degree.
c. The angle between the vectors y = h1, 2, −3i and z = h−2, 1, 1i to the
nearest tenth of a degree.
d. If the angle between the vectors u and v is a right angle, what does the
expression u · v = |u||v| cos(θ) say about their dot product?
e. If the angle between the vectors u and v is acute—that is, less than
π/2—what does the expression u · v = |u||v| cos(θ) say about their dot
product?
f. If the angle between the vectors u and v is obtuse—that is, greater than
π/2—what does the expression u · v = |u||v| cos(θ) say about their dot
product?

9.3.3 The Dot Product and Orthogonality
When the angle between two vectors is a right angle, it is frequently the case
that something important is happening. In this case, we say the vectors are
orthogonal. For instance, orthogonality often plays a role in optimization problems; to determine the shortest path from a point in R3 to a given plane, we
move along a line orthogonal to the plane.
As Activity 9.3.3 indicates, the dot product provides a simple means to
determine whether two vectors are orthogonal to one another. In this case,
u · v = |u||v| cos(π/2) = 0, so we make the following important observation.
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The dot product and orthogonality.
Two vectors u and v in Rn are orthogonal to each other if u · v = 0.
More generally, the sign of the dot product gives us useful information
about the relative orientation of the vectors. If we remember that
cos(θ) > 0

if θ is an acute angle,

cos(θ) = 0

if θ is a right angle, and

cos(θ) < 0

if θ is an obtuse angle,

we see that for nonzero vectors u and v,
u·v>0

if θ is an acute angle,

u·v=0

if θ is a right angle, and

u·v<0

if θ is an obtuse angle.

This is illustrated in Figure 9.3.6.

v

v

v
u

u

u·v >0

u
u·v <0

u·v =0

Figure 9.3.6 The orientation of vectors

9.3.4 Work, Force, and Displacement
In physics, work is a measure of the energy required to apply a force to an object
through a displacement. For instance, Figure 9.3.7 shows a force F displacing
an object from point A to point B. The displacement is then represented by
−−→
the vector AB.

F

A

θ
|F| cos θ

Figure 9.3.7 A force F displacing an object.

B
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It turns out that the work required to displace the object is
−−→
−−→
W = F · AB = |F||AB| cos(θ).
This means that the work is determined only by the magnitude of the force
applied parallel to the displacement. Consequently, if we are given two vectors
u and v, we would like to write u as a sum of two vectors, one of which is
parallel to v and one of which is orthogonal to v. We take up this task after
the next activity.
Activity 9.3.4 Determine the work done by a 25 pound force acting at a 30◦
angle to the direction of the object’s motion, if the object is pulled 10 feet. In
addition, is more work or less work done if the angle to the direction of the
object’s motion is 60◦ ?

9.3.5 Projections
u

u

proj⊥v u

proj⊥v u
θ

θ
projv u

v

projv u

Figure 9.3.8 Left: projv u. Right: projv u when θ >

v

π
2.

Suppose we are given two vectors u and v as shown at left in Figure 9.3.8.
Motivated by our discussion of work, we would like to write u as a sum of two
vectors, one of which is parallel to v and one of which is orthogonal. That is,
we would like to write
u = projv u + proj⊥v u,
(9.3.2)
where projv u is parallel to v and proj⊥v u is orthogonal to v. We call the
vector projv u the projection of u onto v. Note that, as the diagram at right
in Figure 9.3.8 illustrates, it is also possible to create a projection even if the
angle between the vectors u and v exceeds π2 .
To find the vector projv u, we will dot both sides of Equation (9.3.2) with
the vector v, to find that
u · v = (projv u + proj⊥v u) · v
= (projv u) · v + (proj⊥v u) · v
= (projv u) · v.
Notice that (proj⊥v u) · v = 0 since proj⊥v u is orthogonal to v. Also,
projv u must be a scalar multiple of v since it is parallel to v, so we will write
projv u = sv. It follows that
u · v = (projv u) · v = sv · v,
which means that
s=

u·v
v·v
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u·v
u·v
v
v=
v·v
|v|2

It is sometimes useful to write projv u as a scalar times a unit vector in the
direction of v. We call this scalar the component of u along v and denote it
as compv u. We therefore have
projv u =

u·v
u·v v
v
v=
= compv u ,
|v|2
|v| |v|
|v|

so that
compv u =

u·v
.
|v|

The dot product and projections.
Let u and v be vectors in Rn . The component of u in the direction of
v is the scalar
u·v
compv u =
,
|v|
and the projection of u onto v is the vector
projv u =

u·v
v.
v·v

Moreover, since
u = projv u + proj⊥v u,
it follows that
proj⊥v u = u − projv u.
This shows that once we have computed projv u, we can find proj⊥v u simply
by calculating the difference of two known vectors.
Activity 9.3.5 Let u = h2, 6i.
a. Let v = h4, −8i. Find compv u, projv u and proj⊥v u, and draw a picture
to illustrate. Finally, express u as the sum of two vectors where one is
parallel to v and the other is perpendicular to v.
b. Now let v = h−2, 4i. Without doing any calculations, find projv u. Explain your reasoning. (Hint: Refer to the picture you drew in part (a).)
c. Find a vector w not parallel to z = h3, 4i such that projz w has length
10. Note that there are infinitely many different answers.

9.3.6 Summary
• The dot product of two vectors in Rn , u = hu1 , u2 , . . . , un i and v =
hv1 , v2 , . . . , vn i, is the scalar
u · v = u1 v1 + u2 v2 + · · · + un vn .
• The dot product is related to the length of a vector since u · u = |u|2 .
• The dot product provides us with information about the angle between
the vectors since
u · v = |u| |v| cos(θ),
where θ is the angle between u and v.
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• Two vectors are orthogonal if the angle between them is π/2. In terms
of the dot product, the vectors u and v are orthogonal if and only if
u · v = 0.
• The projection of a vector u in Rn onto a vector v in Rn is the vector
projv u =

u·v
v.
v·v

9.3.7 Exercises
1.

Find a · b if
a = h−2, 2, −3i and b = h4, 0, 3i
a·b=
Is the angle between the vectors "acute", "obtuse" or "right"?
Answer 1. −17

2.

3.

Answer 2. obtuse
Determine if the pairs
"neither".
a = h−1, −2, 2i and
a = h−1, −2, 2i and
a = h−1, −2, 2i and

of vectors below are "parallel", "orthogonal", or
b = h4, 8, 10i are
b = h4, 8, −8i are
b = h2, 4, −5i are

Answer 1.

orthogonal

Answer 2.

parallel

Answer 3. neither
Perform the following operations on the vectors ~u = h0, 5, −4i, ~v =
h−2, 0, 3i, and w
~ = h−3, 0, 1i.
~u · w
~=
(~u · ~v )~u =
((w
~ · w)~
~ u) · ~u =
~u · ~v + ~v · w
~=
Answer 1. −4
Answer 2. h0, −60, 48i
Answer 3. 410

4.

5.

6.

7.

Answer 4. −3
π
Find a · b if |a| = 7, |b| = 7, and the angle between a and b is − 10
radians.
a·b =
Answer. 46.6017692984625
What is the angle in radians between the vectors
a = (6, -4, 9) and
b = (5, -1, 6)?
Angle:
(radians)
Answer. 0.249309305958578
Find a · b if |a| = 9, |b| = 10, and the angle between a and b is − π3
radians.
a·b =
Answer. 45
A constant force F = 9i + 3j + 6k moves an object along a straight line
from point (−5, −1, 5) to point (−4, 1, 3).
Find the work done if the distance is measured in meters and the
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Nm

Answer. 3
A woman exerts a horizontal force of 1 pounds on a box as she pushes it
up a ramp that is 3 feet long and inclined at an angle of 30 degrees above
the horizontal.
Find the work done on the box.
ft-lb
Work:
Answer. 2.59807621135332
If Yoda says to Luke Skywalker, “The Force be with you,” then the dot
product of the Force and Luke should be:
zero
negative
any real number

positive
10. Find the angle between the diagonal of a cube of side length 8 and the
diagonal of one of its faces. The angle should be measured in radians.
Answer. 0.615479708670387
11. Let v = h−2, 5i in R2 , and let y = h0, 3, −2i in R3 .
a. Is h2, −1i perpendicular to v? Why or why not?
b. Find a unit vector u in R2 such that u is perpendicular to v. How
many such vectors are there? Justify your answers.
c. Is h2, −1, −2i perpendicular to y? Why or why not?
d. Find a unit vector w in R3 such that w is perpendicular to y. How
many such vectors are there?Justify your answers.
e. Let z = h2, 1, 0i. Find a unit vector r in R3 such that r is perpendicular to both y and z. How many such vectors are there? Explain
your process.
12. Consider the triangle in R3 given by P = (3, 2, −1), Q = (1, −2, 4), and
R = (4, 4, 0).
a. Find the measure of each of the three angles in the triangle, accurate
to 0.01 degrees.
b. Choose two sides of the triangle, and call the vectors that form the
sides (emanating from a common point) a and b.
i. Compute projb a, and proj⊥b a.
ii. Explain why proj⊥b a can be considered a height of triangle
P QR.
iii. Find the area of the given triangle.
13. Let u and v be vectors in R5 with u · v = −1, |u| = 2, |v| = 3. Use the
properties of the dot product to find each of the following.
a. u · 2v
b. v · v
c. (u + v) · v
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d. (2u + 4v) · (u − 7v)
e. |u||v| cos(θ), where θ is the angle between u and v
f. θ
14. One of the properties of the dot product is that (u+v)·w = (u·w)+(v·w).
That is, the dot product distributes over vector addition on the right. Here
we investigate whether the dot product distributes over vector addition
on the left.
a. Let u = h1, 2, −1i, v = h4, −3, 6i, and v = h4, 7, 2i. Calculate
u · (v + w) and (u · v) + (u · w).
What do you notice?
b. Use the properties of the dot product to show that in general
x · (y + z) = (x · y) + (x · z)
for any vectors x, y, and z in Rn .
15. When running a sprint, the racers may be aided or slowed by the wind.
The wind assistance is a measure of the wind speed that is helping push
the runners down the track. It is much easier to run a very fast race if the
wind is blowing hard in the direction of the race. So that world records
aren’t dependent on the weather conditions, times are only recorded as
record times if the wind aiding the runners is less than or equal to 2 meters
per second. Wind speed for a race is recorded by a wind gauge that is
set up close to the track. It is important to note, however, that weather
is not always as cooperative as we might like. The wind does not always
blow exactly in the direction of the track, so the gauge must account for
the angle the wind makes with the track. Suppose a 4 mile per hour
wind is blowing to aid runners by making a 38◦ angle with the race track.
Determine if any times set during such a race would qualify as records.
16.
Molecular geometry is the geometry deH
termined by arrangements of atoms in
molecules. Molecular geometry includes
measurements like bond angle, bond
length, and torsional angles. These atC
tributes influence several properties of
H
molecules, such as reactivity, color, and
polarity.

H

H

Figure
9.3.9 A methane
molecule.
As an example of the molecular geometry of a molecule, consider the
methane CH4 molecule, as illustrated in Figure 9.3.9. According to the
Valence Shell Electron Repulsion (VSEPR) model, atoms that surround
single different atoms do so in a way that positions them as far apart as
possible. This means that the hydrogen atoms in the methane molecule
arrange themselves at the vertices of a regular tetrahedron. The bond
angle for methane is the angle determined by two consecutive hydrogen
atoms and the central carbon atom. To determine the bond angle for
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methane, we can place the center carbon atom at the point 12 , 12 , 12 and
the hydrogen atoms at the points (0, 0, 0), (1, 1, 0), (1, 0, 1), and (0, 1, 1).
Find the bond angle for methane to the nearest tenth of a degree.

9.4 The Cross Product
Motivating Questions
• How and when is the cross product of two vectors defined?
• What geometric information does the cross product provide?
The last two sections have introduced some basic algebraic operations on
vectors—addition, scalar multiplication, and the dot product—with useful geometric interpretations. In this section, we will meet a final algebraic operation,
the cross product, which again conveys important geometric information.
To begin, we must emphasize that the cross product is only defined for
vectors u and v in R3 . Also, remember that we use a right-hand coordinate
system, as described in Section 9.1. In particular, recall that the vectors i, j,
and k are oriented as shown below in Figure 9.4.1. Earlier, we noticed that if
we point the index finger of our right hand in the direction of i and our middle
finger in the direction of j, then our thumb points in the direction of k.

k

j

i
Figure 9.4.1 Basis vectors i, j, and k.
Preview Activity 9.4.1 The cross product of two vectors, u and v, will itself
be a vector denoted u × v. The direction of u × v is determined by the righthand rule: if we point the index finger of our right hand in the direction of
u and our middle finger in the direction of v, then our thumb points in the
direction of u × v.
a. We begin by defining the cross products using the vectors i, j, and k.
Referring to Figure 9.4.1, explain why i, j, k in that order form a righthand system. We then define i × j to be k — that is i × j = k.
b. Now explain why i, k, and −j in that order form a right-hand system.
We then define i × k to be −j — that is i × k = −j.
c. Continuing in this way, complete the missing entries in Table 9.4.2.
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Table 9.4.2 Table of cross products involving i, j, and k.
i×j=k

i × k = −j

j×k=

j×i=

k×i=

k×j=

d. Up to this point, the products you have seen, such as the product of
real numbers and the dot product of vectors, have been commutative,
meaning that the product does not depend on the order of the terms.
For instance, 2 · 5 = 5 · 2. The table above suggests, however, that
the cross product is anti-commutative: for any vectors u and v in R3 ,
u × v = −v × u. If we consider the case when u = v, this shows that
v × v = −(v × v). What does this tell us about v × v; in particular,
what vector is unchanged by scalar multiplication by −1?
e. It is not difficult to show that the cross product interacts with scalar
multiplication and vector addition as one would expect: that is
(cu) × v = c(u × v)
(u + v) × w = (u × w) + (v × w)
We can combine these properties to make cross product calculations a
bit easier. For example,
(2i + j) × k = (2i × k) + (j × k)
= 2(i × k) + (j × k)
= − 2j + i.
Using these properties along with Table 9.4.2, find the cross product u×v
if u = 2i + 3j and v = −i + k.
f. Verify that the cross product u×v you just found in part (e) is orthogonal
to both u and v.
g. Consider the vectors u and v in the xy-plane as shown below in Figure 9.4.3.

y

v

θ

u

x

Figure 9.4.3 Two vectors in the xy-plane
Explain why u = |u|i and v = |v| cos(θ)i + |v| sin(θ)j. Then compute the
length of |u × v|.
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9.4.1 Computing the cross product
As we have seen in Preview Activity 9.4.1, the cross product u × v is defined
for two vectors u and v in R3 and produces another vector in R3 . Using the
right-hand rule, we saw that
i×j=k
j × i = −k

i × k = −j
k×i=j

j×k=i
k × j = −i

If, in addition, we assume the cross product behaves like we think a product should (e.g., the cross product distributes over vector addition), we can
compute the cross product in terms of the components of general vectors to
find a formula for the cross product. Doing so we see that
u × v = (u1 i + u2 j + u3 k) × (v1 i + v2 j + v3 k)
= u1 i × (v1 i + v2 j + v3 k) + u2 j × (v1 i + v2 j + v3 k)
+ u3 k × (v1 i + v2 j + v3 k)
= u1 v1 i × i + u1 v2 i × j + u1 v3 i × k + u2 v1 j × i + u2 v2 j × j
+ u2 v3 j × k + u3 v1 k × i + u3 v2 k × j + u3 v3 k × k
= u1 v2 k − u1 v3 j − u2 v1 k + u2 v3 i + u3 v1 j − u3 v2 i
= (u2 v3 − u3 v2 )i − (u1 v3 − u3 v1 )j + (u1 v2 − u2 v1 )k.
(Like the dot product, the cross product arises in physical applications, e.g.,
torque, but it is more convenient mathematically to begin from an algebraic
perspective.)
The previous calculations lead us to define the cross product of vectors in
R3 as follows.
Definition 9.4.4 The cross product u × v of vectors u = u1 i + u2 j + u3 k
and v = v1 i + v2 j + v3 k in R3 is the vector
(u2 v3 − u3 v2 )i − (u1 v3 − u3 v1 )j + (u1 v2 − u2 v1 )k.

(9.4.1)

♦
At first, this may look intimidating and difficult to remember. However, if
we rewrite the expression in Equation (9.4.1) using determinants, important
structure emerges. The determinant of a 2 × 2 matrix is
a
c

b
d

= ad − bc.

It follows that we can thus rewrite Equation (9.4.1) in the form
u×v=

u2
v2

u3
v3

i−

u1
v1

u3
v3

j+

u1
v1

u2
v2

k.

For those familiar with the determinant of a 3 × 3 matrix, we write the
mnemonic as
i
j
k
u × v = u1 u2 u3 .
v1 v2 v3
Activity 9.4.2 Suppose u = h0, 1, 3i and v = h2, −1, 0i. Use the formula
(9.4.1) for the following.
a. Find the cross product u × v.
b. Evaluate the dot products u · (u × v) and v · (u × v). What does this tell
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you about the geometric relationship among u, v, and u × v?
c. Find the cross product v × i.
d. Multiplication of real numbers is associative, which means, for instance,
that (2 · 5) · 3 = 2 · (5 · 3). Is it true that the cross product of vectors is
associative? For instance, is it true that (u × v) × i = u × (v × i)?
e. Find the cross product u × u.
The cross product satisfies the following properties, some of which were
illustrated in Preview Activity 9.4.1 and may be easily verified from the definition (9.4.1).
Properties of the cross product.
Let u, v, and w be vectors in R3 , and let c be a scalar. Then
1. u × v = −(v × u)
2. (u + v) × w = (u × w) + (v × w)
3. (cu) × w = c(u × w) = u × (cv)
4. u × v = 0 if u and v are parallel.
5. The cross product is not associative; that is, in general
(u × v) × w 6= u × (v × w).
Just as we found for the dot product, the cross product provides us with
useful geometric information. In particular, both the length and direction of
the cross product u × v encode information about the geometric relationship
between u and v.

9.4.2 The Length of u × v
We may ask whether the length |u × v| has any relationship to the lengths of
u and v. To investigate, we will compute the square of the length |u × v|2 and
denote by θ the angle between u and v, as in Section 9.3. Doing so, we find
through some significant algebra that
|u × v|2 = (u2 v3 − u3 v2 )2 + (u1 v3 − u3 v1 )2 + (u1 v2 − u2 v1 )2
= u22 v32 − 2u2 u3 v2 v3 + u23 v22 + u21 v32 − 2u1 u3 v1 v3 + u23 v12
+ u21 v22 − 2u1 u2 v1 v2 + u22 v12
= u21 (v22 + v32 ) + u22 (v12 + v32 ) + u23 (v12 + v22 )
− 2(u1 u2 v1 v2 + u1 u3 v1 v3 + u2 u3 v2 v3 )
= u21 (v12 + v22 + v32 ) + u22 (v12 + v22 + v32 ) + u23 (v12 + v22 + v32 )
− (u21 v12 + u22 v22 + u23 v32 + 2(u1 u2 v1 v2 + u1 u3 v1 v3 + u2 u3 v2 v3 ))
= (u21 + u22 + u23 )(v12 + v22 + v32 ) − (u1 v1 + u2 v2 + u3 v3 )2
= |u|2 |v|2 − (u · v)2
= |u|2 |v|2 (1 − cos2 (θ))
= |u|2 |v|2 sin2 (θ).
Therefore, we have found |u × v|2 = |u|2 |v|2 sin2 (θ), which means that
|u × v| = |u||v| sin(θ).

(9.4.2)

CHAPTER 9. MULTIVARIABLE AND VECTOR FUNCTIONS

47

Note that the third property stated above says that u × v = 0 if u and v
are parallel. This is reflected in Equation (9.4.2) since sin(θ) = 0 if u and v
are parallel, which implies that u × v = 0.
Equation (9.4.2) also has a geometric implication. Consider the parallelogram formed by two vectors u and v, as shown in Figure 9.4.5.
v

|v| sin θ

θ

u

Figure 9.4.5 The parallelogram formed by u and v
Remember that the area of a parallelogram is the product of its base and
height. As shown in the figure, we may consider the base of the parallelogram
to be |u| and the height to be |v| sin(θ). This means that the area of the
parallelogram formed by u and v is
|u||v| sin(θ) = |u × v|.
This leads to the following interesting fact.
The length of the cross product.
The length, |u × v|, of the cross product of vectors u and v is the area
of the parallelogram determined by u and v.
Note also that if u = u1 i + u2 j + 0k and v = v1 i + v2 j + 0k are vectors in
the xy-plane, then Equation (9.4.1) shows that the area of the parallelogram
determined by u and v is |u × v| = |u1 v2 − u2 v1 | is the absolute value of the
u1 u2
2 × 2 determinant
. So the absolute value of a determinant of a 2 × 2
v1 v2
matrix is also the area of a parallelogram.
Activity 9.4.3
a. Find the area of the parallelogram formed by the vectors u = h1, 3, −2i
and v = h3, 0, 1i.
b. Find the area of the parallelogram in R3 whose vertices are (1, 0, 1),
(0, 0, 1), (2, 1, 0), and (1, 1, 0). (Hint: It might be helpful to draw a
picture to see how the vertices are arranged so you can determine which
vectors you might use.)

9.4.3 The Direction of u × v
Now that we understand the length of u × v, we will investigate its direction.
Remember from Preview Activity 9.4.1 that cross products involving the vectors i, j, and k resulted in vectors that are orthogonal to the two terms. We
will see that this holds more generally.
We begin by computing u · (u × v), and see that
u · (u × v) = u1 (u2 v3 − u3 v2 ) − u2 (u1 v3 − u3 v1 ) + u3 (u1 v2 − u2 v1 )
= u1 u2 v3 − u1 u3 v2 − u2 u1 v3 + u2 u3 v1 + u3 u1 v2 − u3 u2 v1
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=0
To summarize, we have u · (u × v) = 0, which implies that u is orthogonal
to u × v. In the same way, we can show that v is orthogonal to u × v. The
net effect is that u × v is a vector that is perpendicular to both u and v, and
hence u × v is perpendicular to the plane determined by u and v. Moreover,
the direction of u × v is determined by applying the right-hand rule to u and
v, as we saw in Preview Activity 9.4.1. In light of our earlier work that showed
|u||v| sin(θ) = |u × v|., we may now express u × v in the following different
way.
The cross product as normal vector.
Suppose that u and v are not parallel and that n is the unit vector
perpendicular to the plane containing u and v determined by the righthand rule. Then
u × v = |u||v| sin(θ) n.
There is yet one more geometric implication we may draw from this result.
Suppose u, v, and w are vectors in R3 that are not coplanar and that form a
three-dimension parallelepiped as shown in Figure 9.4.6.
w

n
h
α

v
u

Figure 9.4.6 The parallelepiped determined by u, v, and w
The volume of the parallelepiped is determined by multiplying A, the area
of the base, by the height h. As we have just seen, the area of the base is
|u × v|. Moreover, the height h = |w| cos(α) where α is the angle between w
and the vector n, which is orthogonal to the plane formed by u and v. Since
n is parallel to u × v, the angle between w and u × v is also α. This shows
that
|(u × v) · w| = |u × w||w| cos(α) = Ah,
and therefore
The cross product and the volume of a parallelepiped.
The volume of the parallelepiped determined by u, v, and w is |(u ×
v) · w|.
As a dot product of two vectors, the quantity (u × v) · w is a scalar and is
called the triple scalar product.
Activity 9.4.4 Suppose u = h3, 5, −1i and v = h2, −2, 1i.
a. Find two unit vectors orthogonal to both u and v.
b. Find the volume of the parallelepiped formed by the vectors u, v, and
w = h3, 3, 1i.
c. Find a vector orthogonal to the plane containing the points (0, 1, 2),
(4, 1, 0), and (−2, 2, 2).
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d. Given the vectors u and v shown below in Figure 9.4.7, sketch the cross
products u × v and v × u.

z
v
u

y

x
Figure 9.4.7 Vectors u and v
e. Do the vectors a = h1, 3, −2i,b = h2, 1, −4i, and c = h0, 1, 0i in standard
position lie in the same plane? Use the concepts from this section to
explain.

9.4.4 Torque is measured by a cross product
We have seen that the cross product enables us to produce a vector perpendicular to two given vectors, to measure the area of a parallelogram, and to
measure the volume of a parallelepiped. Besides these geometric applications,
the cross product also enables us to describe a physical quantity called torque.
Suppose that we would like to turn a bolt using a wrench as shown in
Figure 9.4.8. If a force F is applied to the wrench and r is the vector from the
position on the wrench at which the force is applied to center of the bolt, we
define the torque, τ , to be
τ = F × r.

θ

F

Figure 9.4.8 A force applied to a wrench
When a force is applied to an object, Newton’s Second Law tells us that the
force is equal to the rate of change of the object’s linear momentum. Similarly,
the torque applied to an object is equal to the rate of change of the object’s
angular momentum. In other words, torque will cause the bolt to rotate.

CHAPTER 9. MULTIVARIABLE AND VECTOR FUNCTIONS

50

In many industrial applications, bolts are required to be tightened using
a specified torque. Of course, the magnitude of the torque is |τ | = |F × r| =
|F||r|| sin(θ). Thus, to produce a larger torque, we can increase either |F| or
|r|, which you may know if you have ever removed lug nuts when changing a
flat tire. The ancient Greek mathematician Archimedes said: “Give me a lever
long enough and a fulcrum on which to place it, and I shall move the world.”
A modern spin on this statement is: “Allow me to make |r| large enough, and
I shall produce a torque large enough to move the world.”

9.4.5 Comparing the dot and cross products
Finally, it is worthwhile to compare and contrast the dot and cross products.
• u · v is a scalar, while u × v is a vector.
• u · v = v · u, while u × v = −v × u
• u · v = |u||v| cos(θ), while |u × v| = |u||v| sin(θ).
• u · v = 0 if u and v are perpendicular, while u × v = 0 if u and v are
parallel.

9.4.6 Summary
• The cross product is defined only for vectors in R3 . The cross product of
vectors u = u1 i + u2 j + u3 k and v = v1 i + v2 j + v3 k in R3 is the vector
u × v = (u2 v3 − u3 v2 )i − (u1 v3 − u3 v1 )j + (u1 v2 − u2 v1 )k.
• Geometrically, the cross product is
u × v = |u| |v| sin(θ) n,
where θ is the angle between u and v and n is a unit vector perpendicular
to both u and v as determined by the right-hand rule.
• The cross product of vectors u and v is a vector perpendicular to both
u and v.
• The magnitude |u×v| of the cross product of the vectors u and v gives the
area of the parallelogram determined by u and v. Also, the scalar triple
product |(u × v) · w| gives the volume of the parallelepiped determined
by u, v, and w.

9.4.7 Exercises
1.

If a = i + j + 3k and b = i + j + 2k
Compute the cross product a × b.
i+
a×b=

j+

k

Answer 1. −1
Answer 2. 1
2.

Answer 3. 0
Suppose ~v · w
~ = 6 and ||~v × w||
~ = 4, and the angle between ~v and w
~ is θ.
Find
(a) tan θ =
(b) θ =
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Answer 1.

4
6

Answer 2. tan−1
3.

4
6



You are looking down at a map. A vector u with |u| = 7 points north and
a vector v with |v| = 6 points northeast. The crossproduct u × v points:
A) south
B) northwest
C) up
D) down
The magnitude
Please enter the letter of the correct answer:
|u × v| =
Answer 1.

4.
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D

Answer 2. 29.698484809835
If a = i + 8j + k and b = i + 10j + k, find a unit vector with positive first
coordinate orthogonal to both a and b.
i+
j+
k
Answer 1. 0.707106781186547
Answer 2. 0

5.

6.

7.

Answer 3. −0.707106781186547
Sketch the triangle with vertices O, P = (0, 7, 6) and Q = (7, 0, 2) and
compute its area using cross products.
Area=
√
Answer. 12 4361
Let A = (5, 0, 0), B = (2, −2, −3), and P = (k, k, k). The vector from A
to B is perpendicular to the vector from A to P when k =
.
Answer. 1.875
Find two unit vectors orthogonal to a = h−4, −4, 5i and b = h−1, −2, 3i
Enter your answer so that the first non-zero coordinate of the first
vector is positive.
First Vector: h
,
,
i
Second Vector: h
,
,
i
Answer 1. 0.240771706171538
Answer 2. −0.842700971600384
Answer 3. −0.481543412343077
Answer 4. −0.240771706171538
Answer 5. 0.842700971600384

8.

Answer 6. 0.481543412343077
Use the geometric definition of the cross product and the properties of the
cross product to make the following calculations.
(a) ((~i + ~j) ×~i) × ~j =
(b) (~j + ~k) × (~j × ~k) =
(c) 5~i × (~i + ~j) =
(d) (~k + ~j) × (~k − ~j) =
Answer 1. h1, 0, 0i
Answer 2. h0, 1, −1i
Answer 3. h0, 0, 5i
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Answer 4. h2, 0, 0i
9.

Are the following statements true or false?
(a) For any scalar c and any vector ~v , we have ||c~v || = c||~v ||.
(b) The value of ~v · (~v × w)
~ is always zero.
(c) If ~v and w
~ are any two vectors, then ||~v + w||
~ = ||~v || + ||w||.
~
(d) (~i × ~j) · ~k = ~i · (~j × ~k).

10. A bicycle pedal is pushed straight downwards by a foot with a 27 Newton
force. The shaft of the pedal is 20 cm long. If the shaft is π/3 radians past
horizontal, what is the magnitude of the torque about the point where the
shaft is attached to the bicycle?
Nm
Answer. 2.7
11. Let u = 2i + j and v = i + 2j be vectors in R3 .
a. Without doing any computations, find a unit vector that is orthogonal to both u and v. What does this tell you about the formula
for u × v?
b. Using the properties of the cross product and what you know about
cross products involving the fundamental vectors i and j, compute
u × v.
c. Next, use the determinant version of Equation (9.4.1) to compute
u × v. Write one sentence that compares your results in (a), (b),
and (c).
d. Find the area of the parallelogram determined by u and v.
12. Let x = h1, 1, 1i and y = h0, 3, −2i.
a. Are x and y orthogonal? Are x and y parallel? Clearly explain how
you know, using appropriate vector products.
b. Find a unit vector that is orthogonal to both x and y.
c. Express y as the sum of two vectors: one parallel to x, the other
orthogonal to x.
d. Determine the area of the parallelogram formed by x and y.
13. Consider the triangle in R3 formed by P (3, 2, −1), Q(1, −2, 4), and R(4, 4, 0).
−−→
−→
a. Find P Q and P R.
b. Observe that the area of 4P QR is half of the area of the parallelo−−→
−→
gram formed by P Q and P R. Hence find the area of 4P QR.
c. Find a unit vector that is orthogonal to the plane that contains
points P , Q, and R.
d. Determine the measure of ∠P QR.
14. One of the properties of the cross product is that (u + v) × w = (u × w) +
(v × w). That is, the cross product distributes over vector addition on
the right. Here we investigate whether the cross product distributes over
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vector addition on the left.
a. Let u = h1, 2, −1i, v = h4, −3, 6i, and v = h4, 7, 2i. Calculate
u × (v + w) and (u × v) + (u × w).
What do you notice?
b. Use the properties of the cross product to show that in general
x × (y + z) = (x × y) + (x × z)
for any vectors x, y, and z in R3 .
15. Let u = hu1 , u2 , u3 i, v = hv1 , v2 , v3 i, and w = hw1 , w2 , w3 i be vectors in
R3 . In this exercise we investigate properties of the triple scalar product
(u × v) · w.
a. Show that (u × v) · w =

u1
v1
w1

u2
v2
w2

u3
v3 .
w3

u1 u2 u3
v1 v2 v3
v1 v2 v3 = − u1 u2 u3 . Conclude that
w1 w2 w3
w1 w2 w3
interchanging the first two rows in a 3 × 3 matrix changes the sign
of the determinant. In general (although we won’t show it here),
interchanging any two rows in a 3 × 3 matrix changes the sign of the
determinant.

b. Show that

c. Use the results of parts (a) and (b) to argue that
(u × v) · w = (w × u) · v = (v × w) · u.
d. Now suppose that u, v, and w do not lie in a plane when they
eminate from a common initial point.
a. Given that the parallepiped determined by u, v, and w must
have positive volume, what can we say about (u × v) · w?
b. Now suppose that u, v, and w all lie in the same plane. What
value must (u × v) · w have? Why?
c. Explain how (i.) and (ii.) show that if u, v, and w all eminate from the same initial point, then u, v, and w lie in the
same plane if and only if (u × v) · w = 0. This provides a
straightforward computational method for determining when
three vectors are co-planar.

9.5 Lines and Planes in Space
Motivating Questions
• How are lines in R3 similar to and different from lines in R2 ?
• What is the role that vectors play in representing equations of lines,
particularly in R3 ?
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• How can we think of a plane as a set of points determined by a point and
a vector?
• How do we find the equation of a plane through three given non-collinear
points?
In single variable calculus, we learn that a differentiable function is locally linear. In other words, if we zoom in on the graph of a differentiable
function at a point, the graph looks like the tangent line to the function at
that point. Linear functions played important roles in single variable calculus, useful in approximating differentiable functions, in approximating roots of
functions (see Newton’s Method), and approximating solutions to first order
differential equations (see Euler’s Method). In multivariable calculus, we will
soon study curves in space; differentiable curves turn out to be locally linear
as well. In addition, as we study functions of two variables, we will see that
such a function is locally linear at a point if the surface defined by the function
looks like a plane (the tangent plane) as we zoom in on the graph.
Consequently, it is important for us to understand both lines and planes
in space, as these define the linear functions in R2 and R3 . (Recall that a
function is linear if it is a polynomial function whose terms all have degree less
than or equal to 1. For example, x defines a single variable linear function and
x + y a two variable linear function, but xy is not linear since it has degree
two, the sum of the degress of its factors.) We begin our work by considering
some familiar ideas in R2 but from a new perspective.
Preview Activity 9.5.1 We are familiar with equations of lines in the plane
in the form y = mx + b, where m is the slope of the line and (0, b) is the yintercept. In this activity, we explore a more flexible way of representing lines
that we can use not only in the plane, but in higher dimensions as well.
To begin, consider the line through the point (2, −1) with slope 23 as shown
in Figure 9.5.1.

2 y
1
x
-2

-1

1

2

3

4

-1
-2
-3
-4
Figure 9.5.1 The line through (2, −1) with slope 32 .
a. Suppose we increase x by 1 from the point (2, −1). How does the y-value
change? What is the point on the line with x-coordinate 3?
b. Suppose we decrease x by 3.25 from the point (2, −1). How does the
y-value change? What is the point on the line with x-coordinate −1.25?
c. Now, suppose we increase x by some arbitrary value 3t from the point
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(2, −1). How does the y-value change? What is the point on the line
with x-coordinate 2 + 3t?
d. Observe that the slope of the line is related to any vector whose ycomponent divided by the x-component is the slope of the line. For
the line in this exercise, we might use the vector h3, 2i, which describes
the direction of the line. Explain why the terminal points of the vectors
r(t), where
r(t) = h2, −1i + h3, 2it,
trace out the graph of the line through the point (2, −1) with slope 32 .
e. Now we extend this vector approach to R3 and consider a second example.
Let L be the line in R3 through the point (1, 0, 2) in the direction of the
vector h2, −1, 4i. Find the coordinates of three distinct points on line L.
Explain your thinking.
f. Find a vector in the form
r(t) = hx0 , y0 , z0 i + ha, b, cit
whose terminal points trace out the line L that is described in (e). That
is, you should be able to locate any point on the line by determining a
corresponding value of t.

9.5.1 Lines in Space
In two-dimensional space, a non-vertical line is defined to be the set of points
satisfying the equation
y = mx + b,
for some constants m and b. The value of m (the slope) tells us how the
dependent variable changes for every one unit increase in the independent
variable, while the point (0, b) is the y-intercept and anchors the line to a
location on the y-axis. Alternatively, we can think of the slope as being related
to the vector h1, mi, which tells us the direction of the line, as shown on the
left in Figure 9.5.2. Thus, we can identify a line in space by fixing a point P
and a direction v, as shown on the right. Since we also have vectors in space
to provide direction, this same idea of a point and a direction determining a
line works in Rn for any n.

5 y

5 y

4

4

3

3

2
1

2

h1, mi

1
x

-2

-1

1

2

3

4

-2

-1
Figure 9.5.2 A vector description of a line

-1

v
P

x
1

-1

2

3

4
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Definition 9.5.3 A line in space is the set of terminal points of vectors emanating from a given point P that are parallel to a fixed vector v.
♦
The fixed vector v in the definition is called a direction vector for the line.
As we saw in Preview Activity 9.5.1, to find an equation for a line through
point P in the direction of vector v, observe that any vector parallel to v will
have the form tv for some scalar t. So, any vector emanating from the point
P in a direction parallel to the vector v will be of the form
−−→
OP + vt

(9.5.1)

for some scalar t (where O is the origin).
4

4

4

3

3

3

2

2 tv

2

tv

−−→
OP

1

-2

-1

1

−−→
OP

1

2

3

4

-2

-1

1

tv

−−→
OP

1

2

3

4

-2

-1

1

2

3

4

Figure 9.5.4 A line in 2-space.
Figure 9.5.4 presents three images of a line in two-space in which we can
−−→
−−→
identify the vector OP and the vector tv as in Equation (9.5.1). Here, OP
is the fixed vector shown in blue, while the direction vector v is the vector
parallel to the vector shown in green (that is, the green vector represents tv,
and the line is traced out by the terminal points of the magenta vector). In
other words, the tips (terminal points) of the magenta vectors (the vectors of
−−→
the form OP + tv) trace out the line as t changes.
In particular, the terminal points of the vectors of the form in (9.5.1) define a linear function r in space of the following form, which is valid in any
dimension.
The vector form of a line.
The vector form of a line through the point P in the direction of the
vector v is
r(t) = r0 + tv,
(9.5.2)
−−→
where r0 is the position vector OP from the origin to the point P .
Of course, it is common to represent lines in the plane using the slopeintercept equation y = mx + b. The vector form of the line, described above,
is an alternative way to represent lines that has the following two advantages.
First, in two dimensions, we are able to represent vertical lines, whose slope m
is not defined, using a vertical direction vector, such as v = h0, 1i. Second, this
description of lines works in any dimension even though there is no concept of
the slope of a line in more than two dimensions.
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Figure 9.5.5 A line in 3-space.
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Activity 9.5.2 Let P1 = (1, 2, −1) and P2 = (−2, 1, −2). Let L be the line in
R3 through P1 and P2 , and note that three snapshots of this line are shown in
Figure 9.5.5.
a. Find a direction vector for the line L.
b. Find a vector equation of L in the form r(t) = r0 + tv.
c. Consider the vector equation s(t) = h−5, 0, −3i + th6, 2, 2i. What is the
direction of the line given by s(t)? Is this new line parallel to line L?
d. Do r(t) and s(t) represent the same line, L? Explain.

9.5.2 The Parametric Equations of a Line
The vector form of a line, r(t) = r0 + tv in Equation (9.5.2), describes a line
as the set of terminal points of the vectors r(t). If we write this in terms of
components letting
r(t) = hx(t), y(t), z(t)i,

r0 = hx0 , y0 , z0 i,

and

v = ha, b, ci,

then we can equate the components on both sides of r(t) = r0 + tv to obtain
the equations
x(t) = x0 + at,

y(t) = y0 + bt,

and

z(t) = z0 + ct,

which describe the coordinates of the points on the line. The variable t represents an arbitrary scalar and is called a parameter. In particular, we use the
following language.
The parametric equations of a line.
The parametric equations for a line through the point P = (x0 , y0 , z0 )
in the direction of the vector v = ha, b, ci are
x(t) = x0 + at,

y(t) = y0 + bt,

z(t) = z0 + ct.

Notice that there are many different parametric equations for the same line.
For example, choosing another point P on the line or another direction vector
v produces another set of parametric equations. It is sometimes useful to think
of t as a time parameter and the parametric equations as telling us where we
are on the line at each time. In this way, the parametric equations describe a
particular walk taken along the line; there are, of course, many possible ways
to walk along a line.
Activity 9.5.3 Let P1 = (1, 2, −1) and P2 = (−2, 1, −2), and let L be the line
in R3 through P1 and P2 , which is the same line as in Activity 9.5.2.
a. Find parametric equations of the line L.
b. Does the point (1, 2, 1) lie on L? If so, what value of t results in this
point?
c. Consider another line, K, whose parametric equations are
x(s) = 11 + 4s, y(s) = 1 − 3s, z(s) = 3 + 2s.
What is the direction of the line K?
d. Do the lines L and K intersect? If so, provide the point of intersection
and the t and s values, respectively, that result in the point. If not,
explain why.
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9.5.3 Planes in Space
Now that we have a way of describing lines, we would like to develop a means
of describing planes in three dimensions. We studied the coordinate planes
and planes parallel to them in Section 9.1. Each of those planes had one of
the variables x, y, or z equal to a constant. We can note that any vector in
a plane with x constant is orthogonal to the vector h1, 0, 0i, any vector in a
plane with y constant is orthogonal to the vector h0, 1, 0i, and any vector in a
plane with z constant is orthogonal to the vector h0, 0, 1i. This idea works in
general to define a plane.
Definition 9.5.6 A plane p in space is the set of all terminal points of vectors
emanating from a given point P0 perpendicular to a fixed vector n, as shown
in Figure 9.5.7.
♦

p

n = ha, b, ci
P = (x, y, z)

P0 = (x0 , y0 , z0 )
Figure 9.5.7 A point P0 on a plane p with a normal vector n
The definition allows us to find the equation of a plane. Assume that
n = ha, b, ci, P0 = (x0 , y0 , z0 ), and that P = (x, y, z) is an arbitrary point on
−−→
the plane. Since the vector P P0 lies in the plane, it must be perpendicular to
n. This means that
−−→
0 = n · P P0

= n · hx, y, zi − hx0 , y0 , z0 i
= n · hx − x0 , y − y0 , z − z0 i
= a(x − x0 ) + b(y − y0 ) + c(z − z0 ).
The fixed vector n perpendicular to the plane is frequently called a normal
vector to the plane. We may now summarize as follows.
Equations of a plane.
• The scalar equation of the plane with normal vector n = ha, b, ci
containing the point P0 = (x0 , y0 , z0 ) is
a(x − x0 ) + b(y − y0 ) + c(z − z0 ) = 0.

(9.5.3)

• The vector equation of the plane with normal vector n = ha, b, ci
containing the points P0 = (x0 , y0 , z0 ) and P = (x, y, z) is
−−→
n · P P0 = 0.

(9.5.4)

We may take the scalar equation of a plane a little further and note that
since
a(x − x0 ) + b(y − y0 ) + c(z − z0 ) = 0,
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it equivalently follows that
ax + by + cz = ax0 + by0 + cz0 .
That is, we may write an equation of a plane as ax + by + cz = d where
d = n · hx0 , y0 , z0 i.
For instance, if we would like to describe the plane passing through the
point P0 = (4, −2, 1) and perpendicular to the vector n = h1, 2, 1i, we have
h1, 2, 1i · hx, y, zi = h1, 2, 1i · h4, −2, 1i
or
x + 2y + z = 1.
Notice that the coefficients of x, y, and z in this description give a vector
perpendicular to the plane. For instance, if we are presented with the plane
−2x + y − 3z = 4,
we know that n = h−2, 1, −3i is a vector perpendicular to the plane.
Activity 9.5.4
a. Write a scalar equation of the plane p1 passing through the point (0, 2, 4)
and perpendicular to the vector n = h2, −1, 1i.
b. Is the point (2, 0, 2) on the plane p1 ?
c. Write a scalar equation of the plane p2 that is parallel to p1 and passing
through the point (3, 0, 4). (Hint: Compare normal vectors of the planes.)
d. Write a parametric description of the line l passing through the point
(2, 0, 2) and perpendicular to the plane p3 described by the equation
x + 2y − 2z = 7.
e. Find the point at which l intersects the plane p3 .
Just as two distinct points in space determine a line, three non-collinear
points in space determine a plane. Consider three points P0 , P1 , and P2 in
space, not all lying on the same line as shown in Figure 9.5.8.

p

P2
n
P

P0

P1

Figure 9.5.8 A plane determined by three points P0 , P1 , and P2
−−−→
−−−→
Observe that the vectors P0 P1 and P0 P2 both lie in the plane p. If we form
their cross-product
−−−→ −−−→
n = P0 P1 × P0 P2 ,
we obtain a normal vector to the plane p. Therefore, if P is any other point on
−−→
p, it then follows that P0 P will be perpendicular to n, and we have, as before,
the equation
−−→
n · P0 P = 0.
(9.5.5)
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Activity 9.5.5 Let P0 = (1, 2, −1), P1 = (1, 0, −1), and P2 = (0, 1, 3) and let
p be the plane containing P0 , P1 , and P2 .
−−−→
−−−→
a. Determine the components of the vectors P0 P1 and P0 P2 .
b. Find a normal vector n to the plane p.
c. Find a scalar equation of the plane p.
d. Consider a second plane, q, with scalar equation −3(x − 1) + 4(y + 3) +
2(z − 5) = 0. Find two different points on plane q, as well as a vector m
that is normal to q.
e. The angle between two planes is the acute angle between their respective
normal vectors. What is the angle between planes p and q?

9.5.4 Summary
• While lines in R3 do not have a slope, like lines in R2 they can be characterized by a point and a direction vector. Indeed, we define a line in
space to be the set of terminal points of vectors emanating from a given
point that are parallel to a fixed vector.
• Vectors play a critical role in representing the equation of a line. In
particular, the terminal points of the vector r(t) = r0 + tv define a linear
function r in space through the terminal point of the vector r0 in the
direction of the vector v, tracing out a line in space.
• A plane in space is the set of all terminal points of vectors emanating
from a given point perpendicular to a fixed vector.
−−−→
• If P1 , P2 , and P3 are non-collinear points in space, the vectors P1 P2 and
−−−→
−−−→ −−−→
and P1 P3 are vectors in the plane and the vector n = P1 P2 × P1 P3 is
a normal vector to the plane. So any point P in the plane satisfies the
−−→
equation P P1 · n = 0. If we let P = (x, y, z), n = ha, b, ci be the normal
vector, and P1 = (x0 , y0 , z0 ), we can also represent the plane with the
equation
a(x − x0 ) + b(y − y0 ) + c(z − z0 ) = 0.

9.5.5 Exercises
1.

Rewrite the vector equation r(t) = (−2t)i + (3 − 3t)j + (1 + 3t)k as the
corresponding parametric equations for the line.
x(t) =
y(t) =
z(t) =
Answer 1. 0 + (−2) t
Answer 2. 3 + (−3) t

2.

Answer 3. 1 + 3t
Find the vector and parametric equations for the line through the point
P(2, -1, -5) and parallel to the vector −5i − 3j − 3k.
Vector Form: r = h
,
, -5 i + th
,
, -3 i
Parametric form (parameter t, and passing through P when t = 0):
x = x(t) =
y = y(t) =
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z = z(t) =
Answer 1. 2
Answer 2. −1
Answer 3. −5
Answer 4. −3
Answer 5. 2 + t(−5)
Answer 6. −1 + t(−3)
Answer 7. −5 + t(−3)
3.

Consider the line which passes through the point P(3, -5, -1), and which
is parallel to the line x = 1 + 6t, y = 2 + 2t, z = 3 + 6t
Find the point of intersection of this new line with each of the coordinate planes:
,
,
)
xy-plane: (
xz-plane: (
,
,
)
,
,
)
yz-plane: (
Answer 1. 4
Answer 2. −4.66666666666667
Answer 3. 0
Answer 4. 18
Answer 5. 0
Answer 6. 14
Answer 7. 0
Answer 8. −6

4.

Answer 9. −4
Find the point at which the line h4, 2, 4i + th−3, −3, −4i intersects the
plane −5x + 5y − 3z = 2.
(
,
,
)
Answer 1. −2
Answer 2. −4

5.

Answer 3. −4
Find an equation of a plane containing the three points (5, -2, -2), (2, -5,
1), (2, -4, 3) in which the coefficient of x is -9.
= 0.
Answer. −9(x − 5) + 6(y − (−2)) + (−3)(z − (−2))

6.

7.
8.

Find an equation for the plane containing the line in the xy-plane where
y = 1, and the line in the xz-plane where z = 2.
equation:
Answer. z = −2y + 2
Find the angle in radians between the planes 4x + z = 1 and 5y + z = 1.
Answer. 1.52321322351792
A store sells CDs at one price and DVDs at another price. The figure
below shows the revenue (in dollars) of the music store as a function of
the number, c, of CDs and the number, d, of DVDs that it sells. The
values of the revenue are shown on each line.
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(Hint: for this problem there are many possible ways to estimate the
requisite values; you should be able to find information from the figure that
allows you to give an answer that is essentially exact.)
(a) What is the price of a CD?
dollars
(b) What is the price of a DVD?
dollars
Answer 1. 10
9.

Answer 2. 14
The table below gives the number of calories burned per minute for someone roller-blading, as a function of the person’s weight in pounds and speed
in miles per hour [from the August 28,1994, issue of Parade Magazine].
calories burned per minute
weight\speed
120
140
160
180
200

8
4.2
5.1
6.1
7
7.9

9
5.8
6.7
7.7
8.6
9.5

10
7.4
8.3
9.2
10.2
11.1

11
8.9
9.9
10.8
11.7
12.6

(a) Suppose that a 180 lb person and a 200 person both go 8 miles,
the first at 9 mph and the second at 8 mph.
How many calories does the 180 lb person burn?
How many calories does the 200 lb person burn?
(b) We might also be interested in the number of calories each person
burns per pound of their weight.
How many calories per pound does the 180 lb person burn?
How many calories per pound does the 200 lb person burn?
Answer 1.
Answer 2.
Answer 3.
Answer 4.

480·8.6
9
480·7.9
8
458.667
180
474
200

10. The vector and parametric forms of a line allow us to easily describe line
segments in space.
Let P1 = (1, 2, −1) and P2 = (−2, 1, −2), and let L be the line in R3
through P1 and P2 as in Activity 9.5.2.
a. What value of the parameter t makes (x(t), y(t), z(t)) = P1 ? What
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value of t makes (x(t), y(t), z(t)) = P2 ?
b. What t values describe the line segment between the points P1 and
P2 ?
c. What about the line segment (along the same line) from (7, 4, 1) to
(−8, −1, −4)?
d. Now, consider a segment that lies on a different line: parameterize
the segment that connects point R = (4, −2, 7) to Q = (−11, 4, 27)
in such a way that t = 0 corresponds to point Q, while t = 2
corresponds to R.
11. This exercise explores key relationships between a pair of lines. Consider
the following two lines: one with parametric equations x(s) = 4 − 2s,
y(s) = −2 + s, z(s) = 1 + 3s, and the other being the line through
(−4, 2, 17) in the direction v = h−2, 1, 5i.
a. Find a direction vector for the first line, which is given in parametric
form.
b. Find parametric equations for the second line, written in terms of
the parameter t.
c. Show that the two lines intersect at a single point by finding the
values of s and t that result in the same point. Then find the point
of intersection.
d. Find the acute angle formed where the two lines intersect, noting
that this angle will be given by the acute angle between their respective direction vectors.
e. Find an equation for the plane that contains both of the lines described in this problem.
12. This exercise explores key relationships between a pair of planes. Consider
the following two planes: one with scalar equation 4x − 5y + z = −2,
and the other which passes through the points (1, 1, 1), (0, 1, −1), and
(4, 2, −1).
a. Find a vector normal to the first plane.
b. Find a scalar equation for the second plane.
c. Find the angle between the planes, where the angle between them
is defined by the angle between their respective normal vectors.
d. Find a point that lies on both planes.
e. Since these two planes do not have parallel normal vectors, the
planes must intersect, and thus must intersect in a line. Observe
that the line of intersection lies in both planes, and thus the direction vector of the line must be perpendicular to each of the respective
normal vectors of the two planes. Find a direction vector for the line
of intersection for the two planes.
f. Determine parametric equations for the line of intersection of the
two planes.
13. In this problem, we explore how we can use what we know about vectors
and projections to find the distance from a point to a plane.
Let p be the plane with equation z = −4x + 3y + 4, and let Q =
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(4, −1, 8).
a. Show that Q does not lie in the plane p.
b. Find a normal vector n to the plane p.
c. Find the coordinates of a point P in p.
−−→
d. Find the components of P Q. Draw a picture to illustrate the objects
found so far.
−−→
e. Explain why |compn P Q| gives the distance from the point Q to the
plane p. Find this distance.

9.6 Vector-Valued Functions
Motivating Questions
• What is a vector-valued function? What do we mean by the graph of a
vector-valued function?
• What is a parameterization of a curve in R2 ? In R3 ? What can the
parameterization of a curve can tell us?
So far, we have seen several different examples of curves in space, including
traces and contours of functions of two variables, as well as lines in 3-space.
Recall that for a line through a fixed point r0 in the direction of vector v, we
may express the line parametrically through the single vector equation
r(t) = r0 + tv.
From this perspective, the vector r(t) is a function that depends on the
parameter t, and the terminal points of this vector trace out the line in space.
Like lines, other curves in space are one-dimensional objects, and thus we
aspire to similarly express the coordinates of points on a given curve in terms
of a single variable. Vectors are a perfect vehicle for doing so — we can use
vectors based at the origin to identify points in space, and connect the terminal
points of these vectors to draw a curve in space. This approach will allow us
to draw an incredible variety of graphs in 2- and 3-space, as well as to identify
and describe curves in n-space for any n. It will also allow us to represent
traces and cross sections of surfaces in space.
Preview Activity 9.6.1 In this activity we consider how we might use vectors
to define a curve in space.
a. On a single set of axes in R2 , draw the vectors
• hcos(0), sin(0)i,


• cos π2 , sin π2 ,
• hcos (π) , sin (π)i, and


3π
• cos 3π
2 , sin 2
with their initial points at the origin.
b. On the same set of axes, draw the vectors


• cos π4 , sin π4 ,


3π
• cos 3π
,
4 , sin 4
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, and

with their initial points at the origin.
c. Based on the pictures from parts (a) and (b), sketch the set of terminal
points of all of the vectors of the form hcos(t), sin(t)i, where t assumes
values from 0 to 2π. What is the resulting figure? Why?
d. Suppose we sketched the terminal points of all vectors of the form hcos(t), sin(t)i,
where t assumes values from 0 to π. How does the resulting picture differ
from the one in part (c)? What about for t from 0 to 4π?

9.6.1 Vector-Valued Functions
Consider the curve shown in Figure 9.6.1. As in Preview Activity 9.6.1, we
can think of a point on this curve as resulting from a vector from the origin to
the point. As the point travels along the curve, the vector changes in order to
terminate at the desired point. A few still pictures of this motion are shown
in Figure 9.6.1.

Figure 9.6.1 The graph of a curve in space.
Thus, we can think of the curve as a collection of terminal points of vectors
emanating from the origin. We therefore view a point traveling along this curve
as a function of time t, and define a function r whose input is the variable t
and whose output is the vector from the origin to the point on the curve at
time t. In so doing, we have introduced a new type of function, one whose
input is a scalar and whose output is a vector.
The terminal points of the vector outputs of r then trace out the curve
in space. From this perspective, the x, y, and z coordinates of the point are
functions of time, t, say
x = x(t),

y = y(t),

and

z = z(t),

and thus we have three coordinate functions that enable us to represent the
curve. The variable t is called a parameter and the equations x = x(t), y = y(t),
and z = z(t) are called parametric equations (or a parameterization of the
curve). The function r whose output is the vector from the origin to a point
on the curve is defined by
r(t) = hx(t), y(t), z(t)i.
Note that the input of r is the real-valued parameter t and the corresponding output is vector hx(t), y(t), z(t)i. Such a function is called a vector-valued
function because each real number input generates a vector output. More
formally, we state the following definition.
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Definition 9.6.2 A vector-valued function is a function whose input is a
real parameter t and whose output is a vector that depends on t. The graph of
a vector-valued function is the set of all terminal points of the output vectors
with their initial points at the origin.
Parametric equations for a curve are equations of the form
x = x(t),

y = y(t),

z = z(t)

and

that describe the (x, y, z) coordinates of a point on a curve in R3 .
♦
Note particularly that every set of parametric equations determines a vectorvalued function of the form
r(t) = hx(t), y(t), z(t)i,
and every vector-valued function defines a set of parametric equations for a
curve. Moreover, we can consider vector-valued functions and parameterizations in R2 , R4 , or indeed a real space of any dimension. As a reminder, in
Section 9.5, we determined the parametric equations of a line in space using a
point and a direction vector. For a nonlinear example, the curve in Figure 9.6.1
has the parametric equations
x(t) = cos(t),

y(t) = sin(t),

and

z(t) = cos(t) sin(t).

Represented as a vector-valued function r, the curve in Figure 9.6.1 is the
graph of
r(t) = hcos(t), sin(t), cos(t) sin(t)i.
Activity 9.6.2 The same curve can be represented with different parameterizations. Use appropriate technology to plot the curves generated by the
following vector-valued functions for values of t from 0 to 2π. Compare and
contrast the graphs — explain how they are alike and how they are different.
a. r(t) = hsin(t), cos(t)i
b. r(t) = hsin(2t), cos(2t)i
c. r(t) = hcos(t + π), sin(t + π)i
d. r(t) = hcos(t2 ), sin(t2 )i
The examples in Activity 9.6.2 illustrate that a parameterization allows us
to look not only at the graph, but at the direction and speed at which the
graph is traversed as t changes. In the different parameterizations of the circle,
we see that we can start at different points and move around the circle in either
direction. The calculus of vector-valued functions — which we will begin to
investigate in Section 9.7 — will enable us to precisely quantify the direction,
speed, and acceleration of a particle moving along a curve in space. As such,
describing curves parametrically will allow us to not only indicate the curve
itself, but also to describe how motion occurs along the curve.
Using parametric equations to define vector-valued functions in two dimensions is much more versatile than just defining y as a function of x. In fact, if
y = f (x) is a function of x, then we can parameterize the graph of f by
r(t) = ht, f (t)i,
and thus every single-variable function may be described parametrically. In
addition, as we saw in Preview Activity 9.6.1 and Activity 9.6.2, we can use
vector-valued functions to represent curves in the plane that do not define y as
a function of x (or x as a function of y). (As a side note: vector-valued functions

CHAPTER 9. MULTIVARIABLE AND VECTOR FUNCTIONS

67

make it easy to plot the inverse of a one-to-one function in two dimensions. To
see how, if y = f (x)defines a one-to-one function, then we can parameterize
this function by r(t) = ht, f (t)i. Since the inverse function just reverses the
role of input and output, a parameterization for f −1 is hf (t), ti.)
Activity 9.6.3 Vector-valued functions can be used to generate many interesting curves. Graph each of the following using an appropriate technological
tool, and then write one sentence for each function to describe the behavior of
the resulting curve.
a. r(t) = ht cos(t), t sin(t)i
b. r(t) = hsin(t) cos(t), t sin(t)i
c. r(t) = hsin(5t), sin(4t)i
d. r(t) = ht2 sin(t) cos(t), 0.9t cos(t2 ), sin(t)i (Note that this defines a curve
in 3-space.)
e. Experiment with different formulas for x(t) and y(t) and ranges for t
to see what other interesting curves you can generate. Share your best
results with peers.
Recall from our earlier work that the traces and level curves of a function
are themselves curves in space. Thus, we may determine parameterizations for
them. For example, if z = f (x, y) = cos(x2 +y 2 ), the y = 1 trace of the function
is given by setting y = 1 and letting x be parameterized by the variable t; then,
the trace is the curve whose parameterization is ht, 1, cos(t2 + 1)i.
Activity 9.6.4 Consider the paraboloid defined by f (x, y) = x2 + y 2 .
a. Find a parameterization for the x = 2 trace of f . What type of curve
does this trace describe?
b. Find a parameterization for the y = −1 trace of f . What type of curve
does this trace describe?
c. Find a parameterization for the level curve f (x, y) = 25. What type of
curve does this trace describe?
d. How do your responses change to all three of the preceding questions if
you instead consider the function g defined by g(x, y) = x2 − y 2 ? (Hint
for generating one of the parameterizations: sec2 (t) − tan2 (t) = 1.)

9.6.2 Summary
• A vector-valued function is a function whose input is a real parameter t
and whose output is a vector that depends on t. The graph of a vectorvalued function is the set of all terminal points of the output vectors with
their initial points at the origin.
• Every vector-valued function provides a parameterization of a curve. In
R2 , a parameterization of a curve is a pair of equations x = x(t) and
y = y(t) that describes the coordinates of a point (x, y) on the curve in
terms of a parameter t. In R3 , a parameterization of a curve is a set
of three equations x = x(t), y = y(t), and z = z(t) that describes the
coordinates of a point (x, y, z) on the curve in terms of a parameter t.
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9.6.3 Exercises
1.

Find the domain of the vector function


√
1
√
r(t) = ln(11t), t + 10,
12 − t
using interval notation.
Domain:
Answer. (0, 12)

2.

Find a parametrization of the circle of radius 6 in the xy-plane, centered
at the origin, oriented clockwise. The point (6, 0) should correspond to
t = 0. Use t as the parameter for all of your answers.
x(t) =
y(t) =
Answer. 6 cos(t) ; −6 sin(t)

3.

Find a vector parametrization of the circle of radius 7 in the xy-plane, centered at the origin, oriented clockwise so that the point (7, 0) corresponds
to t = 0 and the point (0, −7) corresponds to t = 1.
~r(t) =


πt
Answer. 7 cos πt
2 , (−7) sin 2

4.

Find a vector parametric equation ~r(t) for the line through the points
P = (4, 1, 1) and Q = (9, −3, 3) for each of the given conditions on the
parameter t.
(a) If ~r(0) = h4, 1, 1i and ~r(8) = h9, −3, 3i, then
~r(t) =
(b) If ~r(6) = P and ~r(10) = Q, then
~r(t) =
(c) If the points P and Q correspond to the parameter values t = 0
and t = −2, respectively, then
~r(t) =
Answer 1. (4, 1, 1) + 8t h5, −4, 2i
Answer 2. (4, 1, 1) +
Answer 3. (4, 1, 1) +

5.

t−6
−4, 2i
4 h5,

− 2t h5, −4, 2i

Suppose parametric equations for the line segment between (9, −6) and
(−2, 5) have the form:
x = a + bt
y = c + dt
If the parametric curve starts at (9, −6) when t = 0 and ends at (−2, 5)
at t = 1, then find a, b, c, and d.
a=
,b =
,c =
,d =
.
Answer 1. 9
Answer 2. −11
Answer 3. −6

6.

Answer 4. 11
Find a parametrization of the curve x = −5z 2 in the xz-plane. Use t as
the parameter for all of your answers.
x(t) =
y(t) =
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z(t) =
Answer. −5t2 ; 0; t
7.

Find parametric equations for the quarter-ellipse from (2, 0, 9) to (0, −3, 9)
centered at (0, 0, 9) in the plane z = 9. Use the interval 0 ≤ t ≤ π/2.
x(t) =
y(t) =
z(t) =
Answer. 2 cos(t) ; −3 sin(t) ; 9

8.

Are the following statements true or false?
(a) The line parametrized by x = 7, y = 5t, z = 6 + t is parallel to the
x-axis.
(b) A parametrization of the graph of y = ln(x) for x > 0 is given by
x = et , y = t for −∞ < t < ∞.

9.

(c) The parametric curve x = (3t + 4)2 , y = 5(3t + 4)2 − 9, for 0 ≤ t ≤ 3
is a line segment.
Find a vector function that represents the curve of intersection of the
paraboloid z = 5x2 + 5y 2 and the cylinder y = 5x2 . Use the variable t for
the parameter.
r(t) = ht,
,
i
Answer 1. 5tt

Answer 2. 5tt + 125t4
10. A bicycle wheel has radius R. Let P be a point on the spoke of a wheel
at a distance d from the center of the wheel. The wheel begins to roll to
the right along the the x-axis. The curve traced out by P is given by the
following parametric equations:
x = 15θ − 10 sin(θ)
y = 15 − 10 cos(θ)
What must we have for R and d?
R=
d=
Answer 1. 15
Answer 2. 10
11. A standard parameterization for the unit circle is hcos(t), sin(t)i, for 0 ≤
t ≤ 2π.
a. Find a vector-valued function r that describes a point traveling
 √ √ along
the unit circle so that at time t = 0 the point is at 22 , 22 and
travels clockwise along the circle as t increases.
b. Find a vector-valued function r that describes a point traveling
 √ √ along
the unit circle so that at time t = 0 the point is at 22 , 22 and
travels counter-clockwise along the circle as t increases.
c. Find a vector-valued function r that describes a pointtraveling
along
√
√ 
2
2
the unit circle so that at time t = 0 the point is at − 2 , 2 and
travels clockwise along the circle as t increases.
d. Find a vector-valued function r that describes a point traveling along
the unit circle so that at time t = 0 the point is at (0, 1) and makes
one complete revolution around the circle in the counter-clockwise
direction on the interval [0, π].
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12. Let a and b be positive real numbers. You have probably seen the equation
2
(x−h)2
+ (y−k)
= 1 that generates an ellipse, centered at (h, k), with a
a2
b2
horizontal axis of length 2a and a vertical axis of length 2b.
a. Explain why the vector function r defined by r(t) = ha cos(t), b sin(t)i,
2
2
0 ≤ t ≤ 2π is one parameterization of the ellipse xa2 + yb2 = 1.
b. Find a parameterization of the ellipse
counterclockwise.
c. Find a parameterization of the ellipse

x2
4

+

y2
16

(x+3)2
4

= 1 that is traversed

+

(y−2)2
9

= 1.

d. Determine the x-y equation of the ellipse that is parameterized by
r(t) = h3 + 4 sin(2t), 1 + 3 cos(2t)i.
13. Consider the two-variable function z = f (x, y) = 3x2 + 4y 2 − 2.
a. Determine a vector-valued function r that parameterizes the curve
which is the x = 2 trace of z = f (x, y). Plot the resulting curve. Do
likewise for x = −2, −1, 0, and 1.
b. Determine a vector-valued function r that parameterizes the curve
which is the y = 2 trace of z = f (x, y). Plot the resulting curve. Do
likewise for y = −2, −1, 0, and 1.
c. Determine a vector-valued function r that parameterizes the curve
which is the z = 2 contour of z = f (x, y). Plot the resulting curve.
Do likewise for z = −2, −1, 0, and 1.
d. Use the traces and contours you’ve just investigated to create a
wireframe plot of the surface generated by z = f (x, y). In addition,
write two sentences to describe the characteristics of the surface.
14. Recall that any line in space may be represented parametrically by a
vector-valued function.
a. Find a vector-valued function r that parameterizes the line through
(−2, 1, 4) in the direction of the vector v = h3, 2, −5i.
b. Find a vector-valued function r that parameterizes the line of intersection of the planes x + 2y − z = 4 and 3x + y − 2z = 1.
c. Determine the point of intersection of the lines given by
x = 2 + 3t, y = 1 − 2t, z = 4t,
x = 3 + 1s, y = 3 − 2s, z = 2s.
Then, find a vector-valued function r that parameterizes the line
that passes through the point of intersection you just found and is
perpendicular to both of the given lines.
15. For each of the following, describe the effect of the parameter s on the
parametric curve for t in the interval [0, 2π].
a. r(t) = hcos(t), sin(t) + si
b. r(t) = hcos(t) − s, sin(t)i
c. r(t) = hs cos(t), sin(t)i
d. r(t) = hs cos(t), s sin(t)i
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e. r(t) = hcos(st), sin(st)i

9.7 Derivatives and Integrals of Vector-Valued
Functions
Motivating Questions
• What do we mean by the derivative of a vector-valued function and how
do we calculate it?
• What does the derivative of a vector-valued function measure?
• What do we mean by the integral of a vector-valued function and how
do we compute it?
• How do we describe the motion of a projectile if the only force acting on
the object is acceleration due to gravity?
A vector-valued function r determines a curve in space as the collection of
terminal points of the vectors r(t). If the curve is smooth, it is natural to ask
whether r(t) has a derivative. In the same way, our experiences with integrals
in single-variable calculus prompt us to wonder what the integral of a vectorvalued function might be and what it might tell us. We explore both of these
questions in detail in this section.
For now, let’s recall some important ideas from calculus I. Given a function
s that measures the position of an object moving along an axis, its derivative,
s0 , is defined by
s(t + h) − s(t)
s0 (t) = lim
,
h→0
h
and measures the instantaneous rate of change of s with respect to time. In
particular, for a fixed value t = a, s0 (a) measures the velocity of the moving
object, as well as the slope of the tangent line to the curve y = s(t) at the
point (a, s(a)).
As we work with vector-valued functions, we will strive to update these
ideas and perspectives into the context of curves in space and outputs that are
vectors.
Preview Activity 9.7.1 Let r(t) = cos(t)i+sin(2t)j describe the path traveled
by an object at time t.
a. Use appropriate technology to help you sketch the graph of the vectorvalued function r, and then locate and label the point on the graph when
t = π.
b. Recall that for functions of a single variable, the derivative of a sum is
d
[f (x) + g(x)] = f 0 (x) + g 0 (x). With
the sum of the derivatives; that is, dx
this idea in mind and viewing i and j as constant vectors, what do you
expect the derivative of r to be? Write a proposed formula for r0 (t).
c. Use your result from part (b) to compute r0 (π). Sketch this vector r0 (π)
as emanating from the point on the graph of r when t = π , and explain
what you think r0 (π) tells us about the object’s motion.
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9.7.1 The Derivative
In single variable calculus, we define the derivative, f 0 , of a given function f
by
f (x + h) − f (x)
f 0 (x) = lim
,
h→0
h
provided the limit exists. At a given value of a, f 0 (a) measures the instantaneous rate of change of f , and also tells us the slope of the tangent line to the
curve y = f (x) at the point (a, f (a)). The definition of the derivative extends
naturally to vector-valued functions and curves in space.
Definition 9.7.1 The derivative of a vector-valued function r is defined to
be
r(t + h) − r(t)
r0 (t) = lim
h→0
h
for those values of t at which the limit exists. We also use the notation
d
0
dt [r(t)] for r (t).

dr
dt

and
♦

Activity 9.7.2 Let’s investigate how we can interpret the derivative r0 (t). Let
r be the vector-valued function whose graph is shown in Figure 9.7.2, and let h
be a scalar that represents a small change in time. The vector r(t) is the blue
vector in Figure 9.7.2 and r(t + h) is the green vector.

r(t + h)

r(t)

Figure 9.7.2 A single difference quotient.
a. Is the quantity r(t + h) − r(t) a vector or a scalar? Identify this object
in Figure 9.7.2.
b. Is r(t+h)−r(t)
a vector or a scalar? Sketch a representative vector
h
with h < 1 in Figure 9.7.2.

r(t+h)−r(t)
h

c. Think of r(t) as providing the position of an object moving along the
curve these vectors trace out. What do you think that the vector r(t+h)−r(t)
h
measures? Why? (Hint: You might think analogously about difference
(x)
quotients such as f (x+h)−f
or s(t+h)−s(t)
from calculus I.)
h
h
d. Figure 9.7.3 presents three snapshots of the vectors r(t+h)−r(t)
as we let
h
h → 0. Write 2-3 sentences to describe key attributes of the vector
r(t + h) − r(t)
.
h→0
h
lim
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(x)
or limh→0 s(t+h)−s(t)
(Hint: Compare to limits such as limh→0 f (x+h)−f
h
h
from calculus I, keeping in mind that in three dimensions there is no general concept of slope.)

r(t + h)

r(t + h)
r(t)

r(t + h)
r(t)

r(t)

Figure 9.7.3 Snapshots of several difference quotients.
As Activity 9.7.2 indicates, if r(t) determines the position of an object at
time t, then r(t+h)−r(t)
represents the average rate of change in the position of
h
the object over the interval [t, t + h], which is also the average velocity of the
object on this interval. Thus, the derivative
r0 (t) = lim

h→0

r(t + h) − r(t)
h

is the instantaneous rate of change of r(t) at time t (for those values of t for
which the limit exists), so r0 (t) = v(t) is the instantaneous velocity of the
object at time t. Furthermore, we can interpret the derivative r0 (t) as the
direction vector of the line tangent to the graph of r at the value t.
Similarly,
v(t + h) − v(t)
v0 (t) = r00 (t) = lim
h→0
h
is the instantaneous rate of change of the velocity of the object at time t,
for those values of t for which the limits exists, and thus v0 (t) = a(t) is the
acceleration of the moving object.
Note well: Both the velocity and acceleration are vector quantities: they
have magnitude and direction. By contrast, the magnitude of the velocity
vector, |v(t)|, which is the speed of the object at time t, is a scalar quantity.

9.7.2 Computing Derivatives
As we learned in single variable calculus, computing derivatives from the definition is often difficult. Fortunately, properties of the limit make it straightforward to calculate the derivative of a vector-valued function similar to how we
developed shortcut differentiation rules in calculus I. To see why, recall that
the limit of a sum is the sum of the limits, and that we can remove constant
factors from limits. Thus, as we observed in a particular example in Preview
Activity 9.7.1, if r(t) = x(t)i + y(t)j + z(t)k, it follows that
r(t + h) − r(t)
h
[x(t + h) − x(t)]i + [y(t + h) − y(t)]j + [z(t + h) − z(t)]k
= lim
h→0
h




x(t + h) − x(t)
y(t + h) − y(t)
= lim
i + lim
j
h→0
h→0
h
h


z(t + h) − z(t)
+ lim
k
h→0
h

r0 (t) = lim

h→0
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= x0 (t)i + y 0 (t)j + z 0 (t)k.
Thus, we can calculate the derivative of a vector-valued function by simply
differentiating its components.
The derivative of a vector-valued function.
If r(t) = x(t)i + y(t)j + z(t)k, then
d
r(t) = x0 (t)i + y 0 (t)j + z 0 (t)k
dt
for those values of t at which x, y, and z are differentiable.
Activity 9.7.3 For each of the following vector-valued functions, find r0 (t).
a. r(t) = hcos(t), t sin(t), ln(t)i.
t
b. r(t) = ht2 + 3t, e−2t , t2 +1
i.

c. r(t) = htan(t), cos(t2 ), te−t i.
√
d. r(t) = h t4 + 4, sin(3t), cos(4t)i.
In first-semester calculus, we developed several important differentiation
rules, including the constant multiple, product, quotient, and chain rules. For
instance, recall that we formally state the product rule as
d
[f (x) · g(x)] = f (x) · g 0 (x) + g(x) · f 0 (x).
dx
There are several analogous rules for vector-valued functions, including a
product rule for scalar functions and vector-valued functions. These rules,
which are easily verified, are summarized as follows.
Properties of derivatives of vector-valued functions.
Let f be a differentiable real-valued function of a real variable t and let
r and s be differentiable vector-valued functions of the real variable t.
Then
[r(t) + s(t)] = r0 (t) + s0 (t)

1.

d
dt

2.

d
dt [f (t)r(t)]

3.

d
dt

[r(t) · s(t)] = r0 (t) · s(t) + r(t) · s0 (t)

4.

d
dt

[r(t) × s(t)] = r0 (t) × s(t) + r(t) × s0 (t)

5.

d
dt

[r(f (t))] = f 0 (t)r0 (f (t)).

= f (t)r0 (t) + f 0 (t)r(t)

Note well. When applying these properties, use care to interpret the quantities involved as either scalars or vectors. For example, r(t) · s(t) defines a
scalar function because we have taken the dot product of two vector-valued
functions. However, r(t) × s(t) defines a vector-valued function since we have
taken the cross product of two vector-valued functions.
Activity 9.7.4 The left side of Figure 9.7.4 shows the curve described by the
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vector-valued function r defined by


1
r(t) = 2t − t2 + 1, t − 1 .
2
4 y

16

3

14

2

12

1

10
x

-4

-3

-2

-1

1

2

3

Speed

8

4

-1

6

-2

4

-3

2
t

-4

-4

-3

-2

-1

1

2

3

4

Figure 9.7.4 The curve r(t) = 2t − 12 t2 + 1, t − 1 and its speed.
a. Find the object’s velocity v(t).
b. Find the object’s acceleration a(t).
c. Indicate on the left of Figure 9.7.4 the object’s position, velocity and
acceleration at the times t = 0, 2, 4. Draw the velocity and acceleration
vectors with their tails placed at the object’s position.
√
d. Recall that the speed is |v| = v · v. Find the object’s speed and graph
it as a function of time t on the right of Figure 9.7.4. When is the object’s
speed the slowest? When is the speed increasing? When is it decreasing?
e. What seems to be true about the angle between v and a when the speed
is at a minimum? What is the angle between v and a when the speed is
increasing? when the speed is decreasing?
f. Since the square root is an increasing function, we see that the speed
increases precisely when v · v is increasing. Use the product rule for the
d
dot product to express dt
(v·v) in terms of the velocity v and acceleration
a. Use this to explain why the speed is increasing when v · a > 0 and
decreasing when v · a < 0. Compare this to part (d).
g. Show that the speed’s rate of change is
d
|v(t)| = compv a.
dt

9.7.3 Tangent Lines
One of the most important ideas in first-semester calculus is that a differentiable function is locally linear: that is, when viewed up close, the curve generated by a differentiable function looks very much like a line. Indeed, when we
zoom in sufficiently far on a particular point, the curve looks indistinguishable
from its tangent line.
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In the same way, we expect that a smooth curve in 3-space will be locally
linear. In the following activity, we investigate how to find the tangent line to
such a curve. Recall from our work in Section 9.5 that the vector equation of
a line that passes through the point at the tip of the vector L0 = hx0 , y0 , z0 i
in the direction of the vector u = ha, b, ci can be written as
L(t) = L0 + tu.
In parametric form, the line L is given by
x(t) = x0 + at, y(t) = y0 + bt, z(t) = z0 + ct.
Activity 9.7.5 Let
r(t) = cos(t)i − sin(t)j + tk.
Sketch the curve using some appropriate tool.
a. Determine the coordinates of the point on the curve traced out by r(t)
when t = π.
b. Find a direction vector for the line tangent to the graph of r at the point
where t = π.
c. Find the parametric equations of the line tangent to the graph of r when
t = π.
d. Sketch a plot of the curve r(t) and its tangent line near the point where
t = π. In addition, include a sketch of r0 (π). What is the important role
of r0 (π) in this activity?
We see that our work in Activity 9.7.5 can be generalized. Given a differentiable vector-valued function r, the tangent line to the curve at the input
value a is given by
L(t) = r(a) + tr0 (a).
(9.7.1)
Here we see that because the tangent line is determined entirely by a given
point and direction, the point is provided by the function r, evaluated at t = a,
while the direction is provided by the derivative, r0 , again evaluated at t = a.
Note how analogous the formula for L(t) is to the tangent line approximation
from single-variable calculus: in that context, for a given function y = f (x) at
a value x = a, we found that the tangent line can be expressed by the linear
function y = L(x) whose formula is
L(x) = f (a) + f 0 (a)(x − a).
Equation (9.7.1) for the tangent line L(t) to the vector-valued function r(t)
is nearly identical. Indeed, because there are multiple parameterizations for a
single line, it is even possible to write the parameterization as
L(t) = r(a) + (t − a)r0 (a).

(9.7.2)

(For example, in Equation (9.7.1), L(0) = r(a), so the line’s parameterization
“starts” at t = 0. When we write the parameterization in the form of Equation (9.7.2), L(a) = r(a), so the line’s parameterization “starts” at t = a.)
As we will learn more in Chapter 10, a smooth surface in 3-space is also
locally linear. That means that the surface will look like a plane, which we call
its tangent plane, as we zoom in on the graph. It is possible to use tangent
lines to traces of the surface to generate a formula for the tangent plane; see
Exercise 9.7.7.15 at the end of this section for more details.
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9.7.4 Integrating a Vector-Valued Function
Recall from single variable calculus that an antiderivative of a function f of
the independent variable x is a function
F that satisfies F 0 (x) = f (x). We
R
then defined the indefinite integral f (x) dx to be the general antiderivative
of f . Recall that the general antiderivative includes an added constant C in
order to indicate that the general antiderivative is in fact an entire family of
functions. We can do the similar work with vector-valued functions.
Definition 9.7.5 An antiderivative of a vector-valued function r is a vectorvalued function R such that
R0 (t) = r(t).
R
The indefinite integral r(t) dt of a vector-valued function r is the general antiderivative of r and represents the collection of all antiderivatives of r.
♦
The same reasoning that allows us to differentiate a vector-valued function
componentwise applies to integrating as well. Recall that the integral of a sum
is the sum of the integrals and also that we can remove constant factors from
integrals. So, given r(t) = x(t)i + y(t)j + z(t)k, it follows that we can integrate
componentwise. Expressed more formally,
Integrating a vector-valued function.
If r(t) = x(t)i + y(t)j + z(t)k, then
Z

Z

Z

Z
r(t) dt =
x(t) dt i +
y(t) dt j +
z(t) dt k.

In light of being able to integrate and differentiate componentwise with
vector-valued functions, we can solve many problems that are analogous to
those we encountered in single-variable calculus. For instance, recall problems
where we were given an object moving along an axis with velocity function
v and an initial position s(0). In that context, we were able to differentiate
v in order to find acceleration, and integrate v and use the initial condition
in order to find the position function s. In the following activity, we explore
similar ideas with vector-valued functions.
Activity 9.7.6 Suppose a moving object in space has its velocity given by


1
v(t) = (−2 sin(2t))i + (2 cos(t))j + 1 −
k.
1+t
A graph of the position of the object for times t in [−0.5, 3] is shown in
Figure 9.7.6. Suppose further that the object is at the point (1.5, −1, 0) at
time t = 0.
a. Determine a(t), the acceleration of the object at time t.
b. Determine r(t), position of the object at time t.
c. Compute and sketch the position, velocity, and acceleration vectors of
the object at time t = 1, using Figure 9.7.6.
d. Finally, determine the vector equation for the tangent line, L(t), that is
tangent to the position curve at t = 1.
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Figure 9.7.6 The position graph for the function in Activity 9.7.6.

9.7.5 Projectile Motion
Any time that an object is launched into the air with a given velocity and
launch angle, the path the object travels is determined almost exclusively by
the force of gravity. Whether in sports such as archery or shotput, in military
applications with artillery, or in important fields like firefighting, it is important
to be able to know when and where a launched projectile will land. We can use
our knowledge of vector-valued functions in order to completely determine the
path traveled by an object that is launched from a given position at a given
angle from the horizontal with a given initial velocity.

v(0)
θ
(x0 , y0 )
Figure 9.7.7 Projectile motion.
Assume we fire a projectile from a launcher and the only force acting on
the fired object is the force of gravity pulling down on the object. That is, we
assume no effect due to spin, wind, or air resistance. With these assumptions,
the motion of the object will be planar, so we can also assume that the motion
occurs in two-dimensional space. Suppose we launch the object from an initial
position (x0 , y0 ) at an angle θ with the positive x-axis as illustrated in Figure 9.7.7, and that we fire the object with an initial speed of v0 = |v(0)|, where
v(t) is the velocity vector of the object at time t. Assume g is the positive
constant acceleration force due to gravity, which acts to pull the fired object
toward the ground (in the negative y direction). Note particularly that there
is no external force acting on the object to move it in the x direction.
We first observe that since gravity only acts in the downward direction
and that the acceleration due to gravity is constant, the acceleration vector
is h0, −gi. That is, a(t) = h0, −gi. We may use this fact about acceleration,
together with the initial position and initial velocity in order to fully determine
the position r(t) of the object at time t. In Exercise 9.7.7.17, you can work
through the details to show that the following general formula holds.
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The motion of a projectile.
If an object is launched from a point (x0 , y0 ) with initial velocity v0 at
an angle θ with the horizontal, then the position of the object at time
t is given by
D
E
g
r(t) = v0 cos(θ)t + x0 , − t2 + v0 sin(θ)t + y0 .
2
This assumes that the only force acting on the object is the acceleration g
due to gravity.

9.7.6 Summary
• If r is a vector-valued function, then the derivative of r is defined by
r(t + h) − r(t)
h→0
h

r0 (t) = lim

for those values of t at which the limit exists, and is computed componentwise by the formula
r0 (t) = x0 (t)i + y 0 (t)j + z 0 (t)k
for those values of t at which x, y, and z are differentiable, where r(t) =
x(t)i + y(t)j + z(t)k.
• The derivative r0 (t) of the vector-valued function r tells us the instantaneous rate of change of r with respect to time, t, which can be interpreted
as a direction vector for the line tangent to the graph of r at the point
r(t), or also as the instantaneous velocity of an object traveling along the
graph defined by r(t) at time t.
• An antiderivative of r is a vector-valued
function R such that R0 (t) =
R
r(t). The indefinite integral r(t) dt of a vector-valued function r is the
general antiderivative of r (which is a collection of all of the antiderivatives of r, with any two antiderivatives differing by at most a constant
vector). Moreover, if r(t) = x(t)i + y(t)j + z(t)k, then
Z

Z

Z

Z
r(t) dt =
x(t) dt i +
y(t) dt j +
z(t) dt k.
• If an object is launched from a point (x0 , y0 ) with initial velocity v0 at
an angle θ with the horizontal, then the position of the object at time t
is given by
D
E
g
r(t) = v0 cos(θ)t + x0 , − t2 + v0 sin(θ)t + y0 ,
2
provided that that the only force acting on the object is the acceleration
g due to gravity.

9.7.7 Exercises
The WeBWorK problems are written by many different authors. Some authors
use parentheses when writing vectors, e.g., (x(t), y(t), z(t)) instead of angle
brackets hx(t), y(t), z(t)i. Please keep this in mind when working WeBWorK
exercises.
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If r(t) = cos(3t)i + sin(3t)j − 8tk, compute:
i+
A. The velocity vector v(t) =
j+
k
B. The acceleration vector a(t) =
i+
k
j+
Note: the coefficients in your answers must be entered in the form of
expressions in the variable t; e.g. “5 cos(2t)”
Answer 1. −3 sin(3t)
Answer 2. 3 cos(3t)
Answer 3. −8
Answer 4. −9 cos(3t)
Answer 5. −9 sin(3t)

2.

Answer 6. 0
Given that the acceleration vector is a (t) = (−9 cos (3t)) i+(−9 sin (3t)) j+
(3t) k, the initial velocity is v (0) = i + k, and the initial position vector
is r (0) = i + j + k, compute:
i+
A. The velocity vector v (t) =
j+
k
B. The position vector r (t) =
i+
j+
k
Note: the coefficients in your answers must be entered in the form of
expressions in the variable \emph{t}; e.g. “5 cos(2t)”
Answer 1. −3 sin(3t) + 1
Answer 2. 3 cos(3t) − 3
Answer 3.

3t2
2

+1

Answer 4. cos(3t) + t
Answer 5. sin(3t) − 3t + 1
Answer 6.
3.

3t3
6

+t+1

Evaluate
R9
(ti + t2 j + t3 k)dt =
0
k.

i+

j+

Answer 1. 40.5
Answer 2. 243
4.

5.

Answer 3. 1640.25
Find parametric equations for line that is tangent to the curve x =
cos t, y = sin t, z = t at the point
5π
5π
(cos( 5π
6 ), sin( 6 ), 6 ) .
Parametrize the line so that it passes through the given point at t=0.
All three answers are required for credit.
x(t) =
y(t) =
z(t) =



 5π
5π
5π
Answer. cos 5π
t; sin 5π
6 + − sin 6
6 + cos 6 t; 6 + t
If r(t) = cos(−5t)i + sin(−5t)j + 6tk
compute r0 (t)=
k
R
and r(t) dt=
k+C
with C a constant vector.

i+

j+

i+

j+
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Answer 1. 5 sin(−5t)
Answer 2. −5 cos(−5t)
Answer 3. 6
Answer 4. (−0.2) sin(−5t)
Answer 5. 0.2 cos(−5t)
6.

Answer 6. 3tt
For the given position vectors r(t),
compute the (tangent) velocity vector r0 (t) for the given value of t .
A) Let r(t) = (cos t, sin t).
Then r0 ( π4 )= (
,
)?
B) Let r(t) = (t2 , t3 ).
,
)?
Then r0 (2)= (
C) Let r(t) = et i + e−2t j + tk.
i+
j+
k?
Then r0 (1)=
Answer 1. −0.707106781186547
Answer 2. 0.707106781186548
Answer 3. 4
Answer 4. 12
Answer 5. 2.71828182845905
Answer 6. −0.270670566473225

7.

Answer 7. 1
Suppose ~r(t) = cos(πt) i + sin(πt) j + 3tk represents the position of a
particle on a helix, where z is the height of the particle.
(a) What is t when the particle has height 6?
t=
(b) What is the velocity of the particle when its height is 6?
~v =
(c) When the particle has height 6, it leaves the helix and moves along
the tangent line at the constant velocity found in part (b). Find a vector
parametric equation for the position of the particle (in terms of the original
parameter t) as it moves along this tangent line.
L(t) =
Answer 1. 2
Answer 2. 3.14159j + 3k
Answer 3. i + 6k + (t − 2) · 3.14159j + 3k

8.

Suppose the displacement of a particle in motion at time t is given by the
parametric equations
2
x(t) = (3t − 1) , y(t) = 7, z(t) = 54t3 − 27t2 .
(a) Find the speed of the particle when t = 3.
Speed =
(b) Find t when the particle is stationary.
t=
Answer 1. 1296.89

9.

Answer 2. 0.333333
Find the derivative of the vector function
r(t) = ta × (b + tc), where
a = h−2, 4, 4i, b = h4, −4, −3i, and c = h3, −3, −5i.
r0 (t) = h
,
i

,
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Answer 1. 4 + 2t(−8)
Answer 2. 10 + 2t · 2
Answer 3. −8 + 2t(−6)
10. Let c1 (t) = (e2t , sin(5t), −2t3 ), and c2 (t) = (et , cos(4t), 2t3 )
d
[c1 (t) · c2 (t)] =
dt
d
[c1 (t) × c2 (t)] =
dt

i+
j+
k

Answer 1. 3 exp(3t) + 5 cos(5t) cos(4t) − 4 sin(5t) sin(4t) + (−24)t5
Answer 2. 6t2 sin(5t) + 10t3 cos(5t) + (−8)t3 sin(4t) − (−6)t2 cos(4t)
Answer 3. (−6)t2 exp(1t) + (−2)t3 exp(1t) − 4t3 exp(2t) − 6t2 exp(2t)
Answer 4. −4 exp(2t) sin(4t) + 2 exp(2t) cos(4t) − 5 exp(1t) cos(5t) −
1 exp(1t) sin(5t)
11. A gun has a muzzle speed of 90 meters per second. What angle of elevation
should be used to hit an object 180 meters away? Neglect air resistance
and use g = 9.8 m/sec2 as the acceleration of gravity.
Answer:
radians
Answer. No correct answer specified
12. A child wanders slowly down a circular staircase from the top of a tower.
With x, y, z in feet and the origin at the base of the tower, her position t
minutes from the start is given by
x = 30 cos t,

y = 30 sin t,

z = 80 − 5t.

(a) How tall is the tower?
height =
(b) When does the child reach the bottom?
time =
(c) What is her speed at time t?
speed =
ft/min(d) What is her acceleration at time t?
acceleration =
ft/min2

ft
minutes

Answer 1. 80
Answer 2. 80
5
Answer 3. 30.4138
Answer 4. −30 cos(t) ĩ − 30 sin(t) j̃ + 0 k̃
13. Compute the derivative of each of the following functions in two different
ways: (1) use the rules provided in the theorem stated just after Activity 9.7.3, and (2) rewrite each given function so that it is stated as a single
function (either a scalar function or a vector-valued function with three
components), and differentiate component-wise. Compare your answers
to ensure that they are the same.
a. r(t) = sin(t)h2t, t2 , arctan(t)i
b. s(t) = r(2t ), where r(t) = ht + 2, ln(t), 1i.
c. r(t) = hcos(t), sin(t), ti · h− sin(t), cos(t), 1i
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d. r(t) = hcos(t), sin(t), ti × h− sin(t), cos(t), 1i
14. Consider the two vector-valued functions given by


π 
1
r(t) = t + 1, cos
t ,
2
1+t
and

D
π  E
s ,s .
w(s) = s2 , sin
2

a. Determine the point of intersection of the curves generated by r(t)
and w(s). To do so, you will have to find values of a and b that
result in r(a) and w(b) being the same vector.
b. Use the value of a you determined in (a) to find a vector form of the
tangent line to r(t) at the point where t = a.
c. Use the value of b you determined in (a) to find a vector form of the
tangent line to w(s) at the point where s = b.
d. Suppose that z = f (x, y) is a function that generates a surface in
three-dimensional space, and that the curves generated by r(t) and
w(s) both lie on this surface. Note particularly that the point of
intersection you found in (a) lies on this surface. In addition, observe
that the two tangent lines found in (b) and (c) both lie in the tangent
plane to the surface at the point of intersection. Use your preceding
work to determine the equation of this tangent plane.
15. In this exercise, we determine
p the equation of a plane tangent to the
surface defined by f (x, y) = x2 + y 2 at the point (3, 4, 5).
a. Find a parameterization for the x = 3 trace of f . What is a direction
vector for the line tangent to this trace at the point (3, 4, 5)?
b. Find a parameterization for the y = 4 trace of f . What is a direction
vector for the line tangent to this trace at the point (3, 4, 5)?
c. The direction vectors in parts (a) and (b) form a plane containing
the point (3, 4, 5). What is a normal vector for this plane?
d. Use your work in parts (a), (b), and (c) to determine an equation
for the tangent plane. Then, use appropriate technology to draw
the graph of f and the plane you determined on the same set of
axes. What do you observe? (We will discuss tangent planes in
more detail in Chapter 10.)
R
16. For each given function r, determine r(t) dt. In addition, recalling the
Fundamental
R 1 Theorem of Calculus for functions of a single variable, also
evaluate 0 r(t) dt for each given function r. Is the resulting quantity a
scalar or a vector?
What does
D
E it measure?
1
a. r(t) = cos(t), t+1
, tet

b. r(t) = hcos(3t), sin(2t), ti
D
E
t
1
t2
c. r(t) = 1+t
2 , te , 1+t2
17. In this exercise, we develop the formula for the position function of a
projectile that has been launched at an initial speed of |v0 | and a launch
angle of θ. Recall that a(t) = h0, −gi is the constant acceleration of the
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projectile at any time t.
a. Find all velocity vectors for the given acceleration vector a. When
you anti-differentiate, remember that there is an arbitrary constant
that arises in each component.
b. Use the given information about initial speed and launch angle to
find v0 , the initial velocity of the projectile. You will want to write
the vector in terms of its components, which will involve sin(θ) and
cos(θ).
c. Next, find the specific velocity vector function v for the projectile.
That is, combine your work in (a) and (b) in order to determine
expressions in terms of |v0 | and θ for the constants that arose when
integrating.
d. Find all possible position vectors for the velocity vector v(t) you
determined in (c).
e. Let r(t) denote the position vector function for the given projectile.
Use the fact that the object is fired from the position (x0 , y0 ) to
show it follows that
E
D
g
r(t) = |v0 | cos(θ)t + x0 , − t2 + |v0 | sin(θ)t + y0 .
2
18. A central force is one that acts on an object so that the force F is parallel to
the object’s position r. Since Newton’s Second Law says that an object’s
acceleration is proportional to the force exerted on it, the acceleration a
of an object moving under a central force will be parallel to its position r.
For instance, the Earth’s acceleration due to the gravitational force that
the sun exerts on the Earth is parallel to the Earth’s position vector as
shown in Figure 9.7.8.

Earth
r
a
Sun

Figure 9.7.8 A central force.
a. If an object of mass m is moving under a central force, the angular
momentum vector is defined to be L = mr×v. Assuming the mass is
constant, show that the angular momentum is constant by showing
that
dL
= 0.
dt
b. Explain why L · r = 0.
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c. Explain why we may conclude that the object is constrained to lie
in the plane passing through the origin and perpendicular to L.

9.8 Arc Length and Curvature
Motivating Questions
• How can a definite integral be used to measure the length of a curve in
2- or 3-space?
• Why is arc length useful as a parameter?
• What is the curvature of a curve?
Given a space curve, there are two natural geometric questions one might
ask: how long is the curve and how much does it bend? In this section, we
answer both questions by developing techniques for measuring the length of a
space curve as well as its curvature.
Preview Activity 9.8.1 In earlier investigations, we have used integration
to calculate quantities such as area, volume, mass, and work. We are now
interested in determining the length of a space curve.
Consider the smooth curve in 3-space defined by the vector-valued function
r, where
r(t) = hx(t), y(t), z(t)i = hcos(t), sin(t), ti
for t in the interval [0, 2π]. Pictures of the graph of r are shown in Figure 9.8.1.
We will use the integration process to calculate the length of this curve. In
this situation we partition the interval [0, 2π] into n subintervals of equal length
and let 0 = t0 < t1 < t2 < · · · < tn = b be the endpoints of the subintervals.
We then approximate the length of the curve on each subinterval with some
related quantity that we can compute. In this case, we approximate the length
of the curve on each subinterval with the length of the segment connecting the
endpoints. Figure 9.8.1 illustrates the process in three different instances using
increasing values of n.
6

z

6

4
2
-1
1

6

4
2

-1

y
1

x

z

Estimate: 8.15

-1

4
2

-1

y
1

x

1

z

Estimate: 8.69

-1

-1

y
1

x

1

Estimate: 8.80

Figure 9.8.1 Approximating the length of the curve with n = 3, n = 6, and
n = 9.
a. Write a formula for the length of the line segment that connects the
endpoints of the curve on the ith subinterval [ti−1 , ti ]. (This length is
our approximation of the length of the curve on this interval.)
b. Use your formula in part (a) to write a sum that adds all of the approximations to the lengths on each subinterval.
c. What do we need to do with the sum in part (b) in order to obtain the
exact value of the length of the graph of r(t) on the interval [0, 2π]?
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9.8.1 Arc Length
Consider a smooth curve in 3-space that is parametrically described by the
vector-valued function r defined by r(t) = hx(t), y(t), z(t)i. Preview Activity 9.8.1 shows that to approximate the length of the curve defined by r(t)
as the values of t run over an interval [a, b], we partition the interval [a, b]
into n subintervals of equal length ∆t, with a = t0 < t1 < · · · < tn = b
as the endpoints of the subintervals. On each subinterval, we approximate
the length of the curve by the length of the line segment connecting the endpoints. The points on the curve corresponding to t = ti−1 and t = ti are
(x(ti−1 ), y(ti−1 ), z(ti−1 )) and (x(ti ), y(ti ), z(ti )), respectively, so the length of
the line segment connecting these points is
p
(x(ti ) − x(ti−1 ))2 + (y(ti ) − y(ti−1 ))2 + (z(ti ) − z(ti−1 ))2 .
Now we add all of these approximations together to obtain an approximation to the length L of the curve:
L≈

n p
X

(x(ti ) − x(ti−1 ))2 + (y(ti ) − y(ti−1 ))2 + (z(ti ) − z(ti−1 ))2 .

i=1

We now want to take the limit of this sum as n goes to infinity, but in
its present form it might be difficult to see how. We first introduce ∆t by
multiplying by ∆t
∆t , and see that
L≈

n p
X

(x(ti ) − x(ti−1 ))2 + (y(ti ) − y(ti−1 ))2 + (z(ti ) − z(ti−1 ))2

i=1
n p
X
∆t
(x(ti ) − x(ti−1 ))2 + (y(ti ) − y(ti−1 ))2 + (z(ti ) − z(ti−1 ))2
=
∆t
i=1

=

n p
X
∆t
(x(ti ) − x(ti−1 ))2 + (y(ti ) − y(ti−1 ))2 + (z(ti ) − z(ti−1 ))2 p
2
(∆t)
i=1

To get the difference quotients under the radical, we use properties of the
square root function to see further that
s
n
X
1
[(x(ti ) − x(ti−1 ))2 + (y(ti ) − y(ti−1 ))2 + (z(ti ) − z(ti−1 )2 ]
∆t
L≈
2
(∆t)
i=1
s
2 
2 
2
n
X
x(ti ) − x(ti−1 )
y(ti ) − y(ti−1 )
z(ti ) − z(ti−1 )
=
+
+
∆t.
∆t
∆t
∆t
i=1
Recall that as n → ∞ we also have ∆t → 0. Since
x(ti ) − x(ti−1 )
,
∆t
y(ti ) − y(ti−1 )
y 0 (t) = lim
, and
∆t→0
∆t
z(ti ) − z(ti−1 )
z 0 (t) lim
,
∆t→0
∆t

x0 (t) = lim

∆t→0

we see that
s
2 
2 
2
n
X
x(ti ) − x(ti−1 )
y(ti ) − y(ti−1 )
z(ti ) − z(ti−1 )
lim
+
+
∆t
n→∞
∆t
∆t
∆t
i=1
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is equal to
Z

b

p
(x0 (t))2 + (y 0 (t))2 + (z 0 (t))2 dt.

a

Noting further that
|r0 (t)| =

p

(x0 (t))2 + (y 0 (t))2 + (z 0 (t))2 ,

we can rewrite our arclength formula in a more succinct form as follows.
The length of a curve.
If r(t) defines a smooth curve C on an interval [a, b], then the length L
of C is given by
Z b
L=
|r0 (t)| dt.
(9.8.1)
a

Note that formula (9.8.1) applies to curves in any dimensional space. Moreover, this formula has a natural interpretation: if r(t) records the position of a
moving object, then r0 (t) is the object’s velocity and |r0 (t)| its speed. Formula
(9.8.1) says that we simply integrate the speed of an object traveling over the
curve to find the distance traveled by the object, which is the same as the
length of the curve, just as in one-variable calculus.
Activity 9.8.2 Here we calculate the arc length of two familiar curves.
a. Use Equation (9.8.1) to calculate the circumference of a circle of radius
r.
b. Find the exact length of the spiral defined by r(t) = hcos(t), sin(t), ti on
the interval [0, 2π].
We can adapt the arc length formula to curves in 2-space that define y as
a function of x as the following activity shows.
Activity 9.8.3 Let y = f (x) define a smooth curve in 2-space. Parameterize
this curve and use Equation (9.8.1) to show that the length of the curve defined
by f on an interval [a, b] is
Z

b

p

1 + [f 0 (t)]2 dt.

a

9.8.2 Parameterizing With Respect To Arc Length
In addition to helping us to find the length of space curves, the expression
for the length of a curve enables us to find a natural parametrization of space
curves in terms of arc length, as we now explain.
Shown below in Figure 9.8.2 is a portion of the parabola y = x2 /2. Of
course, this space curve may be parametrized by the vector-valued function r
defined by r(t) = ht, t2 /2i as shown on the left, where we see the location at
a few different times t. Notice that the points are not equally spaced on the
curve.
A more natural parameter describing the points along the space curve is
the distance traveled s as we move along the parabola starting at the origin.
For instance, the right side of Figure 9.8.2 shows the points corresponding to
various values of s. We call this an arc length parametrization.
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2 y
s =2.5

t =1.5

1

s =2.0

1

s =1.5
t =1.0
t =0.0

s =1.0
s =0.5
s =0.0
1

x

t =0.5
1

2

x
2

Figure 9.8.2 The parametrization r(t) (left) and a reparametrization by arc
length.
To see that this is a more natural parametrization, consider an interstate
highway cutting across a state. One way to parametrize the curve defined by
the highway is to drive along the highway and record our position at every time,
thus creating a function r. If we encounter an accident or road construction,
however, this parametrization might not be at all relevant to another person
driving the same highway. An arc length parametrization, however, is like using
the mile markers on the side of road to specify our position on the highway. If
we know how far we’ve traveled along the highway, we know exactly where we
are.
If we begin with a parametrization of a space curve, we can modify it to find
an arc length parametrization, as we now describe. Suppose that the curve is
parametrized by the vector-valued function r = r(t) where t is in the interval
[a, b]. We define the parameter s through the function
Z tp
s = L(t) =
(x0 (w))2 + (y 0 (w))2 + (z 0 (w))2 dw,
a

which measures the length along the curve from r(a) to r(t).
The Fundamental Theorem of Calculus shows us that
p
ds
= L0 (t) = (x0 (t))2 + (y 0 (t))2 + (z 0 (t))2 = |r0 (t)|
dt
and so
Z
L(t) =
a

t

(9.8.2)

d
r(w) dw.
dw

If we assume that r0 (t) is never 0, then L0 (t) > 0 for all t and s = L(t) is
always increasing. This should seem reasonable: unless we stop, the distance
traveled along the curve increases as we move along the curve.
Since s = L(t) is an increasing function, it is invertible, which means we
may view the time t as a function of the distance traveled; that is, we have
the relationship t = L−1 (s). We then obtain the arc length parametrization
by composing r(t) with t = L−1 (s) to obtain r(s). Let’s illustrate this with an
example.
Example 9.8.3 Consider a circle of radius 5 in 2-space centered at the origin.
We know that we can parameterize this circle as
r(t) = h5 cos(t), 5 sin(t)i,
where t runs from 0 to 2π. We see that r0 (t) = h−5 sin(t), 5 cos(t)i, and hence

CHAPTER 9. MULTIVARIABLE AND VECTOR FUNCTIONS

89

|r0 (t)| = 5. It then follows that
Z
s = L(t) =

t

|r0 (w)| dw =

0

Z

t

5 dw = 5t.
0

Since s = L(t) = 5t, we may solve for t in terms of s to obtain t(s) =
L−1 (s) = s/5. We then find the arc length parametrization by composing
 s E
D
s
r(t(s)) = r(L−1 (s)) = 5 cos
, 5 sin
.
5
5
More generally, for a circle of radius a centered at the origin, a similar
computation shows that
D
s
 s E
a cos
, a sin
(9.8.3)
a
a


is an arc length parametrization.
Notice that equation (9.8.2) shows that
dr
dr ds
dr 0
=
=
|r (t)|,
dt
ds dt
ds
so

dr
1 dr
= 0
= 1,
ds
|r (t)| dt

which means that we move along the curve with unit speed when we parameterize by arc length. This is clearly seen in Example 9.8.3 where |r0 (s)| = 1. It
follows that the parameter s is the distance traveled along the curve, as shown
by:
Z s
Z s
d
L(s) =
r(w) dw =
1 dw = s.
ds
0
0
Activity 9.8.4 In this activity we parameterize a line in 2-space in terms of
arc length. Consider the line with parametric equations
x(t) = x0 + at

and

y(t) = y0 + bt.

a. To write t in terms of s, evaluate the integral
Z tp
s = L(t) =
(x0 (w))2 + (y 0 (w))2 dw
0

to determine the length of the line from time 0 to time t.
b. Use the formula from (a) for s in terms of t to write t in terms of s. Then
explain why a parameterization of the line in terms of arc length is
a
b
s
and
y(s) = y0 + √
s.
2
2
+b
a + b2
A little more complicated example is the following.
x(s) = x0 + √

a2

(9.8.4)

Example 9.8.4 Let us parameterize the curve defined by


8
r(t) = t2 , t3/2 , 4t
3
for t ≥ 0 in terms of arc length. To write t in terms of s we find s in terms of
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t:
Z tp
(x0 (w))2 + (y 0 (w))2 + (z 0 (w))2 dw
0
Z tq
=
(2w)2 + (4w1/2 )2 + (4)2 dw
0
Z tp
=
4w2 + 16w + 16 dw
0
Z tp
(w + 2)2 dw
=2
0
Z t
=2
w + 2 dw

s(t) =

0
t

= w2 + 4w


0

= t2 + 4t.
Since t ≥ 0, we√can solve the equation s = t2 + 4t (or t2 + 4t − s = 0) for t
√
to obtain t = −4+ 216+4s = −2 + 4 + s. So we can parameterize our curve in
terms of arc length by


√
√
√
2 8
3/2

−2 + 4 + s
r(s) = −2 + 4 + s ,
, 4 −2 + 4 + s .
3

These examples illustrate a general method. Of course, evaluating an arc
length integral and finding a formula for the inverse of a function can be difficult, so while this process is theoretically possible, it is not always practical to
parameterize a curve in terms of arc length. However, we can guarantee that
such a parameterization exists, and this observation plays an important role
in the next section.

9.8.3 Curvature
For a smooth space curve, the curvature measures how fast the curve is bending
or changing direction at a given point. For example, we expect that a line
should have zero curvature everywhere, while a circle (which is bending the
same at every point) should have constant curvature. Circles with larger radii
should have smaller curvatures.
To measure the curvature, we first need to describe the direction of the
curve at a point. We may do this using a continuously varying tangent vector
to the curve, as shown at left in Figure 9.8.5. The direction of the curve is
then determined by the angle φ each tangent vector makes with a horizontal
vector, as shown at right in Figure 9.8.5.
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Figure 9.8.5 Left: Tangent vectors to an ellipse. Right: Angles of tangent
vectors.
Informally speaking, the curvature will be the rate at which the angle φ
is changing as we move along the curve. Of course, this rate of change will
depend on how we move along the curve; if we move with a greater speed
along the curve, then φ will change more rapidly. This is why the speed limit
is sometimes lowered when we enter a curve on a highway. In other words, the
rate of change of φ will depend on the parametrization we use to describe the
space curve. To eliminate this dependence on the parametrization, we choose
to work with an arc length parametrization r(s), which means we move along
the curve with unit speed.
Using an arc length parametrization r(s), we define the tangent vector
T(s) = r0 (s), and note that |T(s)| = 1; that is, T(s) is a unit tangent vector.
We then have T(s) = hcos(φ(s)), sin(φ(s))i, which means that


dφ
dφ
dφ
dT
= − sin(φ(s)) , cos(φ(s))
= h− sin(φ(s)), cos(φ(s))i .
ds
ds
ds
ds
Therefore
dT
= |h− sin(φ(s)), cos(φ(s))i|
ds

dφ
dφ
=
ds
ds

This observation leads us to adopt the following definition.
Definition 9.8.6 If C is a smooth space curve and s is an arc length parameter
for C, then the curvature, κ, of C is
κ = κ(s) =

dT
.
ds
♦

Note that κ is the Greek lowercase letter “kappa”.
Activity 9.8.5
a. We should expect that the curvature of a line is 0 everywhere. To show
that our definition of curvature measures this correctly in 2-space, recall
that (9.8.4) gives us the arc length parameterization
x(s) = x0 + √

a
s
a2 + b2

and

y(s) = y0 + √

b
s
a2 + b2

of a line. Use this information to explain why the curvature of a line is 0
everywhere.
b. Recall that an arc length parameterization of a circle in 2-space of radius
a centered at the origin is, from (9.8.3),
 s E
D
s
r(s) = a cos
, a sin
.
a
a
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Show that the curvature of this circle is the constant a1 . What can you
say about the relationship between the size of the radius of a circle and
the value of its curvature? Why does this make sense?
The definition of curvature relies on our ability to parameterize curves in
terms of arc length. Since we have seen that finding an arc length parametrization can be difficult, we would like to be able to express the curvature in terms
of a more general parametrization r(t).
To begin, we need to describe the vector T, which is a vector tangent to
the curve having unit length. Of course, the velocity vector r0 (t) is tangent to
the curve; we simply need to normalize its length to be one. This means that
we may take
r0 (t)
.
(9.8.5)
T(t) = 0
|r (t)|
Then the curvature of the curve defined by r is
dT
ds
dT dt
=
dt ds

κ=

=
=

dT
dt
ds
dt
0

|T (t)|
.
|r0 (t)|

This last formula allows us to use any parameterization of a curve to calculate its curvature. There is another useful formula, given below, whose
derivation is left for the exercises.
Formulas for curvature.
If r is a vector-valued function defining a smooth space curve C, and if
r0 (t) is not zero and if r00 (t) exists, then the curvature κ of C satisfies
• κ = κ(t) =
• κ=

0

|T0 (t)|
|r0 (t)|
00

|r (t)×r (t)|
.
|r0 (t)|3

Activity 9.8.6 Use one of the two formulas for κ in terms of t to help you
answer the following questions.
a. The ellipse

x2
a2

+

y2
b2

= 1 has parameterization
r(t) = ha cos(t), b sin(t)i.

Find the curvature of the ellipse. Assuming 0 < b < a, at what points
is the curvature the greatest and at what points is the curvature the
smallest? Does this agree with your intuition?
b. The standard helix has parameterization r(t) = cos(t)i+sin(t)j+tk. Find
the curvature of the helix. Does the result agree with your intuition?
The curvature has another interpretation. Recall that the tangent line to
a curve at a point is the line that best approximates the curve at that point.
The curvature at a point on a curve describes the circle that best approximates
the curve at that point. Remembering that a circle of radius a has curvature
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1/a, then the circle that best approximates the curve near a point on a curve
whose curvature is κ has radius 1/κ and will be tangent to the tangent line
at that point and has its center on the concave side of the curve. This circle,
called the osculating circle of the curve at the point, is shown in Figure 9.8.7
for a portion of a parabola.

4 y
3
2
1
x
-2

-1

1

2

Figure 9.8.7 The osculating circle

9.8.4 Summary
• The integration process shows that the length L of a smooth curve defined
by r(t) on an interval [a, b] is
Z b
L=
|r0 (t)| dt.
a

• Arc length is useful as a parameter because when we parameterize with
respect to arc length, we eliminate the role of speed in our calculation of
curvature and the result is a measure that depends only on the geometry
of the curve and not on the parameterization of the curve.
• We define the curvature κ of a curve in 2- or 3-space to be the rate of
change of the magnitude of the unit tangent vector with respect to arc
length, or
dT
κ=
.
ds

9.8.5 Exercises
The WeBWorK problems are written by many different authors. Some authors
use parentheses when writing vectors, e.g., (x(t), y(t), z(t)) instead of angle
brackets hx(t), y(t), z(t)i. Please keep this in mind when working WeBWorK
exercises.
1. Find the length of the curve
x = 5 + 5t,

y = 3 + 4t, z = t − 4,

for 2 ≤ t ≤ 3.
length =
(Think of second way that you could calculate this length, too, and see
that you get the same result.)

CHAPTER 9. MULTIVARIABLE AND VECTOR FUNCTIONS
Answer.
2.

5 · 5 + 4 · 4 + 1 · 1(3 − 2)

Consider the curve r = (e−5t cos(2t), e−5t sin(2t), e−5t ).
Compute the arclength function s(t): (with initial point t = 0).
Answer.

3.

√

94

7.34847(exp(−5t)−1)
−5

Find the length of the given curve:
r (t) = (−3t, −3 sin t, −3 cos t)
where −4 ≤ t ≤ 1.

4.
5.

Answer. 21.2132034355964
Find the curvature of y = sin (−2x) at x =

π
4.

Answer. 4
Consider the path r(t) = (10t, 5t2 , 5 ln t) defined for t > 0.
Find the length of the curve between the points (10, 5, 0) and (40, 80, 5 ln(4)).
Answer. 75 + 5 ln(4)

6.

Find the curvature κ(t) of the curve r(t) = (−3 sin t) i + (−3 sin t) j +
(1 cos t) k
Answer.

7.

8.

4.24264

((1 sin(t))2 +2(−3 cos(t))2 )

1.5

A factory has a machine which bends wire at a rate of 9 unit(s) of curvature
per second. How long does it take to bend a straight wire into a circle of
radius 7?
seconds
Answer. 0.0158730158730159
Find the unit tangent vector at the indicated point of the vector function
r(t) = e16t cos t i + e16t sin t j + e16t k
T(π/2) = h

,
i

,
Answer 1. −0.0441510785688348
Answer 2. 0.706417257101357
9.

Answer 3. 0.706417257101357
Consider the vector function
r(t) = ht, t8 , t3 i
Compute
r0 (t) = h
i
T(1) = h
i
r00 (t) = h
i
r0 (t) × r00 (t) = h
i
Answer 1. 1
Answer 2. 8t7
Answer 3. 3t2
Answer 4. 0.116247638743819
Answer 5. 0.929981109950554
Answer 6. 0.348742916231458

,

,

,

,

,

,
,

,
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Answer 7. 0
Answer 8. 56t6
Answer 9. 6t1
Answer 10. (−120)t8
Answer 11. (−6)t1
Answer 12. 56t6
10. Starting from the point (5, 4, −2), reparametrize the curve
x(t) = (5 − 2t, 4 + 2t, −2 + t) in terms of arclength.
,
y(s) = (
)

,

s(−2)
3
4 + s·2
3
−2 + s·1
3

Answer 1. 5 +
Answer 2.
Answer 3.

11. Consider the moving particle whose position at time t in seconds is given
by the vector-valued function r defined by r(t) = 5ti+4 sin(3t)j+4 cos(3t)k.
Use this function to answer each of the following questions.
a. Find the unit tangent vector, T(t), to the space curve traced by r(t)
at time t. Write one sentence that explains what T(t) tells us about
the particle’s motion.
b. Determine the speed of the particle moving along the space curve
with the given parameterization.
c. Find the exact distance traveled by the particle on the time interval
[0, π/3].
d. Find the average velocity of the particle on the time interval [0, π/3].
e. Determine the parameterization of the given curve with respect to
arc length.
12. Let y = f (x) define a curve in the plane. We can consider this curve as a
curve in three-space with z-coordinate 0.
a. Find a parameterization of the form r(t) = hx(t), y(t), z(t)i of the
curve y = f (x) in three-space.
b. Use the formula
κ=
to show that
κ=

|r0 (t) × r00 (t)|
|r0 (t)|3
|f 00 (x)|
3/2

[1 + (f 0 (x))2 ]

.

13. Consider the single variable function defined by y = 4x2 − x3 .
a. Find a parameterization of the form r(t) = hx(t), y(t)i that traces
the curve y = 4x2 − x3 on the interval from x = −3 to x = 3.
b. Write a definite integral which, if evaluated, gives the exact length of
the given curve from x = −3 to x = 3. Why is the integral difficult
to evaluate exactly?
c. Determine the curvature, κ(t), of the parameterized curve. (Exercise 9.8.5.12 might be useful here.)
d. Use appropriate technology to approximate the absolute maximum
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and minimum of κ(t) on the parameter interval for your parameterization. Compare your results with the graph of y = 4x2 − x3 . How
do the absolute maximum and absolute minimum of κ(t) align with
the original curve?
14. Consider the standard helix parameterized by r(t) = cos(t)i + sin(t)j + tk.
a. Recall that the unit tangent vector, T(t), is the vector tangent to
the curve at time t that points in the direction of motion and has
length 1. Find T(t).
b. Explain why the fact that |T(t)| = 1 implies that T and T0 are
orthogonal vectors for every value of t. (Hint: note that T · T =
d
[T · T].)
|T|2 = 1, and compute dt
c. For the given function r with unit tangent vector T(t) (from (a)),
determine N(t) = |T01(t)| T0 (t).
d. What geometric properties does N(t) have? That is, how long is
this vector, and how is it situated in comparison to T(t)?
e. Let B(t) = T(t) × N(t), and compute B(t) in terms of your results
in (a) and (c).
f. What geometric properties does B(t) have? That is, how long is
this vector, and how is it situated in comparison to T(t) and N(t)?
g. Sketch a plot of the given helix, and compute and sketch T(π/2),
N(π/2), and B(π/2).
15. In this exercise we verify the curvature formula
κ=

|r0 (t) × r00 (t)|
.
|r0 (t)|3

a. Explain why
|r0 (t)| =
b. Use the fact that T(t) =

r0 (t)
|r0 (t)|

ds
.
dt

and |r0 (t)| =

r0 (t) =

ds
dt

to explain why

ds
T(t).
dt

c. The Product Rule shows that
r00 (t) =

d2 s
ds
T(t) + T0 (t).
2
dt
dt

Explain why
0



00

r (t) × r (t) =

ds
dt

2

(T(t) × T0 (t)).

d. In Exercise 9.8.5.14 we showed that |T(t)| = 1 implies that T(t) is
orthogonal to T0 (t) for every value of t. Explain what this tells us
about |T(t) × T0 (t)| and conclude that
0

00

|r (t) × r (t)| =



ds
dt

2

|T0 (t)|.
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e. Finally, use the fact that κ =
κ=

|T0 (t)|
|r0 (t)|
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to verify that

|r0 (t) × r00 (t)|
.
|r0 (t)|3

16. In this exercise we explore how to find the osculating circle for a given
curve. As an example, we will use the curve defined by f (x) = x2 . Recall
that this curve can be parameterized by x(t) = t and y(t) = t2 .
a. Use (9.8.5) to find T(t) for our function f .
b. To find the center of the osculating circle, we will want to find a
vector that points from a point on the curve to the center of the
circle. Such a vector will be orthogonal to the tangent vector at
that point. Recall that T(s) = hcos(φ(s)), sin(φ(s))i, where φ is
the angle the tangent vector to the curve makes with a horizontal
vector. Use this fact to show that
T·

dT
= 0.
ds

Explain why this tells us that dT
ds is orthogonal to T. Let N be the
dT
unit vector in the direction of ds . The vector N is called the principal unit normal vector and points in the direction toward which
the curve is turning. The vector N also points toward the center of
the osculating circle.
c. Find T at the point (1, 1) on the graph of f . Then find N at this
same point. How do you know you have the correct direction for N?
Let P be a point on the curve. Recall that ρ = κ1 at point P is the
radius of the osculating circle at
point P . We call ρ the radius of
curvature at point P . Let C be
the center of the osculating circle
to the curve at point P , and let O
d.
be the origin. Let γ be the vector
−−→
OC. See Figure 9.8.8 for an illustration using an arbitrary function
f.

C

N

T

γ

Figure 9.8.8 An osculating circle.
Which vector, in terms of ρ and N points from the point P to the
point C? Use this vector to explain why
γ = r + ρN,
−−→
where r = OP .
e. Finally, use the previous work to find the center of the osculating
circle for f at the point (1, 1). Draw pictures of the curve and the
osculating circle to verify your work.

