Chapter 6

Using Deﬁnite Integrals
6.1

Using Deﬁnite Integrals to Find Area and Length

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• How can we use deﬁnite integrals to measure the area between two curves?
• How do we decide whether to integrate with respect to x or with respect to y when
we try to ﬁnd the area of a region?
• How can a deﬁnite integral be used to measure the length of a curve?

Introduction
Early on in our work with the deﬁnite integral, we learned that if we have a nonnegative
velocity function, v, for an object moving along an axis, the area under the velocity
function between a and b tells us the distance the object traveled on that time interval.
Moreover, based on the deﬁnition of the deﬁnite integral, that area is given precisely by
Rb
v(t) dt. Indeed, for any nonnegative function f on an interval [a, b], we know that
R ab
f (x) dx measures the area bounded by the curve and the x-axis between x = a and
a
x = b.
Through our upcoming work in the present section and chapter, we will explore how
deﬁnite integrals can be used to represent a variety of diﬀerent physically important
properties. In Preview Activity 6.1, we begin this investigation by seeing how a single
deﬁnite integral may be used to represent the area between two curves.
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Preview Activity 6.1. Consider the functions given by f (x) = 5−(x −1)2 and g(x) = 4− x.
(a) Use algebra to ﬁnd the points where the graphs of f and g intersect.
(b) Sketch an accurate graph of f and g on the axes provided, labeling the curves by
name and the intersection points with ordered pairs.
(c) Find and evaluate exactly an integral expression that represents the area between
y = f (x) and the x-axis on the interval between the intersection points of f and
g.
(d) Find and evaluate exactly an integral expression that represents the area between
y = g(x) and the x-axis on the interval between the intersection points of f and g.
(e) What is the exact area between f and g between their intersection points? Why?
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Figure 6.1: Axes for plotting f and g in Preview Activity 6.1
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The Area Between Two Curves
Through Preview Activity 6.1, we encounter a natural way to think about the area between
two curves: the area between the curves is the area beneath the upper curve minus the
area below the lower curve. For the functions f (x) = (x − 1)2 + 1 and g(x) = x + 2, shown
in Figure 6.2, we see that the upper curve is g(x) = x + 2, and that the graphs intersect at
(0, 2) and (3, 5). Note that we can ﬁnd these intersection points by solving the system of
equations given by y = (x − 1)2 + 1 and y = x + 2 through substitution: substituting x + 2
for y in the ﬁrst equation yields x + 2 = (x − 1)2 + 1, so x + 2 = x 2 − 2x + 1 + 1, and thus
x 2 − 3x = x(x − 3) = 0,
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Figure 6.2: The areas bounded by the functions f (x) = (x − 1)2 + 1 and g(x) = x + 2 on
the interval [0, 3].

from which it follows that x = 0 or x = 3. Using y = x + 2, we ﬁnd the corresponding
y-values of the intersection points.
On the interval [0, 3], the area beneath g is
Z 3
21
(x + 2) dx = ,
2
0
while the area under f on the same interval is
Z 3
[(x − 1)2 + 1] dx = 6.
0

Thus, the area between the curves is
Z 3
Z 3
21
9
−6= .
(x + 2) dx −
[(x − 1)2 + 1] dx =
A=
2
2
0
0

(6.1)

A slightly diﬀerent perspective is also helpful here: if we take the region between two
curves and slice it up into thin vertical rectangles (in the same spirit as we originally sliced
the region between a single curve and the x-axis in Section 4.2), then we see that the
height of a typical rectangle is given by the diﬀerence between the two functions. For
example, for the rectangle shown at left in Figure 6.3, we see that the rectangle’s height is
g(x) − f (x), while its width can be viewed as 4x, and thus the area of the rectangle is
Arect = (g(x) − f (x))4x.
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Figure 6.3: The area bounded by the functions f (x) = (x − 1)2 + 1 and g(x) = x + 2 on
the interval [0, 3].

The area between the two curves on [0, 3] is thus approximated by the Riemann sum
n
X

A≈

(g(x i ) − f (x i ))4x,

i=1

and then as we let n → ∞, it follows that the area is given by the single deﬁnite integral
A=

3

Z

(g(x) − f (x)) dx.

(6.2)

0

In many applications of the deﬁnite integral, we will ﬁnd it helpful to think of a “representative slice” and how the deﬁnite integral may be used to add these slices to ﬁnd the exact
value of a desired quantity. Here, the integral essentially sums the areas of thin rectangles.
Finally, whether we think of the area between two curves as the diﬀerence between the
area bounded by the individual curves (as in (6.1)) or as the limit of a Riemann sum that
adds the areas of thin rectangles between the curves (as in (6.2)), these two results are the
same, since the diﬀerence of two integrals is the integral of the diﬀerence:
3

Z

3

Z
g(x) dx −

0

0

f (x) dx =

3

Z

(g(x) − f (x)) dx.
0

Moreover, our work so far in this section exempliﬁes the following general principle.
If two curves y = g(x) and y = f (x) intersect at (a, g(a)) and (b, g(b)), and for
all x such that a ≤ x ≤ b, g(x) ≥ f (x), then the area between the curves is
Rb
A = a (g(x) − f (x)) dx.
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Activity 6.1.
In each of the following problems, our goal is to determine the area of the region
described. For each region, (i) determine the intersection points of the curves, (ii) sketch
the region whose area is being found, (iii) draw and label a representative slice, and (iv)
state the area of the representative slice. Then, state a deﬁnite integral whose value is
the exact area of the region, and evaluate the integral to ﬁnd the numeric value of the
region’s area.
√
(a) The ﬁnite region bounded by y = x and y = 14 x.
(b) The ﬁnite region bounded by y = 12 − 2x 2 and y = x 2 − 8.
(c) The area bounded by the y-axis, f (x) = cos(x), and g(x) = sin(x), where we
consider the region formed by the ﬁrst positive value of x for which f and g
intersect.
(d) The ﬁnite regions between the curves y = x 3 − x and y = x 2 .
C

Finding Area with Horizontal Slices
At times, the shape of a geometric region may dictate that we need to use horizontal
rectangular slices, rather than vertical ones. For instance, consider the region bounded by
the parabola x = y 2 − 1 and the line y = x − 1, pictured in Figure 6.4. First, we observe
that by solving the second equation for x and writing x = y + 1, we can eliminate a variable
through substitution and ﬁnd that y + 1 = y 2 − 1, and hence the curves intersect where
y 2 − y − 2 = 0. Thus, we ﬁnd y = −1 or y = 2, so the intersection points of the two curves
are (0, −1) and (3, 2).
We see that if we attempt to use vertical rectangles to slice up the area, at certain values
of x (speciﬁcally from x = −1 to x = 0, as seen in the center graph of Figure 6.4), the curves
that govern the top and bottom of the rectangle are one and the same. This suggests, as
shown in the rightmost graph in the ﬁgure, that we try using horizontal rectangles as a way
to think about the area of the region. For such a horizontal rectangle, note that its width
depends on y, the height at which the rectangle is constructed. In particular, at a height
y between y = −1 and y = 2, the right end of a representative rectangle is determined
by the line, x = y + 1, while the left end of the rectangle is determined by the parabola,
x = y 2 − 1, and the thickness of the rectangle is 4y.
Therefore, the area of the rectangle is
Arect = [(y + 1) − (y 2 − 1)]4y,
from which it follows that the area between the two curves on the y-interval [−1, 2] is
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Figure 6.4: The area bounded by the functions x = y 2 − 1 and y = x − 1 (at left), with the
region sliced vertically (center) and horizontally (at right).

approximated by the Riemann sum
n
X
A≈
[(yi + 1) − (yi2 − 1)]4y.
i=1

Taking the limit of the Riemann sum, it follows that the area of the region is
A=

y=2

Z

[(y + 1) − (y 2 − 1)] dy.

(6.3)

y=−1

We emphasize that we are integrating with respect to y; this is dictated by the fact that
we chose to use horizontal rectangles whose widths depend on y and whose thickness is
denoted 4y. It is a straightforward exercise to evaluate the integral in Equation (6.3) and
ﬁnd that A = 92 .
Just as with the use of vertical rectangles of thickness 4x, we have a general principle
for ﬁnding the area between two curves, which we state as follows.
If two curves x = g(y) and x = f (y) intersect at (g(c), c) and (g(d), d), and for all y
such that c ≤ y ≤ d, g(y) ≥ f (y), then the area between the curves is
A=

Z

y=d

(g(y) − f (y)) dy.
y=c

Activity 6.2.
In each of the following problems, our goal is to determine the area of the region
described. For each region, (i) determine the intersection points of the curves, (ii) sketch
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the region whose area is being found, (iii) draw and label a representative slice, and (iv)
state the area of the representative slice. Then, state a deﬁnite integral whose value is
the exact area of the region, and evaluate the integral to ﬁnd the numeric value of the
region’s area. Note well: At the step where you draw a representative slice, you need
to make a choice about whether to slice vertically or horizontally.
(a) The ﬁnite region bounded by x = y 2 and x = 6 − 2y 2 .
(b) The ﬁnite region bounded by x = 1 − y 2 and x = 2 − 2y 2 .
(c) The area bounded by the x-axis, y = x 2 , and y = 2 − x.
(d) The ﬁnite regions between the curves x = y 2 − 2y and y = x.
C

Finding the length of a curve
In addition to being able to use deﬁnite integrals to ﬁnd the areas of certain geometric
regions, we can also use the deﬁnite integral to ﬁnd the length of a portion of a curve. We
use the same fundamental principle: we take a curve whose length we cannot easily ﬁnd,
and slice it up into small pieces whose lengths we can easily approximate. In particular, we
take a given curve and subdivide it into small approximating line segments, as shown at
left in Figure 6.5. To see how we ﬁnd such a deﬁnite integral that measures arc length on
y
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Figure 6.5: At left, a continuous function y = f (x) whose length we seek on the interval
a = x 0 to b = x 3 . At right, a close up view of a portion of the curve.
the curve y = f (x) from x = a to x = b, we think about the portion of length, L slice , that
lies along the curve on a small interval of length 4x, and estimate the value of L slice using
a well-chosen triangle. In particular, if we consider the right triangle with legs parallel to
the coordinate axes and hypotenuse connecting two points on the curve, as seen at right
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in Figure 6.5, we see that the length, h, of the hypotenuse approximates the length, L slice ,
of the curve between the two selected points. Thus,
q
L slice ≈ h = (4x)2 + (4y)2 .
By algebraically rearranging the expression for the length of the hypotenuse, we see how a
deﬁnite integral can be used to compute the length of a curve. In particular, observe that
by removing a factor of (4x)2 , we ﬁnd that
q
(4x)2 + (4y)2
L slice ≈
s
!
(4y)2
2
=
(4x) 1 +
(4x)2
s
(4y)2
1+
· 4x.
=
(4x)2
4y
Furthermore, as n → ∞ and 4x → 0, it follows that 4x
→
that
q
L slice ≈ 1 + f 0(x)2 4x.

dy
dx

= f 0(x). Thus, we can say

Taking a Riemann sum of all of these slices and letting n → ∞, we arrive at the following
fact.
Given a diﬀerentiable function f on an interval [a, b], the total arc length, L, along
the curve y = f (x) from x = a to x = b is given by
L=

b

Z

q
1 + f 0(x)2 dx.

a

Activity 6.3.
Each of the following questions somehow involves the arc length along a curve.
(a) Use the deﬁnition and appropriate computational technology to determine the
arc length along y = x 2 from x = −1 to x = 1.
√
(b) Find the arc length of y = 4 − x 2 on the interval −2 ≤ x ≤ 2. Find this value
in two diﬀerent ways: (a) by using a deﬁnite integral, and (b) by using a familiar
property of the curve.
(c) Determine the arc length of y = xe3x on the interval [0, 1].
(d) Will the integrals that arise calculating arc length typically be ones that we can
evaluate exactly using the First FTC, or ones that we need to approximate?
Why?
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(e) A moving particle is traveling along the curve given by y = f (x) = 0.1x 2 + 1,
and does so at a constant rate of 7 cm/sec, where both x and y are measured
in cm (that is, the curve y = f (x) is the path along which the object actually
travels; the curve is not a “position function”). Find the position of the particle
when t = 4 sec, assuming that when t = 0, the particle’s location is (0, f (0)).
C

Summary
In this section, we encountered the following important ideas:
• To ﬁnd the area between two curves, we think about slicing the region into thin
rectangles. If, for instance, the area of a typical rectangle on the interval x = a to x = b
is given by Arect = (g(x) − f (x))4x, then the exact area of the region is given by the
deﬁnite integral
Z b
(g(x) − f (x)) dx.
A=
a

• The shape of the region usually dictates whether we should use vertical rectangles of
thickness 4x or horizontal rectangles of thickness 4y. We desire to have the height of
the rectangle governed by the diﬀerence between two curves: if those curves are best
thought of as functions of y, we use horizontal rectangles, whereas if those curves are
best viewed as functions of x, we use vertical rectangles.
• The arc length, L, along the curve y = f (x) from x = a to x = b is given by
L=

b

Z

q
1 + f 0(x)2 dx.

a

Exercises
1. Find the exact area of each described region.
(a) The ﬁnite region between the curves x = y(y − 2) and x = −(y − 1)(y − 3).
(b) The region between the sine and cosine functions on the interval [ π4 , 3π
4 ].
(c) The ﬁnite region between x = y 2 − y − 2 and y = 2x − 1.
(d) The ﬁnite region between y = mx and y = x 2 − 1, where m is a positive
constant.
2. Let f (x) = 1 − x 2 and g(x) = ax 2 − a, where a is an unknown positive real number.
For what value(s) of a is the area between the curves f and g equal to 2?
3. Let f (x) = 2 − x 2 . Recall that the average value of any continuous function f on an
Rb
1
interval [a, b] is given by b−a
f (x) dx.
a
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√
(a) Find the average value of f (x) = 2 − x 2 on the interval [0, 2]. Call this value
r.
(b) Sketch a graph of y = f (x) and y = r. Find their intersection point(s).
√
(c) Show that on the interval [0, 2], the amount of area that lies below y = f (x)
and above y = r is equal to the amount of area that lies below y = r and above
y = f (x).
(d) Will the result of (c) be true for any continuous function and its average value
on any interval? Why?
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Using Deﬁnite Integrals to Find Volume

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• How can we use a deﬁnite integral to ﬁnd the volume of a three-dimensional
solid of revolution that results from revolving a two-dimensional region about a
particular axis?
• In what circumstances do we integrate with respect to y instead of integrating with
respect to x?
• What adjustments do we need to make if we revolve about a line other than the xor y-axis?

Introduction
2

y

x
x

3

∆x

Figure 6.6: A right circular cylinder.
Just as we can use deﬁnite integrals to add the areas of rectangular slices to ﬁnd the
exact area that lies between two curves, we can also employ integrals to determine the
volume of certain regions that have cross-sections of a particular consistent shape. As
a very elementary example, consider a cylinder of radius 2 and height 3, as pictured in
Figure 6.6. While we know that we can compute the area of any circular cylinder by the
formula V = πr 2 h, if we think about slicing the cylinder into thin pieces, we see that
each is a cylinder of radius r = 2 and height (thickness) 4x. Hence, the volume of a
representative slice is
Vslice = π · 22 · 4x.
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Letting 4x → 0 and using a deﬁnite integral to add the volumes of the slices, we ﬁnd that
V=

3

Z

π · 22 dx.

0
3

Moreover, since 0 4π dx = 12π, we have found that the volume of the cylinder is 12π.
The principal problem of interest in our upcoming work will be to ﬁnd the volume of
certain solids whose cross-sections are all thin cylinders (or washers) and to do so by
using a deﬁnite integral. To that end, we ﬁrst consider another familiar shape in Preview
Activity 6.2: a circular cone.
R

Preview Activity 6.2. Consider a circular cone of radius 3 and height 5, which we view
horizontally as pictured in Figure 6.7. Our goal in this activity is to use a deﬁnite integral
to determine the volume of the cone.
(a) Find a formula for the linear function y = f (x) that is pictured in Figure 6.7.
(b) For the representative slice of thickness 4x that is located horizontally at a location
x (somewhere between x = 0 and x = 5), what is the radius of the representative
slice? Note that the radius depends on the value of x.
(c) What is the volume of the representative slice you found in (b)?
(d) What deﬁnite integral will sum the volumes of the thin slices across the full
horizontal span of the cone? What is the exact value of this deﬁnite integral?
(e) Compare the result of your work in (d) to the volume of the cone that comes from
using the formula Vcone = 13 πr 2 h.

3

y

x
x

5

∆x

Figure 6.7: The circular cone described in Preview Activity 6.2
./
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The Volume of a Solid of Revolution
A solid of revolution is a three dimensional solid that can be generated by revolving one
or more curves around a ﬁxed axis. For example, we can think of a circular cylinder as a
solid of revolution: in Figure 6.6, this could be accomplished by revolving the line segment
from (0, 2) to (3, 2) about the x-axis. Likewise, the circular cone in Figure 6.7 is the solid
of revolution generated by revolving the portion of the line y = 3 − 35 x from x = 0 to x = 5
about the x-axis. It is particularly important to notice in any solid of revolution that if we
slice the solid perpendicular to the axis of revolution, the resulting cross-section is circular.
We consider two examples to highlight some of the natural issues that arise in
determining the volume of a solid of revolution.

Example 6.1. Find the volume of the solid of revolution generated when the region R
bounded by y = 4 − x 2 and the x-axis is revolved about the x-axis.
Solution.
First, we observe that y = 4 − x 2 intersects the x-axis at the points (−2, 0) and (2, 0).
When we take the region R that lies between the curve and the x-axis on this interval and
revolve it about the x-axis, we get the three-dimensional solid pictured in Figure 6.8.
y
y = 4 − x2

x

∆x

Figure 6.8: The solid of revolution in Example 6.1.
Taking a representative slice of the solid located at a value x that lies between x = −2
and x = 2, we see that the thickness of such a slice is 4x (which is also the height of
the cylinder-shaped slice), and that the radius of the slice is determined by the curve
y = 4 − x 2 . Hence, we ﬁnd that
Vslice = π(4 − x 2 )2 4x,
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since the volume of a cylinder of radius r and height h is V = πr 2 h.
Using a deﬁnite integral to sum the volumes of the representative slices, it follows that
V=

Z

2

π(4 − x 2 )2 dx.

−2

It is straightforward to evaluate the integral and ﬁnd that the volume is V =

512
15 π.

For a solid such as the one in Example 6.1, where each cross-section is a cylindrical
disk, we ﬁrst ﬁnd the volume of a typical cross-section (noting particularly how this volume
depends on x), and then we integrate over the range of x-values through which we slice
the solid in order to ﬁnd the exact total volume. Often, we will be content with simply
ﬁnding the integral that represents the sought volume; if we desire a numeric value for the
integral, we typically use a calculator or computer algebra system to ﬁnd that value.
The general principle we are using to ﬁnd the volume of a solid of revolution generated
by a single curve is often called the disk method.
If y = r(x) is a nonnegative continuous function on [a, b], then the volume of the
solid of revolution generated by revolving the curve about the x-axis over this interval
is given by
Z b
V=
πr(x)2 dx.
a

A diﬀerent type of solid can emerge when two curves are involved, as we see in the
following example.

Example 6.2. Find the volume of the solid of revolution generated when the ﬁnite region
R that lies between y = 4 − x 2 and y = x + 2 is revolved about the x-axis.
Solution.
First, we must determine where the curves y = 4 − x 2 and y = x + 2 intersect.
Substituting the expression for y from the second equation into the ﬁrst equation, we ﬁnd
that x + 2 = 4 − x 2 . Rearranging, it follows that
x 2 + x − 2 = 0,
and the solutions to this equation are x = −2 and x = 1. The curves therefore cross at
(−2, 0) and (1, 1).
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When we take the region R that lies between the curves and revolve it about the x-axis,
we get the three-dimensional solid pictured at left in Figure 6.9.
y

R(x)
x
r(x)

Figure 6.9: At left, the solid of revolution in Example 6.2. At right, a typical slice with
inner radius r(x) and outer radius R(x).
Immediately we see a major diﬀerence between the solid in this example and the one
in Example 6.1: here, the three-dimensional solid of revolution isn’t “solid” in the sense
that it has open space in its center. If we slice the solid perpendicular to the axis of
revolution, we observe that in this setting the resulting representative slice is not a solid
disk, but rather a washer, as pictured at right in Figure 6.9. Moreover, at a given location
x between x = −2 and x = 1, the small radius r(x) of the inner circle is determined by the
curve y = x + 2, so r(x) = x + 2. Similarly, the big radius R(x) comes from the function
y = 4 − x 2 , and thus R(x) = 4 − x 2 .
Thus, to ﬁnd the volume of a representative slice, we compute the volume of the outer
disk and subtract the volume of the inner disk. Since
πR(x)2 4x − πr(x)2 4x = π[R(x)2 − r(x)2 ]4x,
it follows that the volume of a typical slice is
Vslice = π[(4 − x 2 )2 − (x + 2)2 ]4x.
Hence, using a deﬁnite integral to sum the volumes of the respective slices across the
integral, we ﬁnd that
Z 1
V=
π[(4 − x 2 )2 − (x + 2)2 ] dx.
−2

Evaluating the integral, the volume of the solid of revolution is V =

108
5 π.

The general principle we are using to ﬁnd the volume of a solid of revolution generated
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by a single curve is often called the washer method.
If y = R(x) and y = r(x) are nonnegative continuous functions on [a, b] that satisfy
R(x) ≥ r(x) for all x in [a, b], then the volume of the solid of revolution generated by
revolving the region between them about the x-axis over this interval is given by
V=

b

Z

π[R(x)2 − r(x)2 ] dx.

a

Activity 6.4.
In each of the following questions, draw a careful, labeled sketch of the region described,
as well as the resulting solid that results from revolving the region about the stated axis.
In addition, draw a representative slice and state the volume of that slice, along with a
deﬁnite integral whose value is the volume of the entire solid. It is not necessary to
evaluate the integrals you ﬁnd.
√
(a) The region S bounded by the x-axis, the curve y = x, and the line x = 4;
revolve S about the x-axis.
√
(b) The region S bounded by the y-axis, the curve y = x, and the line y = 2;
revolve S about the x-axis.
√
(c) The ﬁnite region S bounded by the curves y = x and y = x 3 ; revolve S about
the x-axis.
(d) The ﬁnite region S bounded by the curves y = 2x 2 + 1 and y = x 2 + 4; revolve
S about the x-axis
√
(e) The region S bounded by the y-axis, the curve y = x, and the line y = 2;
revolve S about the y-axis. How does the problem change considerably when
we revolve about the y-axis?
C

Revolving about the y-axis
As seen in Activity 6.4, problem (e), the problem changes considerably when we revolve a
given region about the y-axis. Foremost, this is due to the fact that representative slices
now have thickness 4y, which means that it becomes necessary to integrate with respect
to y. Let’s consider a particular example to demonstrate some of the key issues.
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Example 6.3. Find the volume of the solid of revolution generated when the ﬁnite region
√
R that lies between y = x and y = x 4 is revolved about the y-axis.
Solution.
We observe that these two curves intersect when x = 1, hence at the point (1, 1). When
we take the region R that lies between the curves and revolve it about the y-axis, we get
the three-dimensional solid pictured at left in Figure 6.10. Now, it is particularly important
y

R(y)

r(y)

x

Figure 6.10: At left, the solid of revolution in Example 6.3. At right, a typical slice with
inner radius r(y) and outer radius R(y).
to note that the thickness of a representative slice is 4y, and that the slices are only
cylindrical washers in nature when taken perpendicular to the y-axis. Hence, we envision
slicing the solid horizontally, starting at y = 0 and proceeding up to y = 1. Because the
√
inner radius is governed by the curve y = x, but from the perspective that x is a function
of y, we solve for x and get x = y 2 = r(y). In the same way, we need to view the curve
y = x 4 (which governs the outer radius) in the form where x is a function of y, and hence
√
x = 4 y. Therefore, we see that the volume of a typical slice is
√ 2
Vslice = π[R(y)2 − r(y)2 ] = π[ 4 y − (y 2 )2 ]4y.
Using a deﬁnite integral to sum the volume of all the representative slices from y = 0 to
y = 1, the total volume is
Z y=1 f
g
√ 2
V=
π 4 y − (y 2 )2 dy.
y=0

It is straightforward to evaluate the integral and ﬁnd that V =

7
15 π.
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Activity 6.5.
In each of the following questions, draw a careful, labeled sketch of the region described,
as well as the resulting solid that results from revolving the region about the stated axis.
In addition, draw a representative slice and state the volume of that slice, along with a
deﬁnite integral whose value is the volume of the entire solid. It is not necessary to
evaluate the integrals you ﬁnd.
√
(a) The region S bounded by the y-axis, the curve y = x, and the line y = 2;
revolve S about the y-axis.
√
(b) The region S bounded by the x-axis, the curve y = x, and the line x = 4;
revolve S about the y-axis.
(c) The ﬁnite region S in the ﬁrst quadrant bounded by the curves y = 2x and
y = x 3 ; revolve S about the x-axis.
(d) The ﬁnite region S in the ﬁrst quadrant bounded by the curves y = 2x and
y = x 3 ; revolve S about the y-axis.
(e) The ﬁnite region S bounded by the curves x = (y − 1)2 and y = x − 1; revolve
S about the y-axis
C

Revolving about horizontal and vertical lines other than the coordinate axes
Just as we can revolve about one of the coordinate axes (y = 0 or x = 0), it is also possible
to revolve around any horizontal or vertical line. Doing so essentially adjusts the radii of
cylinders or washers involved by a constant value. A careful, well-labeled plot of the solid
of revolution will usually reveal how the diﬀerent axis of revolution aﬀects the deﬁnite
integral we set up. Again, an example is instructive.

Example 6.4. Find the volume of the solid of revolution generated when the ﬁnite region
S that lies between y = x 2 and y = x is revolved about the line y = −1.
Solution.
Graphing the region between the two curves in the ﬁrst quadrant between their points
of intersection ((0, 0) and (1, 1)) and then revolving the region about the line y = −1, we
see the solid shown in Figure 6.11. Each slice of the solid perpendicular to the axis of
revolution is a washer, and the radii of each washer are governed by the curves y = x 2
and y = x. But we also see that there is one added change: the axis of revolution adds a
ﬁxed length to each radius. In particular, the inner radius of a typical slice, r(x), is given
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y
x

Figure 6.11: The solid of revolution described in Example 6.4.

by r(x) = x 2 + 1, while the outer radius is R(x) = x + 1. Therefore, the volume of a typical
slice is


Vslice = π[R(x)2 − r(x)2 ]4x = π (x + 1)2 − (x 2 + 1)2 4x.
Finally, we integrate to ﬁnd the total volume, and
V=

1

Z
0



7
π.
π (x + 1)2 − (x 2 + 1)2 dx =
15

Activity 6.6.
In each of the following questions, draw a careful, labeled sketch of the region described,
as well as the resulting solid that results from revolving the region about the stated
axis. In addition, draw a representative slice and state the volume of that slice, along
with a deﬁnite integral whose value is the volume of the entire solid. It is not necessary
to evaluate the integrals you ﬁnd. For each prompt, use the ﬁnite region S in the ﬁrst
quadrant bounded by the curves y = 2x and y = x 3 .
(a) Revolve S about the line y = −2.
(b) Revolve S about the line y = 4.
(c) Revolve S about the line x = −1.
(d) Revolve S about the line x = 5.
C

Summary
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In this section, we encountered the following important ideas:

• We can use a deﬁnite integral to ﬁnd the volume of a three-dimensional solid of
revolution that results from revolving a two-dimensional region about a particular axis
by taking slices perpendicular to the axis of revolution which will then be circular disks
or washers.
• If we revolve about a vertical line and slice perpendicular to that line, then our slices
are horizontal and of thickness 4y. This leads us to integrate with respect to y, as
opposed to with respect to x when we slice a solid vertically.
• If we revolve about a line other than the x- or y-axis, we need to carefully account for
the shift that occurs in the radius of a typical slice. Normally, this shift involves taking a
sum or diﬀerence of the function along with the constant connected to the equation for
the horizontal or vertical line; a well-labeled diagram is usually the best way to decide
the new expression for the radius.

Exercises
3

1. Consider the curve f (x) = 3 cos( x4 ) and the portion of its graph that lies in the ﬁrst
quadrant between the y-axis and the ﬁrst positive value of x for which f (x) = 0. Let R
denote the region bounded by this portion of f , the x-axis, and the y-axis.
(a) Set up a deﬁnite integral whose value is the exact arc length of f that lies along
the upper boundary of R. Use technology appropriately to evaluate the integral
you ﬁnd.
(b) Set up a deﬁnite integral whose value is the exact area of R. Use technology
appropriately to evaluate the integral you ﬁnd.
(c) Suppose that the region R is revolved around the x-axis. Set up a deﬁnite
integral whose value is the exact volume of the solid of revolution that is
generated. Use technology appropriately to evaluate the integral you ﬁnd.
(d) Suppose instead that R is revolved around the y-axis. If possible, set up an
integral expression whose value is the exact volume of the solid of revolution
and evaluate the integral using appropriate technology. If not possible, explain
why.
2. Consider the curves given by y = sin(x) and y = cos(x). For each of the following
problems, you should include a sketch of the region/solid being considered, as well as a
labeled representative slice.
(a) Sketch the region R bounded by the y-axis and the curves y = sin(x) and
y = cos(x) up to the ﬁrst positive value of x at which they intersect. What is
the exact intersection point of the curves?
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(b) Set up a deﬁnite integral whose value is the exact area of R.
(c) Set up a deﬁnite integral whose value is the exact volume of the solid of
revolution generated by revolving R about the x-axis.
(d) Set up a deﬁnite integral whose value is the exact volume of the solid of
revolution generated by revolving R about the y-axis.
(e) Set up a deﬁnite integral whose value is the exact volume of the solid of
revolution generated by revolving R about the line y = 2.
(f) Set up a deﬁnite integral whose value is the exact volume of the solid of
revolution generated by revolving R about the x = −1.
3. Consider the ﬁnite region R that is bounded by the curves y = 1 + 12 (x − 2)2 , y = 12 x 2 ,
and x = 0.
(a) Determine a deﬁnite integral whose value is the area of the region enclosed by
the two curves.
(b) Find an expression involving one or more deﬁnite integrals whose value is the
volume of the solid of revolution generated by revolving the region R about the
line y = −1.
(c) Determine an expression involving one or more deﬁnite integrals whose value
is the volume of the solid of revolution generated by revolving the region R
about the y-axis.
(d) Find an expression involving one or more deﬁnite integrals whose value is the
perimeter of the region R.
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6.3

Density, Mass, and Center of Mass

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• How are mass, density, and volume related?
• How is the mass of an object with varying density computed?
• What is the center of mass of an object, and how are deﬁnite integrals used to
compute it?

Introduction
We have seen in several diﬀerent circumstances how studying the units on the integrand
and variable of integration enables us to better understand the meaning of a deﬁnite
integral. For instance, if v(t) is the velocity of an object moving along an axis, measured
in feet per second, while t measures time in seconds, then both the deﬁnite integral and
its Riemann sum approximation,
b

Z

v(t) dt ≈
a

n
X

v(t i )4t,

i=1

have their overall units given by the product of the units of v(t) and t:
(feet/sec)·(sec) = feet.
Thus,

R

b
a

v(t) dt measures the total change in position (in feet) of the moving object.

This type of unit analysis will be particularly helpful to us in what follows. To begin,
in the following preview activity we consider two diﬀerent deﬁnite integrals where the
integrand is a function that measures how a particular quantity is distributed over a region
and think about how the units on the integrand and the variable of integration indicate
the meaning of the integral.
Preview Activity 6.3. In each of the following scenarios, we consider the distribution of
a quantity along an axis.
(a) Suppose that the function c(x) = 200 + 100e−0.1x models the density of traﬃc on
a straight road, measured in cars per mile, where x is number of miles east of a
R2
major interchange, and consider the deﬁnite integral 0 (200 + 100e−0.1x ) dx.
i. What are the units on the product c(x) · 4x?
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ii. What are the units on the deﬁnite integral and its Riemann sum approximation given by
Z 2
n
X
c(x) dx ≈
c(x i )4x?
0

i=1

R2
2
iii. Evaluate the deﬁnite integral 0 c(x) dx = 0 (200 + 100e−0.1x ) dx and write
one sentence to explain the meaning of the value you ﬁnd.
R

(b) On a 6 foot long shelf ﬁlled with books, the function B models the distribution
of the weight of the books, measured in pounds per inch, where x is the number
of inches from the left end of the bookshelf. Let B(x) be given by the rule
1
B(x) = 0.5 + (x+1)
2.
i. What are the units on the product B(x) · 4x?
ii. What are the units on the deﬁnite integral and its Riemann sum approximation given by
Z 36
n
X
B(x) dx ≈
B(x i )4x?
12

i=1

R 72
R 72
1
iii. Evaluate the deﬁnite integral 0 B(x) dx = 0 (0.5 + (x+1)
2 ) dx and write
one sentence to explain the meaning of the value you ﬁnd.
./

Density
The mass of a quantity, typically measured in metric units such as grams or kilograms, is
a measure of the amount of a quantity. In a corresponding way, the density of an object
measures the distribution of mass per unit volume. For instance, if a brick has mass 3 kg
and volume 0.002 m3 , then the density of the brick is
3kg
kg
= 1500 3 .
3
0.002m
m
As another example, the mass density of water is 1000 kg/m3 . Each of these relationships
demonstrate the following general principle.
For an object of constant density d, with mass m and volume V ,
d=

m
, or m = d · V .
V

But what happens when the density is not constant?
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If we consider the formula m = d · V , it is reminiscent of two other equations that we
have used frequently in recent work: for a body moving in a ﬁxed direction, distance =
rate · time, and, for a rectangle, its area is given by A = l · w. These formulas hold when
the principal quantities involved, such as the rate the body moves and the height of the
rectangle, are constant. When these quantities are not constant, we have turned to the
deﬁnite integral for assistance. The main idea in each situation is that by working with
small slices of the quantity that is varying, we can use a deﬁnite integral to add up the
values of small pieces on which the quantity of interest (such as the velocity of a moving
object) are approximately constant.
For example, in the setting where we have a nonnegative velocity function that is not
constant, over a short time interval 4t we know that the distance traveled is approximately
v(t)4t, since v(t) is almost constant on a small interval, and for a constant rate, distance =
rate · time. Similarly, if we are thinking about the area under a nonnegative function f
whose value is changing, on a short interval 4x the area under the curve is approximately
the area of the rectangle whose height is f (x) and whose width is 4x: f (x)4x. Both of
these principles are represented visually in Figure 6.12.
y

ft/sec
y = v(t)

y = f (x)

v(t)
f (x)
x

sec
△t

△x

Figure 6.12: At left, estimating a small amount of distance traveled, v(t)4t, and at right, a
small amount of area under the curve, f (x)4x.
In a similar way, if we consider the setting where the density of some quantity is not
constant, the deﬁnite integral enables us to still compute the overall mass of the quantity.
Throughout, we will focus on problems where the density varies in only one dimension,
say along a single axis, and think about how mass is distributed relative to location along
the axis.
Let’s consider a thin bar of length b that is situated so its left end is at the origin,
where x = 0, and assume that the bar has constant cross-sectional area of 1 cm2 . We let
the function ρ(x) represent the mass density function of the bar, measured in grams per
cubic centimeter. That is, given a location x, ρ(x) tells us approximately how much mass
will be found in a one-centimeter wide slice of the bar at x.
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x

∆x

Figure 6.13: A thin bar of constant cross-sectional area 1 cm2 with density function ρ(x)
g/cm3 .

If we now consider a thin slice of the bar of width 4x, as pictured in Figure 6.13, the
volume of such a slice is the cross-sectional area times 4x. Since the cross-sections each
have constant area 1 cm2 , it follows that the volume of the slice is 14x cm3 . Moreover,
since mass is the product of density and volume (when density is constant), we see that the
mass of this given slice is approximately
massslice ≈ ρ(x)

g
· 14x cm3 = ρ(x) · 4x g.
cm3

Hence, for the corresponding Riemann sum (and thus for the integral that it approximates),
Z b
n
X
ρ(x i )4x ≈
ρ(x) dx,
0

i=1

we see that these quantities measure the mass of the bar between 0 and b. (The Riemann
sum is an approximation, while the integral will be the exact mass.)
At this point, we note that we will be focused primarily on situations where mass
is distributed relative to horizontal location, x, for objects whose cross-sectional area is
constant. In that setting, it makes sense to think of the density function ρ(x) with units
“mass per unit length,” such as g/cm. Thus, when we compute ρ(x) · 4x on a small slice
4x, the resulting units are g/cm · cm = g, which thus measures the mass of the slice. The
general principle follows.
For an object of constant cross-sectional area whose mass is distributed along a single
axis according to the function ρ(x) (whose units are units of mass per unit of length),
the total mass, M of the object between x = a and x = b is given by
M=

b

Z

ρ(x) dx.

a

Activity 6.7.
Consider the following situations in which mass is distributed in a non-constant manner.
(a) Suppose that a thin rod with constant cross-sectional area of 1 cm2 has its mass
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distributed according to the density function ρ(x) = 2e−0.2x , where x is the
distance in cm from the left end of the rod, and the units on ρ(x) are g/cm. If
the rod is 10 cm long, determine the exact mass of the rod.
(b) Consider the cone that has a base of radius 4 m and a height of 5 m. Picture
the cone lying horizontally with the center of its base at the origin and think of
the cone as a solid of revolution.
i. Write and evaluate a deﬁnite integral whose value is the volume of the
cone.
ii. Next, suppose that the cone has uniform density of 800 kg/m3 . What is
the mass of the solid cone?
iii. Now suppose that the cone’s density is not uniform, but rather that the
cone is most dense at its base. In particular, assume that the density of the
cone is uniform across cross sections parallel to its base, but that in each
such cross section that is a distance x units from the origin, the density of
200
the cross section is given by the function ρ(x) = 400 + 1+x
2 , measured in
3
kg/m . Determine and evaluate a deﬁnite integral whose value is the mass
of this cone of non-uniform density. Do so by ﬁrst thinking about the mass
of a given slice of the cone x units away from the base; remember that in
such a slice, the density will be essentially constant.
(c) Let a thin rod of constant cross-sectional area 1 cm2 and length 12 cm have
1
its mass be distributed according to the density function ρ(x) = 25
(x − 15)2 ,
measured in g/cm. Find the exact location z at which to cut the bar so that the
two pieces will each have identical mass.
C

Weighted Averages
class
chemistry
calculus
history
psychology

grade
B+
ABB-

grade points
3.3
3.7
2.7
2.7

credits
5
4
3
3

Table 6.1: A college student’s semester grades.
The concept of an average is a natural one, and one that we have used repeatedly as
part of our understanding of the meaning of the deﬁnite integral. If we have n values a1 ,
a2 , . . ., an , we know that their average is given by
a1 + a2 + · · · + a n
,
n
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and for a quantity being measured by a function f on an interval [a, b], the average value
of the quantity on [a, b] is
Z b
1
f (x) dx.
b−a a
As we continue to think about problems involving the distribution of mass, it is natural
to consider the idea of a weighted average, where certain quantities involved are counted
more in the average.
A common use of weighted averages is in the computation of a student’s GPA, where
grades are weighted according to credit hours. Let’s consider the scenario in Table 6.1.
If all of the classes were of the same weight (i.e., the same number of credits), the
student’s GPA would simply be calculated by taking the average
3.3 + 3.7 + 2.7 + 2.7
= 3.1.
4
But since the chemistry and calculus courses have higher weights (of 5 and 4 credits
respectively), we actually compute the GPA according to the weighted average
3.3 · 5 + 3.7 · 4 + 2.7 · 3 + 2.7 · 3
= 3.16.
5+4+3+3
The weighted average reﬂects the fact that chemistry and calculus, as courses with higher
credits, have a greater impact on the students’ grade point average. Note particularly that
in the weighted average, each grade gets multiplied by its weight, and we divide by the
sum of the weights.
In the following activity, we explore further how weighted averages can be used to ﬁnd
the balancing point of a physical system.

Activity 6.8.
For quantities of equal weight, such as two children on a teeter-totter, the balancing
point is found by taking the average of their locations. When the weights of the
quantities diﬀer, we use a weighted average of their respective locations to ﬁnd the
balancing point.
(a) Suppose that a shelf is 6 feet long, with its left end situated at x = 0. If one
book of weight 1 lb is placed at x 1 = 0, and another book of weight 1 lb is
placed at x 2 = 6, what is the location of x, the point at which the shelf would
(theoretically) balance on a fulcrum?
(b) Now, say that we place four books on the shelf, each weighing 1 lb: at x 1 = 0,
at x 2 = 2, at x 3 = 4, and at x 4 = 6. Find x, the balancing point of the shelf.
(c) How does x change if we change the location of the third book? Say the
locations of the 1-lb books are x 1 = 0, x 2 = 2, x 3 = 3, and x 4 = 6.
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(d) Next, suppose that we place four books on the shelf, but of varying weights:
at x 1 = 0 a 2-lb book, at x 2 = 2 a 3-lb book, and x 3 = 4 a 1-lb book, and
at x 4 = 6 a 1-lb book. Use a weighted average of the locations to ﬁnd x, the
balancing point of the shelf. How does the balancing point in this scenario
compare to that found in (b)?
(e) What happens if we change the location of one of the books? Say that we keep
everything the same in (d), except that x 3 = 5. How does x change?
(f) What happens if we change the weight of one of the books? Say that we keep
everything the same in (d), except that the book at x 3 = 4 now weighs 2 lbs.
How does x change?
(g) Experiment with a couple of diﬀerent scenarios of your choosing where you
move the location of one of the books to the left, or you decrease the weight of
one of the books.
(h) Write a couple of sentences to explain how adjusting the location of one of the
books or the weight of one of the books aﬀects the location of the balancing
point of the shelf. Think carefully here about how your changes should be
considered relative to the location of the balancing point x of the current
scenario.
C

Center of Mass
In Activity 6.8, we saw that the balancing point of a system of point-masses1 (such as
books on a shelf) is found by taking a weighted average of their respective locations. In
the activity, we were computing the center of mass of a system of masses distributed along
an axis, which is the balancing point of the axis on which the masses rest.
For a collection of n masses m1 , . . ., mn that are distributed along a single axis at the
locations x 1 , . . ., x n , the center of mass is given by
x=

x 1 m1 + x 2 m2 + · · · x n m n
.
m1 + m2 + · · · + m n

What if we instead consider a thin bar over which density is distributed continuously?
If the density is constant, it is obvious that the balancing point of the bar is its midpoint.
But if density is not constant, we must compute a weighted average. Let’s say that the
1 In the activity, we actually used weight rather than mass. Since weight is computed by the gravitational
constant times mass, the computations for the balancing point result in the same location regardless of whether
we use weight or mass, since the gravitational constant is present in both the numerator and denominator of
the weighted average.
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function ρ(x) tells us the density distribution along the bar, measured in g/cm. If we slice
the bar into small sections, this enables us to think of the bar as holding a collection of
adjacent point-masses. For a slice of thickness 4x at location x i , note that the mass of the
slice, mi , satisﬁes mi ≈ ρ(x i )4x.
Taking n slices of the bar, we can approximate its center of mass by
x≈

x 1 · ρ(x 1 )4x + x 2 · ρ(x 2 )4x + · · · + x n · ρ(x n )4x
.
ρ(x 1 )4x + ρ(x 2 )4x + · · · + ρ(x n )4x

Rewriting the sums in sigma notation, it follows that
Pn
i=1 x i · ρ(x i )4x
x≈ P
.
n
i=1 ρ(x i )4x

(6.4)

Moreover, it is apparent that the greater the number of slices, the more accurate our
estimate of the balancing point will be, and that the sums in Equation (6.4) can be viewed
as Riemann sums. Hence, in the limit as n → ∞, we ﬁnd that the center of mass is given
by the quotient of two integrals.
For a thin rod of density ρ(x) distributed along an axis from x = a to x = b, the
center of mass of the rod is given by
b
x ρ(x) dx
a
.
Rb
ρ(x)
dx
a

R
x=

Note particularly that the denominator of x is the mass of the bar, and that this
quotient of integrals is simply the continuous version of the weighted average of locations,
x, along the bar.

Activity 6.9.
Consider a thin bar of length 20 cm whose density is distributed according to the
function ρ(x) = 4 + 0.1x, where x = 0 represents the left end of the bar. Assume that ρ
is measured in g/cm and x is measured in cm.
(a) Find the total mass, M, of the bar.
(b) Without doing any calculations, do you expect the center of mass of the bar to
be equal to 10, less than 10, or greater than 10? Why?
(c) Compute x, the exact center of mass of the bar.
(d) What is the average density of the bar?
(e) Now consider a diﬀerent density function, given by p(x) = 4e0.020732x , also for
a bar of length 20 cm whose left end is at x = 0. Plot both ρ(x) and p(x) on
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the same axes. Without doing any calculations, which bar do you expect to
have the greater center of mass? Why?
(f) Compute the exact center of mass of the bar described in (e) whose density
function is p(x) = 4e0.020732x . Check the result against the prediction you
made in (e).
C

Summary
In this section, we encountered the following important ideas:
• For an object of constant density D, with volume V and mass m, we know that m = D·V .
• If an object with constant cross-sectional area (such as a thin bar) has its density
distributed along an axis according to the function ρ(x), then we can ﬁnd the mass of
the object between x = a and x = b by
m=

b

Z

ρ(x) dx.

a

• For a system of point-masses distributed along an axis, say m1, . . . , mn at locations
x 1, . . . , x n , the center of mass, x, is given by the weighted average
Pn
x i mi
x = Pi=1
.
n
i=1 mi
If instead we have mass continuously distributed along an axis, such as by a density
function ρ(x) for a thin bar of constant cross-sectional area, the center of mass of the
portion of the bar between x = a and x = b is given by
b
x ρ(x) dx
a
.
Rb
ρ(x)
dx
a

R
x=

In each situation, x represents the balancing point of the system of masses or of the
portion of the bar.

Exercises
1. Let a thin rod of length a have density distribution function ρ(x) = 10e−0.1x , where x
is measured in cm and ρ in grams per centimeter.
(a) If the mass of the rod is 30 g, what is the value of a?
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(b) For the 30g rod, will the center of mass lie at its midpoint, to the left of the
midpoint, or to the right of the midpoint? Why?
(c) For the 30g rod, ﬁnd the center of mass, and compare your prediction in (b).
(d) At what value of x should the 30g rod be cut in order to form two pieces of
equal mass?
2. Consider two thin bars of constant cross-sectional area, each of length 10 cm, with
1
−0.1x .
respective mass density functions ρ(x) = 1+x
2 and p(x) = e
(a) Find the mass of each bar.
(b) Find the center of mass of each bar.
(c) Now consider a new 10 cm bar whose mass density function is f (x) = ρ(x) +
p(x).
i. Explain how you can easily ﬁnd the mass of this new bar with little to no
additional work.
R 10
ii. Similarly, compute 0 x f (x) dx as simply as possible, in light of earlier
computations.
iii. True or false: the center of mass of this new bar is the average of the
centers of mass of the two earlier bars. Write at least one sentence to say
why your conclusion makes sense.
3. Consider the curve given by y = f (x) = 2xe−1.25x + (30 − x)e−0.25(30−x) .
(a) Plot this curve in the window x = 0 . . . 30, y = 0 . . . 3 (with constrained scaling
so the units on the x and y axis are equal), and use it to generate a solid of
revolution about the x-axis. Explain why this curve could generate a reasonable
model of a baseball bat.
(b) Let x and y be measured in inches. Find the total volume of the baseball bat
generated by revolving the given curve about the x-axis. Include units on your
answer
(c) Suppose that the baseball bat has constant weight density, and that the weight
density is 0.6 ounces per cubic inch. Find the total weight of the bat whose
volume you found in (b).
(d) Because the baseball bat does not have constant cross-sectional area, we see that
the amount of weight concentrated at a location x along the bat is determined
by the volume of a slice at location x. Explain why we can think about the
function ρ(x) = 0.6π f (x)2 (where f is the function given at the start of the
problem) as being the weight density function for how the weight of the baseball
bat is distributed from x = 0 to x = 30.
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(e) Compute the center of mass of the baseball bat.
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Physics Applications: Work, Force, and Pressure

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• How do we measure the work accomplished by a varying force that moves an
object a certain distance?
• What is the total force exerted by water against a dam?
• How are both of the above concepts and their corresponding use of deﬁnite
integrals similar to problems we have encountered in the past involving formulas
such as “distance equals rate times time” and “mass equals density times volume”?

Introduction

y
y = f (x)

y = v(t)
ρ(x)

f (x)

△x

v(t)
t

a

△x

b

a

△t

b

Figure 6.14: Three settings where we compute the accumulation of a varying quantity: the
area under y = f (x), the distance traveled by an object with velocity y = v(t), and the
mass of a bar with density function y = ρ(x).

In our work to date with the deﬁnite integral, we have seen several diﬀerent circumstances where the integral enables us to measure the accumulation of a quantity that varies,
provided the quantity is approximately constant over small intervals. For instance, based
on the fact that the area of a rectangle is A = l · w, if we wish to ﬁnd the area bounded by
a nonnegative curve y = f (x) and the x-axis on an interval [a, b], a representative slice
of width 4x has area Aslice = f (x)4x, and thus as we let the width of the representative

366

6.4. PHYSICS APPLICATIONS: WORK, FORCE, AND PRESSURE

slice tend to zero, we ﬁnd that the exact area of the region is
A=

b

Z

f (x) dx.
a

In a similar way, if we know that the velocity of a moving object is given by the function
y = v(t), and we wish to know the distance the object travels on an interval [a, b] where
v(t) is nonnegative, we can use a deﬁnite integral to generalize the fact that d = r · t
when the rate, r, is constant. More speciﬁcally, on a short time interval 4t, v(t) is roughly
constant, and hence for a small slice of time, d slice = v(t)4t, and so as the width of the
time interval 4t tends to zero, the exact distance traveled is given by the deﬁnite integral
d=

b

Z

v(t) dt.
a

Finally, when we recently learned about the mass of an object of non-constant density,
we saw that since M = D · V (mass equals density times volume, provided that density is
constant), if we can consider a small slice of an object on which the density is approximately
constant, a deﬁnite integral may be used to determine the exact mass of the object. For
instance, if we have a thin rod whose cross sections have constant density, but whose
density is distributed along the x axis according to the function y = ρ(x), it follows that
for a small slice of the rod that is 4x thick, Mslice = ρ(x)4x. In the limit as 4x → 0, we
then ﬁnd that the total mass is given by
M=

b

Z

ρ(x) dx.

a

Note that all three of these situations are similar in that we have a basic rule (A = l · w,
d = r · t, M = D · V ) where one of the two quantities being multiplied is no longer constant;
in each, we consider a small interval for the other variable in the formula, calculate the
approximate value of the desired quantity (area, distance, or mass) over the small interval,
and then use a deﬁnite integral to sum the results as the length of the small intervals is
allowed to approach zero. It should be apparent that this approach will work eﬀectively
for other situations where we have a quantity of interest that varies.
We next turn to the notion of work: from physics, a basic principal is that work is the
product of force and distance. For example, if a person exerts a force of 20 pounds to lift
a 20-pound weight 4 feet oﬀ the ground, the total work accomplished is
W = F · d = 20 · 4 = 80 foot-pounds.
If force and distance are measured in English units (pounds and feet), then the units on
work are foot-pounds. If instead we work in metric units, where forces are measured in
Newtons and distances in meters, the units on work are Newton-meters.
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Of course, the formula W = F · d only applies when the force is constant while it is
exerted over the distance d. In Preview Activity 6.4, we explore one way that we can use a
deﬁnite integral to compute the total work accomplished when the force exerted varies.
Preview Activity 6.4. A bucket is being lifted from the bottom of a 50-foot deep well;
its weight (including the water), B, in pounds at a height h feet above the water is given
by the function B(h). When the bucket leaves the water, the bucket and water together
weigh B(0) = 20 pounds, and when the bucket reaches the top of the well, B(50) = 12
pounds. Assume that the bucket loses water at a constant rate (as a function of height, h)
throughout its journey from the bottom to the top of the well.
(a) Find a formula for B(h).
(b) Compute the value of the product B(5)4h, where 4h = 2 feet. Include units on
your answer. Explain why this product represents the approximate work it took to
move the bucket of water from h = 5 to h = 7.
(c) Is the value in (b) an over- or under-estimate of the actual amount of work it took
to move the bucket from h = 5 to h = 7? Why?
(d) Compute the value of the product B(22)4h, where 4h = 0.25 feet. Include units
on your answer. What is the meaning of the value you found?
(e) More generally, what does the quantity Wslice = B(h)4h measure for a given value
of h and a small positive value of 4h?
R 50
(f) Evaluate the deﬁnite integral 0 B(h) dh. What is the meaning of the value you
ﬁnd? Why?
./

Work
Because work is calculated by the rule W = F · d, whenever the force F is constant, it
follows that we can use a deﬁnite integral to compute the work accomplished by a varying
force. For example, suppose that in a setting similar to the problem posed in Preview
Activity 6.4, we have a bucket being lifted in a 50-foot well whose weight at height h is
given by B(h) = 12 + 8e−0.1h .
In contrast to the problem in the preview activity, this bucket is not leaking at a
constant rate; but because the weight of the bucket and water is not constant, we have
to use a deﬁnite integral to determine the total work that results from lifting the bucket.
Observe that at a height h above the water, the approximate work to move the bucket a
small distance 4h is
Wslice = B(h)4h = (12 + 8e−0.1h )4h.
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Hence, if we let 4h tend to 0 and take the sum of all of the slices of work accomplished
on these small intervals, it follows that the total work is given by
W=

50

Z

B(h) dh =

50

Z

0

(12 + 8e−0.1h ) dh.

0

While is a straightforward exercise to evaluate this integral exactly using the First Fundamental Theorem of Calculus, in applied settings such as this one we will typically use
computing technology to ﬁnd accurate approximations of integrals that are of interest to
R 50
us. Here, it turns out that W = 0 (12 + 8e−0.1h ) dh ≈ 679.461 foot-pounds.
Our work in Preview Activity 6.1 and in the most recent example above employs the
following important general principle.
For an object being moved in the positive direction along an axis, x, by a force F(x),
the total work to move the object from a to b is given by
W=

b

Z

F(x) dx.
a

Activity 6.10.
Consider the following situations in which a varying force accomplishes work.
(a) Suppose that a heavy rope hangs over the side of a cliﬀ. The rope is 200 feet
long and weighs 0.3 pounds per foot; initially the rope is fully extended. How
much work is required to haul in the entire length of the rope? (Hint: set up
a function F(h) whose value is the weight of the rope remaining over the cliﬀ
after h feet have been hauled in.)
(b) A leaky bucket is being hauled up from a 100 foot deep well. When lifted from
the water, the bucket and water together weigh 40 pounds. As the bucket is
being hauled upward at a constant rate, the bucket leaks water at a constant
rate so that it is losing weight at a rate of 0.1 pounds per foot. What function
B(h) tells the weight of the bucket after the bucket has been lifted h feet? What
is the total amount of work accomplished in lifting the bucket to the top of the
well?
(c) Now suppose that the bucket in (b) does not leak at a constant rate, but
rather that its weight at a height h feet above the water is given by B(h) =
25 + 15e−0.05h . What is the total work required to lift the bucket 100 feet? What
is the average force exerted on the bucket on the interval h = 0 to h = 100?
(d) From physics, Hooke’s Law for springs states that the amount of force required
to hold a spring that is compressed (or extended) to a particular length is
proportionate to the distance the spring is compressed (or extended) from its
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natural length. That is, the force to compress (or extend) a spring x units
from its natural length is F(x) = k x for some constant k (which is called the
spring constant.) For springs, we choose to measure the force in pounds and the
distance the spring is compressed in feet.
Suppose that a force of 5 pounds extends a particular spring 4 inches (1/3 foot)
beyond its natural length.
i. Use the given fact that F(1/3) = 5 to ﬁnd the spring constant k.
ii. Find the work done to extend the spring from its natural length to 1 foot
beyond its natural length.
iii. Find the work required to extend the spring from 1 foot beyond its natural
length to 1.5 feet beyond its natural length.
C

Work: Pumping Liquid from a Tank
In certain geographic locations where the water table is high, residential homes with
basements have a peculiar feature: in the basement, one ﬁnds a large hole in the ﬂoor,
and in the hole, there is water. For example, in Figure 6.15 where we see a sump crock 2 .

Figure 6.15: A sump crock.
Essentially, a sump crock provides an outlet for water that may build up beneath the
basement ﬂoor; of course, as that water rises, it is imperative that the water not ﬂood the
basement. Hence, in the crock we see the presence of a ﬂoating pump that sits on the
surface of the water: this pump is activated by elevation, so when the water level reaches a
particular height, the pump turns on and pumps a certain portion of the water out of the
2 Image

credit to http://www.warreninspect.com/basement-moisture.
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crock, hence relieving the water buildup beneath the foundation. One of the questions
we’d like to answer is: how much work does a sump pump accomplish?
To that end, let’s suppose that we have a sump crock that has the shape of a frustum
of a cone, as pictured in Figure 6.16. Assume that the crock has a diameter of 3 feet at its
surface, a diameter of 1.5 feet at its base, and a depth of 4 feet. In addition, suppose that
the sump pump is set up so that it pumps the water vertically up a pipe to a drain that is
located at ground level just outside a basement window. To accomplish this, the pump
must send the water to a location 9 feet above the surface of the sump crock.
y+
(0, 1.5)
∆x

(4, 0.75)
x+

Figure 6.16: A sump crock with approximately cylindrical cross-sections that is 4 feet deep,
1.5 feet in diameter at its base, and 3 feet in diameter at its top.
It turns out to be advantageous to think of the depth below the surface of the crock
as being the independent variable, so, in problems such as this one we typically let the
positive x-axis point down, and the positive y-axis to the right, as pictured in the ﬁgure.
As we think about the work that the pump does, we ﬁrst realize that the pump sits on the
surface of the water, so it makes sense to think about the pump moving the water one
“slice” at a time, where it takes a thin slice from the surface, pumps it out of the tank, and
then proceeds to pump the next slice below.
For the sump crock described in this example, each slice of water is cylindrical in
shape. We see that the radius of each approximately cylindrical slice varies according to
the linear function y = f (x) that passes through the points (0, 1.5) and (4, 0.75), where x
is the depth of the particular slice in the tank; it is a straightforward exercise to ﬁnd that
f (x) = 1.5 − 0.1875x. Now we are prepared to think about the overall problem in several
steps: (a) determining the volume of a typical slice; (b) ﬁnding the weight3 of a typical slice
(and thus the force that must be exerted on it); (c) deciding the distance that a typical slice
moves; and (d) computing the work to move a representative slice. Once we know the work
it takes to move one slice, we use a deﬁnite integral over an appropriate interval to ﬁnd
3 We

assume that the weight density of water is 62.4 pounds per cubic foot.
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the total work.
Consider a representative cylindrical slice that sits on the surface of the water at a
depth of x feet below the top of the crock. It follows that the approximate volume of that
slice is given by
Vslice = π f (x)2 4x = π(1.5 − 0.1875x)2 4x.
Since water weighs 62.4 lb/ft3 , it follows that the approximate weight of a representative
slice, which is also the approximate force the pump must exert to move the slice, is
Fslice = 62.4 · Vslice = 62.4π(1.5 − 0.1875x)2 4x.
Because the slice is located at a depth of x feet below the top of the crock, the slice being
moved by the pump must move x feet to get to the level of the basement ﬂoor, and then,
as stated in the problem description, be moved another 9 feet to reach the drain at ground
level outside a basement window. Hence, the total distance a representative slice travels is
d slice = x + 9.
Finally, we note that the work to move a representative slice is given by
Wslice = Fslice · d slice = 62.4π(1.5 − 0.1875x)2 4x · (x + 9),
since the force to move a particular slice is constant.
We sum the work required to move slices throughout the tank (from x = 0 to x = 4),
let 4x → 0, and hence
Z 4
W=
62.4π(1.5 − 0.1875x)2 (x + 9) dx,
0

which, when evaluated using appropriate technology, shows that the total work is W =
10970.5π foot-pounds.
The preceding example demonstrates the standard approach to ﬁnding the work
required to empty a tank ﬁlled with liquid. The main task in each such problem is to
determine the volume of a representative slice, followed by the force exerted on the slice,
as well as the distance such a slice moves. In the case where the units are metric, there
is one key diﬀerence: in the metric setting, rather than weight, we normally ﬁrst ﬁnd the
mass of a slice. For instance, if distance is measured in meters, the mass density of water
is 1000 kg/m3 . In that setting, we can ﬁnd the mass of a typical slice (in kg). To determine
the force required to move it, we use F = ma, where m is the object’s mass and a is the
gravitational constant 9.81 N/kg3 . That is, in metric units, the weight density of water is
9810 N/m3 .

Activity 6.11.
In each of the following problems, determine the total work required to accomplish the
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described task. In parts (b) and (c), a key step is to ﬁnd a formula for a function that
describes the curve that forms the side boundary of the tank.

y+

x+

Figure 6.17: A trough with triangular ends, as described in Activity 6.11, part (c).
(a) Consider a vertical cylindrical tank of radius 2 meters and depth 6 meters.
Suppose the tank is ﬁlled with 4 meters of water of mass density 1000 kg/m3 ,
and the top 1 meter of water is pumped over the top of the tank.
(b) Consider a hemispherical tank with a radius of 10 feet. Suppose that the tank
is full to a depth of 7 feet with water of weight density 62.4 pounds/ft3 , and the
top 5 feet of water are pumped out of the tank to a tanker truck whose height
is 5 feet above the top of the tank.
(c) Consider a trough with triangular ends, as pictured in Figure 6.17, where the
tank is 10 feet long, the top is 5 feet wide, and the tank is 4 feet deep. Say that
the trough is full to within 1 foot of the top with water of weight density 62.4
pounds/ft3 , and a pump is used to empty the tank until the water remaining in
the tank is 1 foot deep.
C

Force due to Hydrostatic Pressure
When a dam is built, it is imperative to for engineers to understand how much force water
will exert against the face of the dam. The ﬁrst thing we realize is the force exerted by
the ﬂuid is related to the natural concept of pressure. The pressure a force exerts on a
region is measured in units of force per unit of area: for example, the air pressure in a
tire is often measured in pounds per square inch (PSI). Hence, we see that the general
relationship is given by
F
P = , or F = P · A,
A
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where P represents pressure, F represents force, and A the area of the region being
considered. Of course, in the equation F = P A, we assume that the pressure is constant
over the entire region A.
Most people know from experience that the deeper one dives underwater while
swimming, the greater the pressure that is exerted by the water. This is due to the fact
that the deeper one dives, the more water there is right on top of the swimmer: it is the
force that “column” of water exerts that determines the pressure the swimmer experiences.
To get water pressure measured in its standard units (pounds per square foot), we say that
the total water pressure is found by computing the total weight of the column of water that
lies above a region of area 1 square foot at a ﬁxed depth. Such a rectangular column with
a 1 × 1 base and a depth of d feet has volume V = 1 · 1 · d ft3 , and thus the corresponding
weight of the water overhead is 62.4d. Since this is also the amount of force being exerted
on a 1 square foot region at a depth d feet underwater, we see that P = 62.4d (lbs/ft2 ) is
the pressure exerted by water at depth d.
The understanding that P = 62.4d will tell us the pressure exerted by water at a depth
of d, along with the fact that F = P A, will now enable us to compute the total force that
water exerts on a dam, as we see in the following example.

Example 6.5. Consider a trapezoid-shaped dam that is 60 feet wide at its base and 90
feet wide at its top, and assume the dam is 25 feet tall with water that rises to within 5
feet of the top of its face. Water weighs 62.4 pounds per cubic foot. How much force does
the water exert against the dam?
Solution. First, we sketch a picture of the dam, as shown in Figure 6.18. Note that, as in
problems involving the work to pump out a tank, we let the positive x-axis point down.
It is essential to use the fact that pressure is constant at a ﬁxed depth. Hence, we
consider a slice of water at constant depth on the face, such as the one shown in the
ﬁgure. First, the approximate area of this slice is the area of the pictured rectangle. Since
the width of that rectangle depends on the variable x (which represents the how far the
slice lies from the top of the dam), we ﬁnd a formula for the function y = f (x) that
determines one side of the face of the dam. Since f is linear, it is straightforward to ﬁnd
that y = f (x) = 45 − 35 x. Hence, the approximate area of a representative slice is
3
Aslice = 2 f (x)4x = 2(45 − x)4x.
5
At any point on this slice, the depth is approximately constant, and thus the pressure can
be considered constant. In particular, we note that since x measures the distance to the
top of the dam, and because the water rises to within 5 feet of the top of the dam, the
depth of any point on the representative slice is approximately (x − 5). Now, since pressure
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y = f (x)
△x

x+

(25, 30)

Figure 6.18: A trapezoidal dam that is 25 feet tall, 60 feet wide at its base, 90 feet wide at
its top, with the water line 5 feet down from the top of its face.

is given by P = 62.4d, we have that at any point on the representative slice
Pslice = 62.4(x − 5).
Knowing both the pressure and area, we can ﬁnd the force the water exerts on the slice.
Using F = P A, it follows that
3
Fslice = Pslice · Aslice = 62.4(x − 5) · 2(45 − x)4x.
5
Finally, we use a deﬁnite integral to sum the forces over the appropriate range of x-values.
Since the water rises to within 5 feet of the top of the dam, we start at x = 5 and slice all
the way to the bottom of the dam, where x = 30. Hence,
F=

Z

x=30
x=5

3
62.4(x − 5) · 2(45 − x) dx.
5

Using technology to evaluate the integral, we ﬁnd F ≈ 1.248 × 106 pounds.

Activity 6.12.
In each of the following problems, determine the total force exerted by water against
the surface that is described.
(a) Consider a rectangular dam that is 100 feet wide and 50 feet tall, and suppose
that water presses against the dam all the way to the top.
(b) Consider a semicircular dam with a radius of 30 feet. Suppose that the water
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y+

x+

Figure 6.19: A trough with triangular ends, as described in Activity 6.12, part (c).
rises to within 10 feet of the top of the dam.
(c) Consider a trough with triangular ends, as pictured in Figure 6.19, where the
tank is 10 feet long, the top is 5 feet wide, and the tank is 4 feet deep. Say that
the trough is full to within 1 foot of the top with water of weight density 62.4
pounds/ft3 . How much force does the water exert against one of the triangular
ends?
C
While there are many diﬀerent formulas that we use in solving problems involving
work, force, and pressure, it is important to understand that the fundamental ideas behind
these problems are similar to several others that we’ve encountered in applications of the
deﬁnite integral. In particular, the basic idea is to take a diﬃcult problem and somehow
slice it into more manageable pieces that we understand, and then use a deﬁnite integral
to add up these simpler pieces.

Summary
In this section, we encountered the following important ideas:
• To measure the work accomplished by a varying force that moves an object, we
subdivide the problem into pieces on which we can use the formula W = F · d, and
then use a deﬁnite integral to sum the work accomplished on each piece.
• To ﬁnd the total force exerted by water against a dam, we use the formula F = P · A to
measure the force exerted on a slice that lies at a ﬁxed depth, and then use a deﬁnite
integral to sum the forces across the appropriate range of depths.
• Because work is computed as the product of force and distance (provided force is
constant), and the force water exerts on a dam can be computed as the product of
pressure and area (provided pressure is constant), problems involving these concepts are
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similar to earlier problems we did using deﬁnite integrals to ﬁnd distance (via “distance
equals rate times time”) and mass (“mass equals density times volume”).

Exercises
3

1. Consider the curve f (x) = 3 cos( x4 ) and the portion of its graph that lies in the ﬁrst
quadrant between the y-axis and the ﬁrst positive value of x for which f (x) = 0. Let R
denote the region bounded by this portion of f , the x-axis, and the y-axis. Assume
that x and y are each measured in feet.
(a) Picture the coordinate axes rotated 90 degrees clockwise so that the positive
x-axis points straight down, and the positive y-axis points to the right. Suppose
that R is rotated about the x axis to form a solid of revolution, and we consider
this solid as a storage tank. Suppose that the resulting tank is ﬁlled to a depth
of 1.5 feet with water weighing 62.4 pounds per cubic foot. Find the amount
of work required to lower the water in the tank until it is 0.5 feet deep, by
pumping the water to the top of the tank.
(b) Again picture the coordinate axes rotated 90 degrees clockwise so that the
positive x-axis points straight down, and the positive y-axis points to the right.
Suppose that R, together with its reﬂection across the x-axis, forms one end
of a storage tank that is 10 feet long. Suppose that the resulting tank is ﬁlled
completely with water weighing 62.4 pounds per cubic foot. Find a formula for
a function that tells the amount of work required to lower the water by h feet.
(c) Suppose that the tank described in (b) is completely ﬁlled with water. Find the
total force due to hydrostatic pressure exerted by the water on one end of the
tank.
2. A cylindrical tank, buried on its side, has radius 3 feet and length 10 feet. It is ﬁlled
completely with water whose weight density is 62.4 lbs/ft3 , and the top of the tank is
two feet underground.
(a) Set up, but do not evaluate, an integral expression that represents the amount
of work required to empty the top half of the water in the tank to a truck whose
tank lies 4.5 feet above ground.
(b) With the tank now only half-full, set up, but do not evaluate an integral
expression that represents the total force due to hydrostatic pressure against
one end of the tank.
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Improper Integrals

Motivating Questions
In this section, we strive to understand the ideas generated by the following important
questions:
• What are improper integrals and why are they important?
• What does it mean to say that an improper integral converges or diverges?
• What are some typical improper integrals that we can classify as convergent or
divergent?

Introduction
Another important application of the deﬁnite integral regards how the likelihood of certain
events can be measured. For example, consider a company that manufactures incandescent
light bulbs, and suppose that based on a large volume of test results, they have determined
that the fraction of light bulbs that fail between times t = a and t = b of use (where t is
measured in months) is given by
b

Z

0.3e−0.3t dt.
a

For example, the fraction of light bulbs that fail during their third month of use is given by
3

Z

3

0.3e−0.3t dt = −e−0.3t

2

2

= −e

−0.9

+ e−0.6

≈ 0.1422.
Thus about 14.22% of all lightbulbs fail between t = 2 and t = 3. Clearly we could adjust
the limits of integration to measure the fraction of light bulbs that fail during any time
period of interest.
Preview Activity 6.5. A company with a large customer base has a call center that
receives thousands of calls a day. After studying the data that represents how long callers
wait for assistance, they ﬁnd that the function p(t) = 0.25e−0.25t models the time customers
wait in the following way: the fraction of customers who wait between t = a and t = b
minutes is given by
Z b
p(t) dt.
a

Use this information to answer the following questions.
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(a) Determine the fraction of callers who wait between 5 and 10 minutes.
(b) Determine the fraction of callers who wait between 10 and 20 minutes.
(c) Next, let’s study how the fraction who wait up to a certain number of minutes:
i. What is the fraction of callers who wait between 0 and 5 minutes?
ii. What is the fraction of callers who wait between 0 and 10 minutes?
iii. Between 0 and 15 minutes? Between 0 and 20?
(d) Let F(b) represent the fraction of callers who wait between 0 and b minutes. Find
a formula for F(b) that involves a deﬁnite integral, and then use the First FTC to
ﬁnd a formula for F(b) that does not involve a deﬁnite integral.
(e) What is the value of the limit lim F(b)? What is its meaning in the context of the
problem?

b→∞

./

Improper Integrals Involving Unbounded Intervals
In light of our example with light bulbs that fail, as well as with the problem involving
customer wait time in Preview Activity 6.5, we see that it is natural to consider questions
where we desire to integrate over an interval whose upper limit grows without bound. For
example, if we are interested in the fraction of light bulbs that fail within the ﬁrst b months
of use, we know that the expression
b

Z

0.3e−0.3t dt
0

measures this value. To think about the fraction of light bulbs that fail eventually, we
understand that we wish to ﬁnd
Z b
lim
0.3e−0.3t dt,
b→∞

0

for which we will also use the notation
Z ∞
0.3e−0.3t dt.

(6.5)

0

Note particularly that we are studying the area of an unbounded region, as pictured in
Figure 6.20.
Anytime we are interested in an integral for which the interval of integration is
unbounded (that is, one for which at least one of the limits of integration involves ∞), we
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y

y

···

t

b

t

Figure 6.20: At left, the area bounded by p(t) = 0.3e−0.3t on the ﬁnite interval [0, b]; at
right, the result of letting b → ∞. By “· · · ” in the righthand ﬁgure, we mean that the
region extends to the right without bound.

say that the integral is improper. For instance, the integrals
∞

Z
1

1
dx,
x2

Z

0
−∞

1
dx, and
1 + x2

∞

Z

2

e−x dx
−∞

are all improper due to having limits of integration that involve ∞. We investigate the value
of any such integral by replacing
R ∞ the improper integral with a limit of proper integrals; for
an improper integral such as 0 f (x) dx, we write
∞

Z

f (x) dx = lim
0

b→∞

b

Z

f (x) dx.
0

Rb
We can then attempt to evaluate 0 f (x) dx using the First FTC, after which we can
evaluate the limit. An immediate and important question arises: is it even possible for the
area of such an unbounded region to be ﬁnite? The following activity explores this issue
and others in more detail.

Activity 6.13.
In this activity we explore the improper integrals
R∞
(a) First we investigate 1 1x dx.

R

∞ 1
1 x

dx and

R

∞ 1
1 x 3/2

dx.

R 10
R 1000 1
i. Use the First FTC to determine the exact values of 1 1x dx, 1
x dx,
R 100000 1
and 1
x dx. Then, use your calculator to compute a decimal
approximation of each result.
Rb
ii. Use the First FTC to evaluate the deﬁnite integral 1 1x dx (which results
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in an expression that depends on b).
iii. Now, use your work from (ii.) to evaluate the limit given by
b

Z
lim

b→∞

(b) Next, we investigate

R

∞ 1
1 x 3/2

1

1
dx.
x

dx.

R 10
R 1000 1
i. Use the First FTC to determine the exact values of 1 x 31/2 dx, 1
dx,
x 3/2
R 100000 1
and 1
dx. Then, use your calculator to compute a decimal
x 3/2
approximation of each result.
Rb
ii. Use the First FTC to evaluate the deﬁnite integral 1 x 31/2 dx (which
results in an expression that depends on b).
iii. Now, use your work from (ii.) to evaluate the limit given by
b

Z
lim

b→∞

1

1
x 3/2

dx.

(c) Plot the functions y = 1x and y = x 31/2 on the same coordinate axes for the
values x = 0 . . . 10. How would you compare their behavior as x increases
without bound? What is similar? What is diﬀerent?
R∞
R∞
(d) How would you characterize the value of 1 1x dx? of 1 x 31/2 dx? What does
this tell us about the respective areas bounded by these two curves for x ≥ 1?
C

Convergence and Divergence
Our work so far has suggested that when we consider a nonnegative function f on an
interval [1, ∞], such as f (x) = 1x or f (x) = x 31/2 , there are at least two possibilities for the
Rb
value of limb→∞ 1 f (x) dx: the limit is ﬁnite or inﬁnite. With these possibilities in mind,
we introduce the following terminology.
If f (x) is nonnegative for x ≥ a, then we say that the improper integral
converges provided that
Z b
lim
f (x) dx
b→∞

R

∞
a

f (x) dx

a

exists and is ﬁnite. Otherwise, we say that

R

∞
a

f (x) dx diverges.

We normally restrict our interest to improper integrals for which the integrand is
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nonnegative. Further, we note that our primary interest is in functions f for which
limx→∞ f (x) =R 0, for if the function f does not approach 0 as x → ∞, then it is
∞
impossible for a f (x) dx to converge.

Activity 6.14.
Determine whether each of the following improper integrals converges or diverges. For
each integral that converges, ﬁnd its exact value.
Z ∞
1
(a)
dx
2
x
1
Z ∞
(b)
e−x/4 dx
0

(c)

Z

(d)

Z

(e)

Z

(f)

Z

∞

9
dx
(x + 5)2/3

∞

3
dx
(x + 2)5/4

2

4
∞

xe−x/4 dx
0
∞
1

1
dx, where p is a positive real number
xp
C

Improper Integrals Involving Unbounded Integrands
It is also possible for an integral to be improper due to the integrand being unbounded on
the interval of integration. For example, if we consider
1

Z
0

1
√ dx,
x

we see that because f (x) = √1x has a vertical asymptote at x = 0, f is not continuous on
[0, 1], and the integral is attempting to represent the area of the unbounded region shown
at right in Figure 6.21.
Just as we did with improper integrals involving inﬁnite limits, we address the problem
of the integrand being unbounded by replacing such an improper integral with a limit
R1
of proper integrals. For example, to evaluate 0 √1x dx, we replace 0 with a and let a
approach 0 from the right. Thus,
1

Z
0

1
√ dx = lim+
a→0
x

1

Z
a

1
√ dx,
x
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y

y
f (x) =

√1
x

f (x) =

√1
x

x
a

x

1

1

Figure 6.21: At left, the area bounded by f (x) = √1x on the ﬁnite interval [a, 1]; at right,
the result of letting a → 0+ , where we see that the shaded region will extend vertically
without bound.

R1
and then we evaluate the proper integral a √1x dx, followed by taking the limit. In the
same way as with improper integrals involving unbounded regions, we will say that the
improper integral converges provided that this limit exists, and diverges otherwise. In the
present example, we observe that
1

Z
0

1
√ dx =
x

1

1
√ dx
x
a
√ 1
= lim+ 2 x a
a→0
√
√
= lim+ 2 1 − 2 a
Z

lim+

a→0

a→0

= 2,
and therefore the improper integral

R

1 1
√
0
x

dx converges (to the value 2).

We have to be particularly careful with unbounded integrands, for they may arise in
ways that may not initially be obvious. Consider, for instance, the integral
3

Z
1

1
dx.
(x − 2)2

At ﬁrst glance we might think that we can simply apply the Fundamental Theorem of
1
1
Calculus by antidiﬀerentiating (x−2)
2 to get − x−2 and then evaluate from 1 to 3. Were
1
we to do so, we would be erroneously applying the FTC because f (x) = (x−2)
2 fails to be
continuous throughout the interval, as seen in Figure 6.22.
Such an incorrect application of the FTC leads to an impossible result (−2), which
would itself suggest that something we did must be wrong. Indeed, we must address the
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y

y=

1

2

Figure 6.22: The function f (x) =

vertical asymptote in f (x) =
3

Z
1

1
(x−2)2

1
(x−2)2

1
(x−2)2

x

3

on an interval including x = 2.

at x = 2 by writing

1
dx = lim−
a→2
(x − 2)2

a

Z
1

1
dx + lim+
b→2
(x − 2)2

3

Z
b

1
dx
(x − 2)2

and then evaluate two separate limits of proper integrals. For instance, doing so for the
integral with a approaching 2 from the left, we ﬁnd
2

Z
1

1
dx =
(x − 2)2

a

1
dx
2
a→2
1 (x − 2)
a
1
= lim− −
a→2
(x − 2) 1
1
1
= lim− −
+
a→2
(a − 2) 1 − 2
= ∞,
Z

lim−

R2 1
→ −∞ as a approaches 2 from the left. Thus, the improper integral 1 (x−2)
2 dx
R3 1
diverges; similar work shows that 2 (x−2)2 dx also diverges. From either of these two
R3 1
results, we can conclude that that the original integral, 1 (x−2)
2 dx diverges, too.
since

1
a−2

Activity 6.15.
For each of the following deﬁnite integrals, decide whether the integral is improper or
not. If the integral is proper, evaluate it using the First FTC. If the integral is improper,
determine whether or not the integral converges or diverges; if the integral converges,
ﬁnd its exact value.
R1
(a) 0 x 11/3 dx
R2
(b) 0 e−x dx
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(c)

R

4 1
√
1
4−x

(d)

R

2 1
−2 x 2

(e)

R

π/2
tan(x) dx
0

(f)

R

1
√ 1
0
1−x 2

dx

dx

dx
C

Summary
In this section, we encountered the following important ideas:
Rb
• An integral a f (x) dx can be improper if at least one of a or b is ±∞, making the
interval unbounded, or if f has a vertical asymptote at x = c for some value of c that
satisﬁes a ≤ c ≤ b. One reason that improper integrals are important is that certain
probabilities can be represented by integrals that involve inﬁnite limits.
• When we encounter an improper integral, we work to understand it by replacing the
improper integral with a limit of proper integrals. For instance, we write
∞

Z

f (x) dx = lim
a

b→∞

b

Z

f (x) dx,
a

and then work to determine whether the limit exists and is ﬁnite. For any improper
integral, if the resulting limit of proper integrals exists and is ﬁnite, we say the improper
integral converges. Otherwise, the improper integral diverges.
• An important class of improper integrals is given by
Z ∞
1
dx
p
x
1
where p is a positive real number. We can show that this improper integral converges
whenever p > 1, and diverges whenever 0 < p ≤ 1. A related class of improper integrals
Z 1
1
is
dx, which converges for 0 < p < 1, and diverges for p ≥ 1.
p
0 x

Exercises
1. Determine, with justiﬁcation, whether each of the following improper integrals converges
or diverges.
Z ∞
ln(x)
(a)
dx
x
e
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(b)

Z

(c)

Z

(d)

Z

(e)

Z

(f)

Z
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∞

1
dx
x ln(x)

∞

1
dx
x(ln(x))2

∞

1
dx, where p is a positive real number
x(ln(x)) p

e

e

e
1
0

ln(x)
dx
x

1

ln(x) dx
0

2. Sometimes we may encounter an improper integral for which we cannot easily
R ∞ evaluate
1
the limit of the corresponding proper integrals. For instance, consider 1 1+x
3 dx.
1
While it is hard (or perhaps impossible) to ﬁnd an antiderivative for 1+x 3 , we can still
determine whether or not the improper integral converges or diverges by comparison
to a simpler one. Observe that for all x > 0, 1 + x 3 > x 3 , and therefore
1
1
< 3.
3
1+x
x
It therefore follows that

b

Z
1

1
dx <
1 + x3

b

Z

1
dx
x3

1

for
b > 1.R If we let b → ∞ so as to consider the two improper integrals
R ∞ every
∞
1
dx and 1 x13 dx, we know that the larger of the two improper integrals
1 1+x 3
converges. And thus, since the smaller one lies below Ra convergent integral, it follows
∞ 1
that the smaller one must converge, too. In particular, 1 1+x
3 dx must converge, even
though we never explicitly evaluated the corresponding limit of proper integrals. We
use this idea and similar ones in the exercises that follow.
(a) Explain why x 2 + x + 1 > x 2 for all x ≥ 1, and hence show that
R∞
converges by comparison to 1 x12 dx.

R

∞
1
1 x 2 +x+1

dx

(b) Observe that for each x > 1, ln(x) < x. Explain why
b

Z
2

1
dx <
x

b

Z
2

for each b > 2. Why must it be true that
(c) Explain why

q

x 4 +1
x4

R

1
dx
ln(x)

b 1
2 ln(x)

dx diverges?

> 1 for all x > 1. Then, determine whether or not the
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improper integral
∞

Z
1

converges or diverges.

1
·
x

r

x4 + 1
dx
x4

